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PREFACE 


In  line  with  its  objectives  of  advancing  the  frontiers  ',r  scientific 
knowledge  closely  related  to  the  operational  mission  of  tue  United 
States  Navy,  and  of  disseminating  these  advances  to  designers  of  our 
Nation’s  weapon  system  •  .he  Office  of  Naval  Research  welcomes  this 
opportunity  to  join  with  the  Aerospace  Industries  Association  in  the 
sponsorship  of  this  very  timely  symposium  on  the  Structural  Dynamics 
of  High  Speed  Flight. 

That  the  symposium  succeeded  1  disseminating  new  and  needed 
technical  information  in  this  challenging  and  complex  field  was  amply 
attested  by  the  definitely  favorable  comments  of  many  of  the  two  hun¬ 
dred  and  thirty-five  scientists  and  engineers  who  attended.  Some 
forty-five  organizations  were  represented  by  these  participants, 
namely:  Army  -  two;  Navy  -  fifteen,  Air^Force  -  twelve;  NASA  - 
twenty- six,  the  Federal  Aviation  Agency  -  two;  the  National  Science 
Foundation  -  one;  Universities  -  seven;  Research  Institutes  -  sixjand 
some  thirty  tive  Industrial  Concerns  -  ore  hundred  and  sixty-four. 

In  order  to  facilitate  discussion,  all  of  the  sessions  of  the  sym¬ 
posium  were  classified  confidential,  but  only  five  of  the  thirty  formal 
papers  were  so  classified.  Accordingly,  the  Proceedings  are  issued 
in  two  volumes,  Volume  1  containing  the  twenty-five  unclassified 
papers  and  Volume  2  containing  the  five  classified  talks. 

In  conclusion,  the  personnel  of  the  Structural  Mechanics  Branch 
of  this  Office  wish  to  commend  the  efforts  of  those  members  of  the 
Aerospace  Industries  Association’s  Panel  on  Dynamics  and  Aeroelas- 
ticity  Research  whose  technical  and  organizational  excellence  contri¬ 
buted  so  effectively  to  the  success  of  this  symposium. 


JOHN  M.  CROWLEY 


Structural  Mechanics  Branch 
Office  of  Naval  Research 
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FOREWORD 


The  rapidly  expanding  aerospace  vehicle  flight  regime  has  created 
many  new  and  unique  design  requirements.  In  the  field  of  structural 
dynamics  the  industry  has  encountered  an  increasing  number  of  prob¬ 
lems  which  have  required  new  research  to  develop  satisfactory  meth¬ 
ods  of  solution.  Although  considerable  progress  has  been  made  in  the 
past  few  years  in  advancing  the  state  of  the  art  in  structural  dynamics, 
there  has  been  a  need  for  a  more  adequate  dissemination  of  this  infor¬ 
mation  to  permit  a  wider  and  more  immediate  application  of  the  new 
techniques  and  to  serve  as  a  guide  and  stimulant  for  additional 
research . 

Recognizing  this  need,  the  ARTC  Dynamics  and  Aeroelasticity 
Research  Panel  of  the  Aerospace  Industries  Association  conceived  and 
planned  a  symposium  on  Structural  Dynamics  of  High  Speed  Flight. 

The  symposium  was  held  on  24-26  April  1961  at  the  auditorium  of  the 
Institute  of  the  Aerospace  Sciences  in  Los  Angeles,  California,  and 
was  sponsored  jointly  by  the  Aerospace  Industries  Association  and  the 
Office  of  Naval  Research.  These  proceedings,  in  two  volumes,  contain 
the  papers  presented  at  the  symposium. 

On  behalf  of  the  Dynamics  and  Aeroelasticity  Research  Panel,  I 
would  like  to.expiu  ss  my  thanks  to  the  many  people  v/ho  so  ably  con¬ 
tributed  to  the  success  of  the  symposium:  to  Captain  Harold  E.  Ruble, 
Deputy  and  Assistant  Chief  of  Naval  Research,  for  a  most  inspiring 
welcoming  address;  to  Mr.  John  M.  Crowley  and  Mr.  Ben  J.  Cagle  of 
the  Office  of  Naval  Research  and  Mr.  H.  Dana  Moran  of  the  Aerospace 
Industries  Association  for  their  invaluable  aid  in  attending  to  the  many 
details  of  arranging  the  symposium;  to  Mr.  Irving  Rudin  of  the  Office 
of  Naval  Research  for  the  all-important  job  of  publishing  these  pro¬ 
ceedings;  to  the  speakers  and  co-authors  for  supplying  the  basic  ingre¬ 
dient  of  the  symposium;  and  finally,  to  the  six  session  chairmen, 

Mr.  Walter  J.  Mykytow  of  WADD,  Professor  John  W.  Miles  of  UCLA, 
Dr.  Millard  V.  Barton  of  STL,  Mr.  I.  Edward  Garrick  of  NASA, 

Dr.  Harold  Liebowitz  of  ONR,  and  Dr.  Charles  T.  Morrow  of  Aero¬ 
space  Corp.  for  supplying  a  unifying  thread  which  gave  added  signifi¬ 
cance  to  the  papers,  and  for  interjecting  a  bit  of  humor  which  made  the 
symposium  enjoyable  as  well  as  informative. 


Eugene  F.  Baird 

Chairman 

ARTC  Panel  58 -A 

Dynamics  &  Aeroelasticity  Re  search 
Aerospace  Industries  Association 
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WELCOME 


Captain  H.  E.  Ruble,  USN 
Deputy  and  Assistant  Chief 
Office  of  Nava).  Research 


Mr.  Baird,  Distinguished  Guests  and  Participants  in  this 
Symposium: 

On  behalf  of .  the  Aerospace  Industries  Association  and  the  Office 
of  Naval  Research,  I  wish  to  welcome  you  to  this  Symposium.  I 
extend  to  you,  also,  the  best  wishes  of  Admiral  Coates,  Chief  of  Naval 
Research,  who  deeply  regrets  that  sudden  demands  of  business  in 
Washington  have  prevented  his  appearance  here  this  morning. 

I  would  like  each  of  you  to  know  that  it  is  a  pleasure  for  the 
Department  of  the  Navy  to  cooperate  with  the  Aerospace  Industries 
Association  in  arranging  for  the  conduct  of  the  excellent  program 
planned  for  this  meeting.  Indeed,  the  joining  of  research  and  tech¬ 
nology  as  symbolized  by  this  Symposium  may  be  said  to  mirror  the 
goal  of  all  progressive  research  and  engineering  activities,  which  is 
to  effectively  integrate  these  two  allies  for  progress.  The  dynamics 
problems  scheduled  for  presentation  and  critical  discussion  here 
appear  to  be  timely  and  of  particular  technical  significance  to  the 
defense  needs  of  the  Nation  in  this  period  of  rapid  technological 
development . 

The  Navy's  needs  in  the  area  of  structural  mechanics  are  quite 
comprehensive  and  varied,  since  we  are  concerned  with  vehicles 
operating  deep  beneath  the  sea,  on  the  surface  of  the  ocean  and  in  the 
air  above.  In  the  case  of  the  Polaris  missile,  we  have  a  weapon  that 
must  function  in  all  three  environments. 

In  the  regime  of  high  speed  flight  particularly,  severe  situations 
have  arisen  which  require  urgent  solution.  Recognizing  this,  the 
Office  of  Naval  Research  and  the  Bureau  of  Naval  Weapons  have  plan¬ 
ned  and  coordinated  a  structures  research  program  which  reflects 
the  future  needs  of  both  the  Navy  and  the  prime  aircraft  and  missile 
companies  engaged  in  missile  structural  design.  Out  of  this  program 
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has  come  the  present  broad  Navy  support  of  research  tasks  which  are 
certain  to  lead  to  the  development  of  more  effective  and  reliable 
military  structures. 

Testing  apparatus  and  experimental  techniques,  previously  un¬ 
available,  have  been  developed  as  part  of  a  high  temperature  program 
to  determine  physical  properties  of  materials  of  interest  at  tempera¬ 
tures  up  to  4000°F.  This  engineering  data  is  necessary  in  order  to 
analyze  in  a  rational  manner  the  thermal  stresses  and  deformations 
encountered  by  missile  and  aircraft  structures  in  supersonic  and 
hypersonic  flight. 

Similitude  requirements  for  the  experimental  study  of  aerother- 
moelastic  phenomena  associated  with  flight  at  hypersonic  speeds  have 
been  devised  as  a  result  of  research  sponsored  under  this  program. 
Studies  have  also  been  made  of  the  type  and  minimum  sizes  of  facili¬ 
ties  for  studying  aeroelasticity  phenomena  in  the  presence  of  aero¬ 
dynamic  heating. 

In  the  area  of  research  coordination,  the  present  DOD  centralizing 
activity  for  Shock,  Vibration  and  Associated  Environments  was  origi¬ 
nally  established  by  the  Office  of  Naval  Research  specifically  for 
Naval  needs  in  Shock  and  Vibration.  With  the  encouragement  of  the 
other  services  and  the  endorsement  of  the  Office  of  the  Director  of 
Defense  Research  and  Engineering,  the  function  of  this  activity  has 
grown  to  serve,  we  believe  effectively,  the  entire  National  defense 
community. 

Augmenting  our  research  efforts  in  the  more  usual  areas  of 
structural  mechanics  and  dynamics,  the  Office  of  Naval  Research  has 
recently  instituted  a  program  of  study  in  viscoelasticity  as  related  to 
the  design  of  solid  propellants  in  rocket  motors.  As  solid  propellant 
grains,  chemically  potent  but  mechanically  weak,  continue  to  grow  in 
size,  we  are  becoming  increasingly  concerned  about  their  reliability. 
We  must  gain  a  better  understanding  of  what  it  is  that  causes  cracks 
to  form  and  dimensional  instabilities  to  occur  at  various  times  during 
the  grain  life  including  the  combustion  phase.  Both  the  static  and 
dynamic  aspects  of  this  problem  are  important. 

The  purpose  of  this  research  is  to  provide  engineers  with  basic 
and  design  information  on  the  viscoelastic  structural  response  of 
high-energy  solid  propellant  materials  under  realistically  simulated 
service  conditions. 

Most  of  the  papers  to  be  presented  by  industry  at  this  symposium 
are  based  on  research  sponsored  by  various  government  agencies, 
particularly  the  Air  Fc’-ce  and  the  Navy.  Previous  structural  dynam¬ 
ics  research  so  conducted  has  been  intelligently  executed  and  shows 
encouraging  results.  Nevertheless,  the  need  for  additional  knowledge 
in  this  area  continues  to  be  pressing.  It  is  hoped  that  Government  and 
Industry  will  continue  to  cooperate  effectively  toward  this  goal  of 
enhancing  our  military  capability. 
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Initiative  must  be  partnered  with  aggressiveness  to  achieve  any 
really  solid  advances  in  military  technology.  This  is  particularly  true 
in  the  area  of  structural  dynamics;  we  are  dealing  with  new  forces  and 
new  environments  where  we  cannot  even  be  sure  of  the  parameters. 
The  close  association  and  partnership  of  government  and  industry  is 
the  only  way  we  can  be  sure  of  generating  steady  significant  progress. 

I  am  glad  to  have  had  this  opportunity  to  say  a  few  words  to  this 
distinguished  assembly,  and  I  am  sure  that  this  symposium  is  a  har¬ 
binger  of  greater  things  to  come. 


SESSION  I 


FLUTTER  AND  VIBRATION 


Chairman:  Mr.  Walter  Mykytow 

Wright  Air  Development  Division 
Wright  Patterson  Air  Force  Base 


NEW  DYNAMIC  SYSTEM  CONCEPTS 
AND  THEIR  APPLICATION  TO 
AEROELASTTC  SYSTEM  APPROXIMATIONS 


Melvin  B.  Zisfein*  &  Frank  J.  Frueh** 
Astromechanics  Research  Division 
Giannini  Controls  Corporation 
Buffalo,  New  York 


We  present  here  some  results  of  a  study  which  is  directed 
at  a  better  understanding  of  flutter  and  its  relation  to  the  sub  and 
supercritical  dynamic  behavior  of  an  aeroelastic  system.  All  of  this 
work  was  sponsored  by  the  Air  Force  Office  of  Scientific  Research  and 
monitored  by  Mr.  Howard  Wolko  of  that  organization.  This  work  has 
recently  been  summarized  and  published  in  Air  Force  Office  of  Scien¬ 
tific  Research  Technical  Report  60-182.  In  addition,  both  the 
authors  and  the  Air  Force  are  happy  to  thank  the  AIA  58 -A  Dynamics 
and  Aeroe lasticity  Panel  through  which  practical  examples  were 
obtained  for  the  comparisons  which  we  will  show.  In  this  paper  we 
will  not  attempt  to  condense  the  detail  of  AFOSR  TR  60-182.  Rather, 
we  hope  to  explain  our  motivations  and  conclusions  and  to  elaborate 
on  the  important  points.  For  detail  we  refer  the  listener  to  the 
AFOSR  Technical  Report. 

The  project  upon  which  we  report  grew  out  of  an  attempt  to 
explain  some  apparent  contradictions  between  the  conventional  flutter 
damping  solution  (sometimes  known  as  the  AMC  type  solution  because  it 
is  classically  exemplified  in  AMC  Technical  Report  4798)  and  the  true 
dynamic  response  of  the  aeroelastic  system.  As  our  work  progressed, 
and  these  apparent  contradictions  were  explained,  a  new  logical 
approach  to  the  dynamics  of  aeroelastic  systems  began  to  evolve. 

This  approach  was  first  formulated  qualitatively  and  later  employed 
quantitatively  to  develop  some  new  and  useful  approximations  which 
relate  flutter  to  true  system  dynamic  response.  In  the  opinions  of 
the  authors,  this  new  dynamics  logic  is  the  principal  contribution 
of  the  study  to  date.  It  makes  extensive  qualitative  and  quantita¬ 
tive  use  of  the  roots  coalescence  property  noticed  by  many  authors 
and  should  be  differentiated  here  from  the  very  valuable  recent  con¬ 
tributions  of  authors  such  as  Pines  and  Laid  law.  We  have  not  sought 


*Division  Manager 
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means  of  accurate  approximate  flutter  prediction,  nor  have  we  employed 
roots  coalescence  thinking  to  examine  flutter  trends  as  such.  Rather, 
our  unique  contribution  has  been  in  the  relating  of  flutter  and 
flutter-type  calculations  to  the  true  sub  and  super -critica 1  system 
dynamic  response,  sometimes  referred  to  as  true  system  damping. 

Before  we  show  the  algebraic  and  numerical  results  of  our 
studies,  let  us  introduce  some  new  concepts.  In  our  first  slide  we 
show  the  loci  of  the  roots  of  a  typical,  V"AMC"  flutter  solution.  We 
sliow  these  roots  in  the  upper  portion  of  the  slide  plotted  as  struc¬ 
tural  damping  required  for  neutral  stability  versus  air  speed  and  in 
the  lower  portion  of  the  slide  as  corresponding  values  of  coupled 
frequency  versus  air  speed.  If  these  binary  roots  represented  simple 
bending  torsion  flutter,  branch  A  might  be  the  bending  branch  and 
branch  B  might  be  the  torsion  branch.  If  the  roots  represented  a  two¬ 
mode  approximation  to  panel  flutter,  branch  A  would  be  the  lower  fre¬ 
quency  panel  mode  and  branch  B  the  high  frequency  panel  mode.  Now, 
let  us  define  a  curve  which  in  this  binary  case  is  a  closed  curve 
which  travels  in  the  V-tn  plane  from  one  zero-airspeed  natural  fre¬ 
quency  to  the  other  zero-airspeed  natural  frequency,  and  which  does 
this  by  approximating  as  closely  as  it  can  in  simple  fashion  the 
lower  air  speed  values  of  the  roots  loci.  We  superimpose  this  curve 
on  our  roots  loci  in  the  next  slide.  Let  us  call  this  the  Base  Curve 
and  call  any  points  along  it  values  of  to  and  VD  rather  than  values  of 
o>  and  V.  We  will  see  later  that  this  base  curve  may  be  found  as  a 
very  good  approximation  to  the  roots  loci  if  we  let  damping  be  at  all 
times  very  low. 


Now  what  about  points  along  the  roots  loci  when  damping  is 
not  very  low.  We  see  from  the  slide  that  there  is  an  intermediate 
region  and  then  a  region  where  damping  becomes  very  high  and  the 
roots  loci  become  asymptotic  to  a  line.  Let  us,  in  the  next  slide, 
add  this  line  and  call  it  the  High  Damping  Asymptote. 

Note  that  we  are  speaking  here  about  a  conventional  or  AMC 
type  of  flutter  solution  which  deals  with  values  of  velocity  and  fre¬ 
quency  corresponding  to  neutral  stability  or  simple  harmonic  motion 
and  with  values  of  the  structural  damping  which  would  be  required  in 
the  system  to  bring  about  this  condition.  Instead  of  requiring 
structural  damping  we  could  require  viscous  damping.  We  would  find 
that  our  roots  loci  fell  along  essentially  the  same  base  curve  but 
departed  from  this  base  curve  at  a  different  place  and  followed  a 
different  high  damping  asymptote.  We  could  also  think  in  terms  of 
still  different  roots  loci,  namely,  the  roots  loci  of  so-called  true 
system  damping.  This  true  system  damping  ib,  at  any  air  speed,  the 
rate  at  which  a  disturbed  mode  would  subside  or  decay.  In  our 
studies  we  certainly  considered  this  kind  of  motion,  however,  we 
avoided  the  nomenclature  confusion  which  almost  always  results  by 
referring  to  its  amplification  magnitude  not  as  amount  of  true  system 
damping  but  rather  as  the  Decay  Coefficient.  We  will  henceforth 
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describe  subsiding  or  increasing  motions  by  their  decay  coefficients 
which  are  nothing  more  than  the  coefficients  of  their  exponential 
envelopes.  Hence,  in  the  next  slide  we  show  decay  roots  for  the  same 
binary  system  that  we  have  discussed  previously.  Note  that  the  en¬ 
velope  of  motion  in  any  mode  is  given  by  values  of  e^1" .  Note  that 
for  the  same  system,  these  roots  will,  in  the  V-<b  plane,  also  tend  to 
follow  essentially  the  same  base  curve  but  that  they  tend  to  depart 
from  this  base  curve  at  a  different  point  and  thenceforth  to  follow 
a  different  asymptote,  which  we  have  named  the  High  Decay  Asymptote. 

It  is  interesting  and  comforting  to  note  that  this  high  decay  asymp¬ 
tote  will  always  intersect  a  base  curve  at  the  point  where  its  slope 
is  infinite,  a  point  which  we  have  termed  the  Nose  of  the  base  curve. 
We  say  comforting  because  this  fact  ensures  that  regardless  of  double 
valued  damping  roots,  neither  of  the  two  decay  roots  will  be  double 
valued  at  any  velocity;  a  fact  which  corresponds  with  all  known  ex¬ 
periment.  We  should  emphasize  another  important  point  at  this  time, 
namely,  that  all  of  our  algebra  and  our  subsequent  numerical  computa¬ 
tions  (and  these  have  been  considerable)  shows  us  that  there  is  no 
reason  to  expect  the  flutter  point  to  lie  at  the  intersection  of  any 
of  these  asymptotes  with  the  base  curve,  especially  the  intersection 
of  the  high  decay  asymptote  with  the  nose  of  the  base  curve.  In 
other  words  there  is  no  reason  to  expect  the  flutter  point  to  fall 
at  the  coalescence  point  and  this  fact  in  no  way  diminishes  any  of 
the  useful  properties  of  this  coalescence  point  of  view.  In  the  next 
slide  we  superimpose  the  two  velocity-damping  and  ve locity -decay 
curves  that  we  have  shown  and  we  see  that  despite  the  fact  that  in 
the  V-o>  plane  they  tend  to  follow  the  same  base  curve  and  depart 
neatly  along  asymptotes,  in  the  V-g  or  V-y  planes,  they  do  not,  in 
general,  correspond  to  each  other  nor  should  they  be  expected  to 
correspond  to  each  other  except  in  some  special  cases. 

Now  that  we  have  described  these  new  basic  concepts  to  you 
we  can  demonstrate  how  they  have  been  and  how  they  can  be  employed 
to  Better  understand  dynamic  response  and  relate  dynamic  response  to 
the  flutter  solution.  Let  us  consider  our  first  two  binary  systems, 
a  pitch-plunge  wing  and  a  two-mode  simply-supported  infinite  panel. 
These  systems  are  pictured  in  the  sketches  on  the  auxiliary  slide 
which  we  now  show.  This  slide  also  contains  some  of  the  necessary 
algebra  and  we  really  should  apologize  for  the  clutter.  The  charac¬ 
teristic  equation  of  each  of  our  binary  systems  is  given  directly 
below  the  sketch  of  the  system.  We  derived  these  equations  using  a 
conventional  Lagrangean  approach  with  aerodynamic  inputs  of  first 
order  piston  theory.  The  notation  is  that  of  our  AFOSR  TR  60-182 
which  also  lists  all  of  our  assumptions.  The  characteristic  equation 
is  phrased  in  terms  of  system  natural  frequencies,  coupled  frequen¬ 
cies,  system  parameters  such  as  Tq;  and  Xq;,  velocity,  V,  and  values 
of  the  structural  damping  gs,  and  viscous  damping  .  Each  mode  is 
free  to  vibrate  as  est  where  s  =  yco  +  iu)  and  where  7  is  the  decay  co¬ 
efficient.  We  solved  these  characteristic  equations  in  conventional 
fashion  for  the  cases  that  we  have  just  discussed.  Case  A  being  a 
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conventional  flutter  solution,  Case  B  being  a  required  viscous  damp¬ 
ing  flutter  solution,  Case  C  being  a  true  system  damping  solution  or 
as  we  call  it  decay  solution  for  the  system  if  we  assume  that  it  has 
no  structural  or  viscous  damping,  and  Case  D  being  a  decay  solution 
for  the  system  if  we  admit  the  presence  of  its  actual  structural 
damping.  For  all  of  these  cases,  velocity  is  related  to  frequency 
for  very  low  damping  by  the  relations  shown  at  the  bottom  of  the 
chart,  hence  these  relations  are  the  equations  of  the  applicable  base 
curves  Now  let  us  examine  some  of  the  solutions  for  Cases  A,  B,  C, 
and  I).  The  solution  for  flutter  damping,  gR,  in  Case  A  for  both  the 
pitch-plunge  wing  and  simply-supported  panel  turns  out  to  be  a  co¬ 
efficient  times  frequency  to  the  first  power  times  some  function  of 
frequency  which  we  call  Fp(co)  or  Gp(o>)  all  divided  by  a  different 
function  of  frequency  which  we  call  F2(cd)  or  G2(tt>).  Note  the  simi¬ 
larity  of  the  wing  and  panel  solutions.  The  Case  B  solution  for 
the  required  viscous  damping,  is  quite  similar  in  form  to  Case  A  ex¬ 
cept  for  the  denominator  frequency  polynomial  which  we  call  F3 (cn)  or 
G3(a>).  The  Case  C  solution  for  y0,  decay  rate  without  material  damp¬ 
ing,  has  still  the  same  frequency  polynomials  in  the  numerator  but 
now  frequency  times  a  still  different  frequency  polynomial  F^cd)  or 
Ga(cd)  in  the  denominator.  The  Case  D  solution  for  7,  decay  rate 
with  structural  damping  is  similar  to  Case  C  except  that  the  numera¬ 
tor  has  an  additive  frequency  polynomial  which  turns  out  to  be  the 
denominator  frequency  polynomial  of  Case  A.  The  important  thing 
about  Case  D  is  that  it  reduces  to  a  very  useful  relation  shown  as 
the  right-hand  equation  in  the  Case  D  blocks,  namely,  that  for  either 
binary  wing  or  panel,  7,  the  true  system  decay  rate  equals  7Q  (that 
is,  the  decay  rate  in  the  absence  of  any  structural  or  viscous  damp¬ 
ing)  times  the  quantity  one  minus  gs  (the  structural  damping  actually 
present)  divided  by  gR  (the  AMC  flutter  solution).  Note  also  that 
from  these  solutions  we  can  get  the  equation  of  the  high  structural 
damping  asymptote  by  setting  F2(o>)  or  03(60),  the  denominator  of  the 
gR  polynomial  equal  to  zero  and  then  solving  for  to.  We  can  get  the 
equation  for  the  high  viscous  damping  asymptote  by  setting  the  SR 
expression's  denominator  polynomials  F3(to)  or  63(60)  equal  to  zero 
and  solving  for  frequency.  We  can  similarly  obtain  the  high  decay 
asymptote  from  either  Case  C  or  Case  D  by  setting  their  denominator 
polynomials  F^Xco)  or  G^(co)  equal  to  zero  and  again  solving  for  to. 

We  must  apologize  here  for  our  hasty  treatment  of  this  topic 
and  explain  that  it  is  thoroughly  documented  in  our  previous  report, 
AFOSR  Technical  Note  59-969,  which  introduces  these  concepts  and 
presents  a  number  of  numerical  examples. 

Having  defined  our  basic  concepts  and  presented  simple  binary 
solutions  we  can  now  illustrate  their  use  in  more  complex  solu¬ 
tions.  Let  us  turn  our  attention  to  some  ternary  systems.  In 
our  study,  three  ternary  systems  were  chosen  --  a  uniform  simply- 
supported  panel,  a  uniform  cantilever  wing  capable  of  bending  in  two 
modes  and  twisting  in  one,  and  a  uniform  cantilever  wing  capable  of 
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both  bending  and  torsion  in  one  mode  each  and  containing  a  control 
surface  which  is  free  to  twist  with  respect  to  the  wing.  By  employ¬ 
ing  our  basic  concepts  and  assuming  an  algebraic  similarity  of  form 
between  the  binary  solution  on  the  auxiliary  slide  and  our  desired 
ternary  solution,  we  were  able  to  calculate  ternary  system  approxi¬ 
mations  which  agreed  quite  well  with  exact  solutions.  Algebraic  com¬ 
plexity  prevents  us  from  going  through  the  details  of  this  work  here, 
but  the  work  has  been  carefully  documented  in  AFOSR  Technical  Report 
60-182.  We  should  particularly  emphasize  that  our  derivations  of  the 
denominators  of  these  approximations  were  made  possible  only  by  a 
knowledge  of  the  base  curve  equation  and  the  properties  that  should 
be  expected  of  the  base  curve.  We  illustrate  this  use  of  "base  curve 
reasoning"  here  with  a  description  of  how  we  approximated  the  ternary 
decay,  y0,  solution  for  the  three  mode  panel.  From  our  study  of 
binaries  (shown  in  the  auxiliary  slide)  we  noted  the  relation  between 
modal  coalescence  and  the  flutter  point.  From  extensive  previous  ex¬ 
perience  with  aircraft  flutter  it  seemed  proper  to  expect  only  one 
coalescence  in  the  vicinity  of  a  flutter  point  for  any  reasonable 
number  of  degrees  of  freedom.  In  view  of  this  "physical"  similarity 
it  was  at  least  worthy  of  investigation  to  ascertain  whether  or  not 
the  solution  of  the  ternary  system  was  not  similar  in  essential  alge¬ 
braic  form  to  the  corresponding  binary  solution.  First,  the  form  of 
7  ,  by  analogy  to  the  binary  solution  in  the  auxiliary  slide,  is 
postulated  to  be  equation  A  in  the  next  slide,  where  Hx  (<x>)  and  Hy(oi) 
are  frequency  polynomials  to  be  determined. 


The  identity  of  Hx(co)  and  Hy(u>)  can  be  established  by  the 
use  of  some  clues  obtainable  from  the  auxiliary  slide.  The  study  of 
the  binary  systems  showed  that  the  expressions  for  gR  and  yQ  have 
the  common  numerator  G^'jd).  We  observe  that  the  ternary  gR  and  yQ 
are  also  required  to  be  zero  at  the  same  velocity  and  frequency. 

Then,  by  analogy,  the  numerator  polynomial  Hx(oo)  was  assumed  to  be 
Hp(cu) ,  the  numerator  of  the  ternary  gR  solution  which  we  were  able 
to  find  analytically.  As  for  Hy(co),  we  noted  in  our  binary  work  that 
7C  was  caused  to  become  infinite  at  a  frequency  where  its  denominator 
frequency  polynomial  G^(oo)  became  zero.  This  fact,  as  I  explained  a 
short  while  ago,  determined  the  frequency  of  the  high  decay  asymptote 
We  further  found  that  this  high  decay  asymptote  intersected  our  base 
curve  at  its  nose,  i.e.  the  frequency  of  its  maximum  velocity  point. 
This  then  means  that  an  expression  for  the  inverse  slope  of  the  base 
curve  dV0/cto  (obtained  by  differentiating  the  base  curve  equation) 
should  become  zero  at  this  same  frequency.  Performing  this  differen¬ 
tiation  for  the  binary  system  yielded  the  information  that  the  fre¬ 
quency  polynomial  in  dV0/do  which  caused  this  to  happen  was  our  same 
G4(cd).  Using  this  clue  to  formulate  a  ternary  approximation  we 
contrived  a  frequency  polynomial  H^co),  which  we  found  by  differentia 
tion  (for  dV0/doj)  of  the  ternary  system  base  curve  equation.  The 
differentiated  expression  is  shown  here  as  Equation  b.  The  frequency 
polynomial  we  want  is  the  frequency  polynomial  in  this  differentiated 
expression  which  causes  it  to  become  zero  at  the  right  place.  We 
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show  this  polynomial  as  equation  C.  We  therefore  put  this  new  fre¬ 
quency  polynomial  H^(oj)  into  the  denominator  of  our  postulated  approx 
imation  for  ternary  y Q  in  place  of  Hy(oo)  to  get  our  completed  approxi 
mation,  equation  D. 

This  derivation,  in  itself,  did  not  establish  the  validity 
of  equation  D.  In  fact,  recalling  some  of  the  intuitive  leaps  in¬ 
volved,  extensive  numerical  comparison  of  equation  D  with  an  "exact'' 
numerical  solution  of  the  characteristic  equation  was  required  to 
establish  such  validity.  These  numerical  comparisons  were  made  and 
they  are  presented  in  the  next  slide.  Here  our  approximate  solutions 
for  the  y0  roots  are  the  lines  and  the  "exact"  solutions  are  the 
points.  You  will  note  that  the  correlation  between  our  approximation 
and  the  "exact"  values  is  rather  remarkable.  These  numerical  compari 
sons  also  give  strong  support  to  the  validity  of  our  "basic  concepts" 

We  also  show  here  a  comparison  between  another  one  of  our 
approximations  and  some  "exact"  calculations  which  we  obtained  numeri 
cally  directly  from  the  characteristic  equation.  These  are  shown 
in  the  next  slide  for  the  three-degree -of -freedom  wing  case.  Note 
in  the  V-oj  plane  our  approximations  to  the  first  bending,  torsion, 
and  second  bending  decay  roots.  Note  further  in  the  velocity-decay 
plane  that  correspondence  between  our  approximations  and  the  exact 
solutions  are  almost  as  good  to  a  point  considerably  beyond  the 
flutter  point.  Note  further  that  the  flutter  point  does  not  in  this 
case  fall  at  the  point  of  coalescence  of  the  coupling  modes.  In  the 
next  slide  we  have  similar  comparisons  for  the  same  wing  for  approxi¬ 
mate  and  exact  solutions  for  the  total  decay  rate,  7,  for  two  values 
of  the  structural  damping  coefficient,  gs,  namely,  .05  and  .1.  Here 
the  correspondence  between  approximate  and  exact  solutions  is  similar 
ly  good. 


We  should  point  out  here  that  all  the  work  which  I  have 
described  so  far  was  characterized  by  the  need  for  knowing  in  advance 
the  system's  characteristic  equation  and  also  the  values  of  the  many 
system  parameters  which  are  used  in  the  characteristic  equation. 
Moreover,  all  of  this  work  is  characterized  by  rather  cumbersome 
algebra.  However,  having  all  of  these  cases  available  enabled  us  to 
make  comparisons  between  these  solutions  and  find  expressions  of 
rather  startling  generality.  One  expression  in  particular  permits 
considerably  easier  and  far  more  general  application  of  our  concepts 
than  we  had  anticipated  up  to  this  point.  I'll  derive  this  relation¬ 
ship  here  for  the  binary  panel  case  since  the  algebra  is  by  far 
easier  than  for  any  other  case.  We'll  need  to  refer  to  our  auxiliary 
slide  for  some  of  the  basic  equations.  In  our  next  slide  we  start 
with  equation  A,  our  equation  for  the  binary  panel  base  curve.  Dif¬ 
ferentiating  this  equation  with  respect  to  frequency  yields  equation 
B.  The  next  steps  depend' on  recognizing  that  this  right  hand  side 
of  the  base  curve  equation  contains  many  elements  in  common  with  the 
frequency  polynomial  GgC®)*  our  denominator  of  the  flutter  solution 
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in  Case  A  of  the  auxiliary  slide.  We  must  also  recognize  that  the 
numerator  of  the  right  hand  side  of  the  differentiated  base  curve 
equation,  equation  B,  is  equal  to  the  denominator  of  our  approximate 
solution  for  yQ  in  Case  C.  Now  manipulating  the  base  curve  equation 
so  that  we  can  substitute  directly  the  expression  for  G2(cu)  leads  to 
equation  C.  Compare  the  remaining  terms  on  the  right  hand  side  of 
equation  C  to  the  numerator  of  equation  B.  The  frequency  polynomials 
differ  only  by  an  additive  2oi(a/ 2 jut)^ ,  which  turns  out  to  be  always 
very  small  compared  to  the  other  terms.  Combining  equations  B and  C 
and  solving  for  G2  (to)  yields  equation  D.  From  our  previous  deriva¬ 
tions,  we  note  that  the  ratio  of  yQ  to  g^  is  given  by  equation  E. 
Therefore,  substituting  G2(tu)  from  equation  D  and  2aJG4(cb)  from  equa¬ 
tion  B  leads  to  the  final  form,  equation  F. 


At  this  point,  it  should  be  stated  that  equation  F  may  be 
general  for  all  aeroelastic  systems,  insofar  as  we  have  been  able 
to  derive  it  from  the  basic  equations  of  all  of  the  systems  we  con¬ 
sidered.  These  include  the  two  binary  systems,  the  binary  panel, 
and  the  binary  pitch-plunge  wing  and  also  the  three  ternary  systems, 
the  three  degree  of  freedom  panel,  the  pitch-plunge-plunge  wing  and 
the  pitch-plunge-aileron  wing.  The  big  step  forward  here  is  that 
equation  F  finally  allows  us  to  ignore  the  system  characteristic 
equation  and  also  most  system  parameters  in  relating  the  flutter  solu 
tion.  gR  to  dynamic  response  y.  A  numerical  flutter  solution,  giving 
values  of  V,  gR,  and  cn,  is  all  that  is  needed  for  input  to  equation  F 

Two  examples  are  shown  here  to  demonstrate  the  validity  of 
equation  F.  In  the  next  slide  a  three-degree-of-freedom  cantilever 
wing  is  treated.  Points  of  exact  numerical  solutions  obtained  on  an 
IBM  704  by  dealing  directly  with  the  characteristic  equation  are 
shown  as  the  symbols.  The  approximated  values  of  yQ  obtained  from  a 
standard  AMC  type  flutter  analysis  of  the  system  being  considered  and 
then  processed  through  equation  F  of  the  previous  slide  are  shown  as 
the  lines.  The  correlation  between  the  exact  points  and  our  corres¬ 
ponding  approximate  lines  is  seen  to  be  very  good. 

In  the  next  slide,  a  three-degree-of-freedom  uniform  wing 
with  control  surface  is  treated  Transforming  the  flutter  data  thru 
equation  F-yields  approximate  solutions  for  the  dynamic  response, 

7  ,  as  ahown  by  the  lines.  Exact  numerical  solutions  obtained  on  an 
IBM  704  are  shown  as  the  points  or  symbols.  Correlation  between 
approximate  and  exact  solutions  again  is  quite  good. 

All  of  the  previous  derivations  were  performed  for  systems 
in  high  supersonic  flow,  In  order  to  approximate  a  counterpart  of 
equation  F  for  incompressible  flow,  we  performed  a  brief  study  in 
which  we  repeated  some  of  our  previous  work  substituting  the  Wagner 
indicial  lift  equation  for  our  previous  piston  theory.  We  derived  a 
relation  between  yQ  and  gR  which  is  almost  identical  to  the  relation 
which  we  have  shown  to  you  in  equation  F  for  high  supersonic  flow. 
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This  approximation  is  shown  in  the  next  slide.  It  is  interesting  to 
note  that  this  is  identically  the  relationship  which  we  arrived  at 
for  low  subsonic  speeds  by  more  or  less  ad  hoc  reasoning  in  AFOSR 
TR  60-182.  We  show  two  examples  here  to  demonstrate  the  validity  of 
this  equation.  In  the  next  slide,  an  approximation  to  the  dynamic 
response,  7,  of  the  vertical  tail  of  the  B-58  Hustler  bomber  is  com¬ 
pared  to  values  of  7  measured  in  flight  and  DAEAC  solutions,  all 
supplied  to  us  through  the  AIA  by  Mr.  Mahaffey  of  Convair,  Fort  Worth. 
Input  data  to  the  approximation  were  calculated  flutter  data,  also 
furnished  by  Convair,  Fort  Worth.  It  is  seen  that  the  correlation  is 
quite  good.  We  emphasize  that  such  correlation  was  obtained  from  the 
Convair  flutter  solution  which,  without  correct  interpretation,  would 
imply  that  flutter  is  approached  thru  the  second  mode.  Correct  inter¬ 
pretation  by  our  method  and  actual  flight  test  noth  confirm  that  the 
flutter  is,  in  fact,  approached  thru  the  first  mode. 

The  next  slide  shows  comparisons  made  using  Lockheed  13 
degree-of -freedom  analytical  data.  These  calculations  were  furnished 
to  us  through  the  AIA  by  Mr.  J.  Ford  Johnston,  of  Lockheed,  Burbank. 
Comparisons  are  shown  here  for  the  first  two  modes  only,  as  data 
have  been  furnished  by  Lockheed  for  only  these  modes.  In  these  com¬ 
parisons,  the  solid  curves  are  the  approximations  made  by  combining 
Lockheed  furnished  flutter  data  with  the  equations  derived  in  this 
study.  The  corresponding  points  represent  Lockheed  digital  dynamic 
response  calculations.  As  in  the  previous  cases,  correlations  be¬ 
tween  the  direct  calculations  and  our  approximations  are  very  good. 

We  presented  additional  practical  examples  in  AFOSR  Techni¬ 
cal  Report  60-182,  but  time  does  not  permit  showing  these.  Moreover, 
the  report  contains  numerous  derivations,  supporting  details  and  con¬ 
clusions  which  we  have  not  time  to  present  here. 

In  summary,  we  have  presented  here  a  resume  of  the  concep¬ 
tion  and  early  development  of  certain  logical  concepts  germane  to 
dynamic  systems.  We  have  introduced  the  "Base  Curve",  "High  Damping 
Asymptotes",  and  "High  Decay  Asymptote"  and  we  have  shown  how  these 
particular  concepts  may  be  combined  with  existing  dynamics  technology 
to  derive  new  aeroelastic  system  approximations.  To  demonstrate  their 
validity  we  have  compared  these  approximations  to  rather  tedious 
numerical  solutions  and,  where  available,  to  experiment.  Our  future 
efforts  will  consist  of  generalization  of  these  techniques  plus 
exploration  for  additional  approximate  solutions  which  may  be  of 
further  value. 
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ELEMENTARY  STATIC  AERODYNAMICS  ADDS  SIGNIFICANCE 
AND  SCOPE  IN  FLUTTER  ANALYSES 


Norman  H.  Zimmerman 
McDonnell  Aircraft  Corporation 
St.  Louis,  Missouri 


Abstract 


The  feasibility  of  using  simple  approximate  aerodynamics 
of  the  form  Cl  =  CL  a  in  flutter  studies  is  investigated  with  a  two¬ 
fold  purpose  in  mine?;  (l)  clear  concise  understanding  of  the  basic 
flutter  mechanism  and  (2)  its  practical  application  in  flutter 
analyses . 


It  is  shown  that  the  lift  component  in  phase  with  a  is 
capable  of  inducing  large  phase  angles  between  it  and  the  plunging 
motion,  resulting  in  severe  and  sudden  energy  transfer  from  the 
ambient  air  to  th°  airfoil.  On  the  other  hand,  the  quadrature  lift 
component  induces  only  slight  phase  angles  with  correspondingly 
modest  energy  exchange  between  ambient  air  and  airfoil.  Mechanics  of 
this  phasing  is  shown  as  airspeed  is  increased. 

Equations  for  calculating  flutter  speed  parameter  and 
frequency  are  of  simple  closed  form  involving  only  three  configura¬ 
tion  parameters,  A.C.-E-A.  distance,  E.A.-C.G.  distance,  and  fre¬ 
quency  ratio.  A  typical  design  chart  from  which  the  flutter  speed 
parameter  and  flutter  frequency  can  be  read  directly  is  shown.  These 
equations  and  charts  are  equally  applicable  in  the  subsonic,  tran¬ 
sonic  and  supersonic  regions.  Straightforward  relations  are  pre¬ 
sented  for  determining  sensitive  configurations  where  slight  uncer¬ 
tainties  can  result  in  enormous  variation  in  computed  flutter  speed. 
These  indicate  areas  where  considerable  disagreement  may  be  expected 
between  classical  and  approximate  calculations.  A  relation  is 
developed  which  indicates  a  safe  practical  method  of  flutter  speed 
determination  from  flight  tests  at  subcritical  speeds .  Finally 
flutter  speed  calculations  based  on  approximate  aerodynamics  are 
compared  to  experiment  with  very  good  agreement,  even  down  to  aspect 
ratios  as  low  as  two. 
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Notation 


Dimensional 


exponential  increase  of  motion 
semi-chord 

distance  of  elastic  axis  aft  of  aerodynamic  center 
plunging  displacement  of  aerodynamic  center,  positive  down 
moment  of  inertia  of  airfoil  about  aerodynamic  center,  per 
unit  span 

moment  of  inertia  of  airfoil  about  elastic  axis,  per  unit 
span 

plunging  spring  constant,  per  unit  span 

pitching  spring  constant,  per  unit  span 

lift,  per  unit  span  (increment  beyond  static  equilibrium 

lift ) 

airfoil  mass,  per  unit  span 

aerodynamic  moment  about  aerodynamic  center,  per  ■unit  span 
(increment  beyond  static  equilibrium  Mg,) 
differential  operator  d/dt 
dynamic  pressure 

airfoil  radius  of  gyration  about  elastic  axis 

root  of  characteristic  equation 

time 

work  done  on  airfoil  by  aerodynamic  lift 
airspeed 

distance  of  center  of  gravity  aft  of  elastic  axis 
pitching  displacement,  positive  nose  up 
air  mass  density 
frequency 

uncoupled  plunging  frequency 
uncoupled  pitching  frequency 
lowest  coupled  vibration  frequency 
highest  coupled  vibration  frequency 


Non-Dimensional 


lift  coefficient  (increment  beyond  static  equilibrum  C^) 
dCi/da  —  lift  curve  slope 
steady  flow  lift  curve  slope 

aerodynamic  moment  coefficient  about  aerodynamic  center 

(increment  beyoDd  static  equilibrium  Cj^) 

dCjj/da 

flutter  discriminant,  see  equation  (57) 
structural  damping  coefficient 
the  imaginary  .VT 
modulus  of  qjj/q„ 

Mach  number 

h/ra  —  non-dimensional  plunging  displacement 
a  —  non-dimensional  pitching  displacement 
v«.  --  plunging/pitching  frequency  ratio 
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S  s/«a  —  non-dimensional  root  of  characteristic  equation 

W  parameter,  see  equation  (17) 

X  X0  Aa  non-dimensional  distance  of  center  of  gravity 

aft  of  elastic  axis 

Y  parameter,  see  equation  (18) 

Z  2bra  (Cl  Q)/k*  —  non-dimensional  lift  parameter 

Zp  2bra  (0^  Q)  /ka  —  flutter  parameter 

y  d/ra  — °non -dimensional  distance  of  elastic  axis  aft  of 

aerodynamic  center 
5  logarithmic  decrement 

n  Clq  /2*  —  aerodynamic  lift  efficiency 

V  8  steady  flow  lift  efficiency  component 

H  u  oscillatory  flow  lift  efficiency  component,  see  Figure  13 

M  m/  r  p  b2  --  non-dimensional  mass 

yp  phase  angle  by  which  qh  leads  qa 

The  subscripts  F  and  D  refer  to  flutter  onset  and  diver¬ 
gence  onset  respectively. 

Introduction 


Past  effort  in  the  flutter  control  of  aircraft  and 
missiles  has  predominantly  stressed  retention  of  considerable  rigor 
in  the  mathematical  idealization  of  the  oscillatory  aerodynamics 
used  in  the  flutter  analysis.  This  resulted  in  an  unusually  complex 
formulation  of  the  flutter  problem.  As  a  corollary,  emphasis  was 
placed  on  calculation  techniques  with  the  subordination  of  basic 
physical  insight  into  the  flutter  mechanism.  A  need  exists,  however, 
for  parallel  avenues  of  approach;  one  consists  of  the  rigorous  solu¬ 
tion  of  the  flutter  problem  which,  for  the  most  part,  is  already 
available;  the  other,  a  rational  approximation  stressing  basic  physi¬ 
cal  insight  with  adequate  reliability.  The  state  of  the  art  in 
dynamic  calculations  has  arrived  at  a  point  where  it  is  possible  and 
desirable  to  develop  such  a  technique  based  on  rational  and  simpli¬ 
fied  approaches  by  discarding  secondary  parameters  in  arriving  at  an 
adequate  formulation  of  the  flutter  problem.  This  formulation 
emphasizes  the  rational  retention  of  physical  significance  in  the 
problem  setup,  solution  and  interpretation  of  results. 

The  ultimate  development  of  such  a  rational  approach 
consistent  with  adequate  reliability  over  a  wide  range  of  problem 
parameters  is  a  long  range  task.  It  is  the  author's  belief  that  the 
long  range  effort  should  encompass  the  following  objectives: 

(a )  To  search  for  and  explain  clearly  and  precisely  the  funda¬ 
mental  processes  that  lead  to  flutter. 

(b)  To  isolate  essentials  from  secondaries  in  a  sound  rational 
theory. 

(c)  To  achieve  a  rational  mathematical  model  logically  suited  to 
more  direct  physical  interpretation. 

(d)  To  investigate  the  possible  extent  to  which  such  a  mathe- 
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matical  model  may  be  used  in  practical  flutter  control  and 
to  present  methods  for  such  use. 

Except  for  isolated  instances  (Reference  1  and  2  for  example ),  there 
had  been  no  significant  interest  toward  the  overall  development  of  a 
rational  flutter  approach  until  approximately  three  years  ago  at 
which  time  f.  R.  Beal  of  McDonnell  (Reference  3)  and  S.  Pine6  of 
Republic  (Reference  k )  further  demonstrated  the  potential  of  the 
rational  approach.  The  author  is  aware  of  four  additional  contribu¬ 
tions  (References  5  through  8)  published  within  the  past  year.  It 
appears  that  interest  is  increasing  and  progress  in  this  area  is 
being  accelerated. 

Because  of  the  early  state  of  the  art,  and  in  particular 
the  unavailability  of  comprehensive  comparisons  between  approximate 
formulations  and  experiment  over  a  broad  range  of  parameters,  this 
technique  is  for  the  most  part  confined  to  advanced  design  studies  at 
present  with  some  initial  probes  in  detail  design  to  supplement  the 
more  rigorous  approach.  For  example,  the  simplified  formulation 
could  be  used  to  show  trends  in  concise  analytical  form  about  the 
flutter  speed  calculated  by  more  rigorous  methods.  There  is  a  vast 
potential  for  the  approximate  formulation,  even  in  detail  design,  but 
the  extent  of  such  use  must  be  compatible  with  its  adequacy  in  corre¬ 
lating  with  experimental  results.  Several  simple  aerodynamic  formula¬ 
tions  proposed  to  date,  together  with  available  comparisons  with 
experiment,  lead  the  author  to  believe  that  the  satisfactory  develop¬ 
ment  of  a  rational  approach,  omitting  non-essentials  or  secondary 
effects,  is  indeed  feasible  and  should  be  pursued  further. 

The  material  covered  in  this  paper  contributes  toward 
such  overall  development  in  both  extending  the  work  of  previous 
authors  and  in  presenting  additional  concepts  and  techniques .  Except 
for  an  occasional  digression,  the  scope  of  this  paper  is  limited  to 
the  investigation  of  the  two  dimensional  plunging-rotation  problem. 
Extensive  effort  here  is  justified  since  it  would  be  ridiculous  to 
proceed  with  the  more  elaborate  configurations  without  adequate  proof 
of  the  validity  of  the  aerodynamic  approximations  for  the  simpler 
configurations  which  do  not  require  the  introduction  of  additional 
uncertainties  (such  as  assumed  mode  shapes,  etc.). 


Basic  Relations 

The  system  shown  in  Figure  1  is  allowed  the  degrees-of- 
freedom  of  plunging  (h )  and  rotation  (  a  ),  each  measured  from  the 
position  of  static  equilibrium.  The  equations  of  motion,  referred 
to  the  steady-state  aerodynamic  center,  are 

mh  -i  m  (d  +  Xa)  a  +  kh  (h  +  d  a)  =  —  L  ^ 

IQ  a  +  m  (d  4  xa)  h  +  kh  (h  +  da)  d  +  ka  a  «=  M 
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Since  L  =  Q(2b)CL  and.  M0  =  Q(2b)^Cj^>  the  above  equations  may  be 
rewritten 

mh  +  m(d  +  XQ)  a  +  khh  +  (khd)  a  =  -(2bQ  CL 
I  a‘a  +  m(d  +  XQ)  h  +  (khd)h  +  (kQ  +  khd2)  a  =  (4b2Q)CM 


In  order  to  arrive  at  a  convenient  non-dimensional  formulation,  the 
following  relations  are  utilized: 


Ia  =  Ia+mf<d+xa)2-  x2] 

r  2 

la  =  m  'a 

2 

kh  =  n,W|l 


k 


a 


=  i„ 


2 

a 


R  =  -h/% 

y  =  d/'a 


X  =  X  /  r 
a  a 


%  =  h/ra 


(3) 


Multiplying  the  first  of  equations  (2)  by  r„  /ka  ,  the  second  by  l/k.a 
and  introducing  equations  (3) 


1 


X)  qa+  R2qh  +  yR2qa  = 


-i_  r  (r  ^  x)2  +  <1  -  X2)  ]  q  +  _L  (v+  X)  q 
,  2  2  ' 


qh  +  yR2q(  +  0  +  y2P2)qa 


Equations  (4)  allow  a  rather  wide  latitude  on  the  specification  of 
the  aerodynamics  to  be  considered.  However,  the  aerodynamics 
employed  here  will  be  represented  in  a  form  compatible  with  the 
steady-state  formulation,  i.e. 


cL  =  cLa„=cLaqa 


CM  CMaa:  0 
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Note  that  the  representation  of  CL  is  based  on  the  geometric  angle 
of  attack  and  does  not  include  the  increment  angle  of  attack  due  to 
plunging  velocity.  With  this  formulation  of  the  aerodynamics  then, 
equations  (4)  become  - 


z 


0) 


(6) 


The  aerodynamics  of  the  problem  are  embodied  aolely  in  the  lift  para¬ 
meter  Z.  For  a  given  configuration,  the  equations  of  motion  above 
vary  with  Z  as  airspeed  is  changed.  The  advantageous  occurrence  of 
Z  in  Just  one  term  of  the  equations  of  motion  stems  directly  from 
referring  the  motion  to  the  aerodynamic  center. 

If  p  is  used  to  denote  the  differential  operator  d/dt, 
equations  (5)  may  be  written  in  the  operational  form 


qh  +  I  <y  +  X)  J!_  +(yR2+  Z)  I  qa=  0 


!y  +  X)  P_  +  yR2[qh +|  [{y+  X)2+  (1  -  X2)] 


+  0+  y2R2>  qa=0 


From  the  first  of  equations  (7) 


(8) 


Substituting  this  into  the  second  of  equations  (7), 
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J___X2  4+  (1+  R2)  -  (y  +  X)Z  p2+R2(1  _ 


p2+  r  (1  - yZ) [ qa  =  0 


(9) 


The  solution  to  equation  (9)  is 


i-4 


la"  E  V1 

j  =  1 


s .  -  a .  +  i  0). 
1  1  ) 


(10) 


where  the  Aj  are  arbitrary  integration  constants  and  the  s .  are  the 
roots  of  the  characteristic  equation 


u  -  x2) 


( -i_Y  +[<’  +  R2)  -  (y+  x)  z]/_i_V  +  R2  (i  -yz) 

/  \“a  ) 


01) 


p 

Equation  (11)  is  quadratic  in  (s/  o>a  )  .  Thus 

For  compactness  it  is  desirable  to  denote 


+  R2)  _  (y  *.  X)  Z  )  + 

/  (1  +  R2)  -  (y  +  X)  z)  2_  * 

(  R2(1  -y Z) 

2(1  -X2)  i  V 

|  2(1  -  X2)  j  | 

[  (1  -  X2) 

(12) 


5  = 


(13) 


Thus  equation  (12)  becomes 


S2 

(1  +  R2)  -(>•+  X)  Z  }  x 

j\(  1  +  R2)  -  (y+  X)Z  )  2_ 

R2(l  -yZ) 

2(1  -  X2)  \  1 

X 

1 

r* 

(1  -  X2)  | 

(14) 


The  solution  for  q  is  similarly 


’v'  si’ 

-  Z  Bie  ’ 

i  =  ' 


(15) 


)  = 
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where  the  B,  integration  constants  are  obtained  by  substituting 
equations  (10)  and  (15)  into  equation  (8),  i.e. 


B.  -  _ 

i 


<y  +  X)S?  +  (yR2  +  Z) 
S.2  +  R2 


(16) 


The  stability  characteristics  of  a  configuration  at  any 
particular  airspeed  (embodied  in  Z)  may  be  examined  via  equation  (14). 
It  is  to  be  noted  that  only  two  groupings  of  parameters  are  needed  to 
fully  define  S^.  Let  these  be  denoted  by 


(1  +  R2)  -  (y  +  X)Z 

"  1  +  R2 

f  y+x  1 

2(1  -  X2) 

2(1  -  X2) 

"T1 

X 

1 

CN 

_ 1 

Y  = 


R2(1  -yZ)  f  R2  ~]  _r  ;,R2  ~] y 
(l  -  x2)  |_ i  -  x2  l  -  x2 


(18) 


Both  W  and  Y  are  linear  in  Z  and  depend  upon  airspeed  as  well  as 
configuration  parameters .  It  might  be  well  to  mention  at  this  point 
that  physical  considerations  limit  X  to  values  between  plus  and  minus 
unity.  (This  results  since  X  =  X(t//rQ  and  r^  =  r§  +  where 
rc  is  the  radius  of  gyration  about  the  c.g.)  Furthermore  physical 
considerations  limit  R  and  Z  to  positive  real  values  while  7  may 
assume  any  positive  or  negative  real  value.  With  the  above  defini¬ 
tions  of  W  and  Y, 


s2  =  -  w  ± 


(19) 


It  is  physically  possible  for  W  and  Y  to  be  positive,  negative  or 
zero.  Depending  on  configuration  and  airspeed,  various  possible 
stability  conditions  can  exist.  These  are  covered  in  Table  I  and  in 
Figure  2.  (Recall  that  s  =  >oa  s  where  <oa  is  real  and  positive.  ) 

In  Table  I  and  Figure  2,  0,  0^,  02>  and  A1  through  A4  are  arbitrary 

integration  constants.  Although  mathematically  Case  1  is  referred 
to  as  an  undamped  vibration,  in  a  practical  sense  it  is  a  stable 
configuration  since  even  minute  amounts  of  inherent  damping  in  the 
structure  would  render  it  stable.  All  the  other  conditions  exhibit 
definite  instabilities  of  various  forms. 

The  transition  from  Case  1  to  an  unstable  condition  is 
considered  next,  for  example  as  speed  (or  z)  is  increased.  Two 
distinct  transition  paths  are  possible,  both  starting  from  the  condi- 
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FIGURE  2.  SIGNIFICANCE  OF  THE  ROOTS  S2 
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tions  of  Case  1,  Figure  2;  one  tends  toward  the  non-osciilatory  insta¬ 
bilities  on  the  left  while  the  other  tends  toward  the  oscillatory 
instabilities  on  the  right.  These  are  covered  in  Table  II  and  in 
Figure  3'  A  descriptive  phrase  for  these  transition  cases  would  seem 
to  be  "instability  onset,"  and  this  will  be  used  in  subsequent  dis¬ 
cussion  when  referring  to  Case  6  or  7- 

The  speed  at  which  a  given  configuration  reaches  its 
instability  onset  is  easily  obtained  from  the  requirements  specified 
in  Table  II.  For  divergence  onset,  Y  =  0.  Satisfying  this  condition 
in  equation  (l8)  yields 


z 


D 


2 

Y 


(20) 


and  from  equation  (6) 


a  1 


V1^—  “'M-  2bd 


(21) 


Flutter  onset  requires 

w2  -  y  =  0 

Introducing  equations  (1?)  and  (18)  above  and  solving  for  Z 

Zp  =  /  1  -l  +  /  {y+  y-?y<L-x2)l  R2  +  / _ _ U/x(  1  _X2)[(y+  X)  -y(l  +  yX)R2]  (22) 

UW  l  (V+  X)2  )  M(y.X,2/> 


and  from  equation  (6 ) 


(CL  0)F 


2br. 


(23) 


Equation  (21)  corresponds  to  the  well  known  formula  for  static  diver¬ 
gence.  Equation  (22)  indicates  that  there  exist  two  speeds  at 
which  the  configuration  is  poised  on  the  threshold  of  a  flutter 
instability,  flutter  existing  between  these  two  speeds.  Obviously 
the  minus  sign  in  equation  (22)  is  the  more  significant  and  corres¬ 
ponds  to  flutter  onset,  but  the  plus  sign  will  not  be  discarded 
since  it  has  a  significance  of  its  own  which  will  be  discussed  later. 
The  subscripts  D  and  F  in  equations  (21)  and  (23)  are  specifically 
meant  to  apply  to  as  well  as  to  Q,  i.e.  Cjja  must  be  compatible 

with  the  aerodynamic  environment  corresponding  to  Q.  Although 
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(a)  CASE  6  DIVERGENCE 


IMAGINARY 


(b)  CASE  7  FLUTTER 


q  A,  t  COS  (cut- <^)  +  A2  COS  (oj  t  -  <£2) 


FIGURE  3.  ROOTS  OF  S2  AT  INSTABILITY  ONSET. 
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apparently  trivial,  it  is  important  to  emphasize  this  in  correlating 
airspeed  with  Z.  Thus  in  general 


and  in  particular 


It  is  particularly  important  to  recognize  that  the  problem 
formulation  herein  presented  imposes  no  limitations  on  flight  environ¬ 
ment,  and  the  equations  are  equally  applicable  throughout  the  com¬ 
plete  flight  envelope  --  subsonic,  transonic,  supersonic.  The. com¬ 
pressibility  effects  are  accounted  for  by  introducing  values  of 
and  7  (location  of  aerodynamic  center )  appropriate  to  the  flight 
environment.  Thus  the  BASIC  MECHANISM  of  the  aeroelastic  behavior 
is  one -and -the -same  regardless  of  flight  regime,  and  if  adequate 
agreement  can  be  achieved  between  the  above  formulation  and  experi¬ 
ment  in  the  low  subsonic  regime,  there  is  good  reason  to  expect  ade¬ 
quate  agreement  in  other  flight  regimes  provided  that  CL  and  7 
reflect  the  appropriate  environment.  Furthermore  Clh  and  7  are  the 
direct  ingredients  in  the  present  formulation  and  not  Mach  number 
(which  is  like  a  second  cousin  twice  removed).  If  this  is  borne  in 
mind,  the  salient  characteristics  of  the  aeroelastic  behavior  will  be 
more  easily  recognizable. 

It  may  have  been  noted  that  no  consideration  was  given  to 
the  possibility  of  transition  from  Case  1  to  the  physically  possible 
instabilities  of  either  Case  3  or  5-  Examination  of  Table  I  will 
reveal  that  these  instabilities  are  never  approached  directly  from 
the  stable  condition  of  Case  1;  these  will  always  be  preceeded  by 
the  instabilities  of  Case  6  or  Case  7* 

One  further  basic  relation  is  useful,  namely  an  alternate 
relation  between  V  and  Z.  If  the  definition 


CL  -  2 77  *7  (27) 

a 
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is  introduced  into  equation  ( 24 )  together  with  ka  =  mr2  tua2  and 
H  =  m/ v  p  b2,  there  results 


The  quantity  tj  may  be  thought  of  as  the  aerodynamic  lift  efficiency. 


Exploratory  Example 

Inclusion  of  an  exploratory  example  at  this  point  is  con¬ 
sidered  advisable  as  background  for  further  developments  to  be  pre¬ 
sented.  Specifically,  it  is  desirable  to  take  a  broad  look  at  the 
dynamic  characteristics  of  a  given  configuration  as  airspeed  increases 
from  zero  to  a  value  considerably  in  excess  of  its  onset  instability. 
This  example  assumes  incompressible  two-dimensional  aerodynamics  and 
a  two  degree  of  freedom  plunging-rotation  configuration.  Configura¬ 
tion  parameters  for  thi6  example  are  given  in  Figure  4  and  correspond 
to  those  of  Figure  17,  Reference  9.  These  configuration  parameters 
represent  a  tested  flutter  model  of  large  aspect  ratio  (14.5/1) 
which  fluttered  at  a  low  subsonic  speed.  In  this  example  CL  was 
taken  as  2*'  .  Starting  with  Z  =  0  (zero  airspeed),  successively 
larger  values  of  Z  were  introduced  into  equation  (14)  yielding  the 
dual  branch  paths  for  the  S2  shown  in  Figure  4.  Note  the  following 
points : 

(a )  Both  values  of  S2  are  real  and  negative  at  zero  airspeed 
(corresponding  to  Case  1  Figure  2). 

(b)  As  speed  is  increased,  both  branches  of  S2  remain  real  and 
negative,  approach  each  other  and  then  become  coincident  at 
V  =  307  ft/sec.  This  corresponds  to  flutter  onset  shown  in 
Figure  3. 

(c)  With  further  increase  in  speed,  each  pair  of  S2  become  com¬ 
plex  conjugate  (corresponding  to  Case  4  Figure  2),  pass 
through  conjugate  imaginarie3  (Case  5  Figure  2)  and  once 
again  become  coincident,  real  sued  positive  at  V  =  4l6 
ft/sec.  The  region  between  V  =  307  ft/sec.  and  V  =  4l6 
ft/sec.  is-  characterized  by  flutter  instability. 

(d )  With  further  increase  in  speed,  corresponding  pairs  of  S2 
separate  from  each  other,  each  being  real  and  positive 
(corresponding  to  Case  3  Figure  2).  This  region  is  charac¬ 
terized  by  non-oscillatory  instability. 

(e )  Although  not  shown,  the  values  of  S2  never  again  become  com¬ 
plex  regardless  of  subsequent  speed  increases. 

Plots  such  as  those  in  Figure  4  are  somewhat  related  to  the  Root 
Locus  Method  developed  by  Evans  (Reference  10)  and  used  quite  fre¬ 
quently  in  stability  analyses  of  servo  systems. 
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FIGURE  4.  VARIATION  Of  CHARACTERISTIC  Sz  WITH  SPEED. 
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Variation  of  the  configuration  dynamics  with  increasing 
speed  is  shown  in  somewhat  different  form  in  Figure  5.  The  two 
undamped  coupled  frequencies  &>j_  and  2  approach  each  other  with 
increasing  speed  becoming  coincident  at  flutter  onset.  Continuing 
into  the  flutter  region,  the  motion  is  the  superposition  of  a  diver¬ 
gent  and  convergent  oscillatory  mode,  each  of  the  same  frequency  a>  ; 
the  rapidity  of  the  divergence  (and  convergence )  increases  with  speed 
while  the  common  frequency  <u  decreases  and  becomes  zero  at  V  =  4l6 
ft/sec.  At  this  speed  the  type  of  instability  changes  from  flutter 
to  a  non-oscillatory  instability  which  continues  indefinitely  with 
further  speed  increase.  The  circular  data  point  at  680  ft/sec. 
would  correspond  to  the  static  divergence  speed  calculated  by  classi¬ 
cal  methods.  Also  shown  for  completeness  is  the  logarithmic  decre¬ 
ment  which  remains  zero  until  the  flutter  onset  speed  is  reached. 

The  flutter  onset  speed  can  be  calculated  directly  from 
equations  (22)  and  (26).  The  minus  sign  in  equation  (22)  would 
result  in  a  speed  of  30?  ft/sec.,  corresponding  to  flutter  onset, 
while  the  plus  sign  would  result  in  4l6  ft/sec.,  corresponding  to 
the  transition  from  flutter  instability  to  non-oscillatory  instabi¬ 
lity. 


Change  of  Dyn tunic  Characteristics  With  Increase  in  Speed  --  General 

In  the  previous  section  the  variation  in  the  dynamic  char¬ 
acteristics  of  a  specific  configuration  was  investigated  as  speed 
was  increased.  In  this  section  the  variation  in  dynamic  character¬ 
istics  with  speed  is  presented  for  a  wide  range  of  typical  configura¬ 
tions,  the  idea  being  to  broaden  basic  concepts.  Only  the  salient 
features  are  considered  here.  Important  details,  as  applicable,  are 
considered  in  later  sections. 

Figure  6  presents  such  dynamic  characteristics  for  a 
variety  of  configurations.  The  arrows  on  the  dual  branch  trajec¬ 
tories  of  indicate  increasing  airspeed  starting  from  zero,  repre¬ 
sented  by  0  on  the  sketches.  Pertinent  remarks  concerning  the 
various  cases  are  given  below: 

Case  (a)  This  was  treated  in  the  previous  example  in  greater 
detail. 

Case  (b)  Two  coupled  vibration  modes  from  0  to  A;  flutter  from 
A  to  B  followed  by  another  stable  region  of  two 
coupled  vibration  modes;  with  further  speed  increases 
the  lower  frequency  mode  transforms  into  classical 
divergence  instability  beginning  at  C.  The  difference 
in  behavior  between  Cases  (A)  and  (b)  is  that  the  lat¬ 
ter  is  representative  of  near-critical  frequency  ratios, 
i.e.  frequency  ratios  where  flutter  solutions  vanish. 

Case  (c)  Two  coupled  vibration  modes  from  0  to  A;  flutter  from 
A  to  B;  two  coupled  vibration  modes  thereafter. 
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Case  (D) 
Case  (e) 

Case  (F) 

Case  (g) 


Two  coupled  vibration  modes  from  0  to  A;  flutter  from 
A  to  B  followed  by  non-oscillatory  instability  there¬ 
after  . 

Two  coupled  vibration  modes  from  0  up  to  speed  where 
the  lower  frequency  mode  transforms  into  classical 
divergence  at  A;  the  remaining  vibration  mode  (  c^) 
will  continue  to  decrease  in  frequency  with  further 
speed  increase  but  will  never  transform  into  instabi¬ 
lity. 

Two  coupled  vibration  modes  from  0  up  to  speed  where 
the  lower  frequency  mode  transforms  into  classical 
divergence.  In  contrast  to  Case  (e),  the  remaining 
vibration  mode  (  q)  wiH  continue  to  increase  in 
frequency  with  subsequent  speed  increases . 

Two  coupled  vibration  modes  for  all  speeds. 


In  passing*  it  is  interesting  to  note  that  configurations  (b)  and  (c) 
regain  stability  at  speed  beyond  the  flutter  region.  Configuration 
(C)  will  thereafter  remain  stable  while  (b)  will  eventually  exhibit 
classical  divergence  at  some  higher  speed. 


Below  the  initial  instability  onset  speed  all  configura¬ 
tions  are  characterized  by  two  undamped  coupled  vibration  modes* 
which  for  all  practical  purposes  are  indicative  of  stability.  These 
coupled  vibration  modes  are  similar  to  the  usual  still  air  coupled 
vibrations  with  the  exception  that  aerodynamic  as  well  as  inertia 
coupling  is  present.  The  two  coupled  frequencies  cop  and  “2  can  136 
obtained  explicitly  from  equations  (10)  and  (12)  by  setting  3  equal 
to  id)  resulting  in 


\  (1  +  R2)  -  (y  +  X)Z  }  _  /|(1  +  R2)  —  (y  +  X)z|  2  _  ^  R2(  1  —  yZ) 

I  2(1  -  X2)  )  +  V  I  2(1  -  x2)  \  |  (1  -  x2) 


(29) 


or  with  the  aid  of  equations  (IT)  and  (18) 


(30) 


At  flutter  onset*  w2  -  Y  =  0  as  previously  shown.  Thus 
the  squard  root  term  becomes  zero  and  the  two  frequencies  tu-j.  and 
a)  2  coalesce  into  the  single  frequency  op  which  may  be  calculated 
from 


(1  +  R2)  -  (y  +  X)ZF 
2(1  -  X2) 


(31) 
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The  flutter  frequency  can  be  calculated  explicitly  in  terms  of  the 
configuration  parameters  by  introducing  equation  (22)  for  Zp  above. 
Thus, 


R 

v  r  +  /  x<y  + 

r  ^oj^x)  2] 

y+  x 

V  1-X2 

y+  x 

(32) 


Inspection  of  equation  (32)  shows  that  the  flutter  frequency  <i>p  may 
lie  beyond  or  coa  and  further  indicates  such  configurations,  for 
example  (  7+  X)  near  zero.  The  reduced  frequency  (bwp/Yp)  at  flutter 
onset  is  obtained  from  the  relation 


l  2  o  l  2 

bcjp\  /gjf\  /°<0a\ 

"V)  j  V'Vj 


If  Vp  is  used  in  the  form  presented  in  equation  (28),  this  becomes 


(?)'  ■(£)©'(«) 


(33) 


In  the  flutter  region  itself  the  characteristic  eigen¬ 
values  are  of  the  form  s  =  a  +  i<s  .  Thus 


In  this  region  W2  -  Y  is  negative,  and  equation  (19)  is  used  in  the 
form 
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Simultaneous  solution  of  the  above  equations  results  in 


/Q  y_V7-w 

W  2 


Introducing  equations  (17)  and  (18)  for  W  and  Y, 


»V(1  -  X2)  (1  -yZ)  4  MO  +  R2)  -  (y  +  X)  z] 
2(1  -  X2) 


R  V(1  -  x2)  (I  -yZ)  -  %[(1  +  R2)  -(y  +  X)  Z  ] 
2(1  -  X2) 


The  logarithmic  decrement  during  flutter  is  obtained  from 


(35) 


(36) 


or  with  the  help  of  equations  (35)  and  (36) 


S  - 


2  n 


Ryo  -  x2)  (i  -  y  zi  -  '/Ho  +  R2)  -  (y+  x)z] 

RVu  -x2:d  -  yZ)  +  ^[(1  +  R2)  -  (y  +  X)  Z] 


Vl 


I 

I 

(37) 


Further  discussion  pertaining  to  the  relations  developed 
herein  will  be  covered  later  as  appropriate. 

Vibration  and  Flutter  Modes 


This  section  and  the  section  following  probes  into  the 
very  heart  of  the  flutter  mechanism.  The  basic  process  which  leads 
to  flutter  is  easily  seen  in  its  obvious  simplicity. 
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Clarity  in  presenting  pertinent  relations  for  the  vibra¬ 
tion  and  flutter  modes  is  enhanced  if  complex  symbology  is  used  for 
the  pitching  and  plunging  motion,  i.e. 


qa  =  A,e  +  A^e 

*1* 

qh  =  B,e  +  B2e  2 


Below  the  instability  speed  the  eigenvalues  are  of  the  form 


Sj=io>j  ;  S1  =  i  (l d^/oia ) 

s  j  =  i  ;  S2  =  i  (&>2/oa) 


while  in  the  flutter  region  th ene  are-  of  the  form 


s ^  --  a  +  i  o>  ,  s.  =  +  i 


s2  «  -  ei  >•  i  eo  ,  %  -  -  (3/&Ja)  +  i  (&>/ foa) 


The  constants  B]_  and  Bq  are  not  arbitrary ;  they  are  related  to  and 
A2  as  shown  in  equation  (l6),  specifically 


B 

A 


1 

1 


<y  +  X)  S,2  +  (yR2+  Z) 
S,2  +  R2 


(y  +  X)  S22  +  (yR2+  Z) 


+  R 


(38) 


As  shown  previously  both  characteristic  are  real  and  negative 
below  the  instability  speed;  during  flutter  they  are  complex  conju¬ 
gate.  Consequently  for  each  mode  (qh/qa  )i,  the  phase  angle  between 
plunging  and  pitchifig  degrees  of  freedom  must  be  zero  (or  180° )  below 
instability,  while  during  flutter  phase  angles  other  than  zero  (or 
l80°)  are  possible. 
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Below  the  instability  speed  the  motion  is  represented  by 


iCJit  idinl 


qa.  A,e  ■  +A2e 

Ifjit  if 

qh  =  B,e  +B2e 


(39) 


which  is  the  superposition  of  the  two  coupled  vibration  modes  given 
by 

Low  Frequency  Mode  High  Frequency  Mode 


q  =  A,ei&V 
al  1 

=  B,  e  ,<ulf 


q  =  A,e  iw2* 
“2  2 

1h2  =  B2e  ioJ  2* 


where 


(y  +  X)  (erf !  /&>a) 2  -  (yR2  +  Z) 

R 2  -  (a>y/<oa)2 

(y  +  X)  (oj2/coa)2  -  (yR2  +  Z) 
R2  -  (cj2/<0a)2 


(40) 


>  (41) 


The  coupled  frequency  ratios  (  a>^/  )  and  (  &>g/  coa  )  can  be  calcu¬ 

lated  from  equation  (29)  for  any  speed  below  instability. 

During  flutter  the  motion  is  represented  by 


qQ=  A1e(a+i")*  + A2e<0+  '«>* 
qh  =  B,  e  (°  +  *">*+  B2e(-o  +  ia>)t 


(42) 
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which  is  the  superposition  of  two  oscillatory  modes,  one  stable  and 
the  other  unstable,  i.e. 


Uh s table  Mode 
•la,  ”  Ale<°  +  l&,)* 


Stable  Mode 

qa2=A2e(-o+M, 


(43) 


The  modal  deflections  (qh/qa  )i  an(i  (Qh /qa  )?j  obtained  by  introduc¬ 
ing  Sx  =  (%><,  )  +  i  {oj/oia  j  and  S2  =  -  (o/<a0  )  +  i  (  <*/a>a  ) 

into  equations  (3 8),  are 


where  the  ratios  (°/<ua  )  and  (  a/  °>a  )  can  he  calculated  from  equa- 
tions  (35)  and  (36)  in  the  flutter  region.  Since  equations  (4h)  are 
of  the  form 


Bi__u+iv  B2__u-iv 

A,  y+iz  a2  y  -  iz 


it  is  easily  shown  that  B2/Ag  is  the  complex  conjugate  of  B^/A^. 
Thus 


=  Kei'“ 


(45) 
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where  K  is  the  modulus  and  4*  is  the  phase  angle  relating  the  respec¬ 
tive  q,  and  qa  motions.  The  motion  during  flutter  is  then  charac¬ 
terized  by 

Unstable  Mode  Stable  Mode 


q 


(Aje0*)  ei<u' 


qa2=(A2e-°*)e 


i  CO  t 


qh^  =  K(A]eat)e‘<6,,+V:') 


q^  =  K(A2e‘D,)ei(",-v!') 


(46) 


and  is  represented  by  the  rotating  vector  scheme  shown  in  Figure  7* 
This  is  similar  to  the  usual  vector  representation  of  vibrations 
except  for  the  idea  of  the  increasing  or  decreasing  vector  radii. 

Equations  (4l )  and  (44)  have  been  used  to  calculate  the 
variation  in  the  modal  deflections,  qh/ q  ,  with  increasing  airspeed 
for  the  configuration  of  the  previous  example  and  for  two  other  con¬ 
figurations  differing  only  in  frequency  ratio,  a>-^/a)a  .  These  are 

shown  in  the  complex  plane  plot  of  Figure  8  with  velocity  as  a  para¬ 
meter.  Modulus  and  phase  of  qh/qa  during  flutter  is  shown  in 
Figure  9*  The  transition  from  real  to  complex  values  of  q^ / q a 
coincides  with  a  similar  transition  of  S2  occurring  when  VP  -  Y  =  0. 
This  further  coincides  with  coalescense  of  the  two  coupled  frequen¬ 
cies  and  o>2 .  Thus,  it  is  not  strange  that  flutter  should  be 
associated  with  frequency  coalescense,  fox  it  is  at  this  point  that 
the  "phasing"  between  the  pitching  and  plunging  motions  begins  to 
develop  allowing  work  to  be  done  on  the  system  by  the  large  lift 
force  which  is  in  phase  with  the  pitching  displacement  q  . 

If  the  magnitude  of  the  lift  L  and  the  displacement  qh  of 
its  point  of  application  are  considered  constant,  maximum  energy 
input  would  result  when  L  lags  qb  by  90°.  Since  it  has  been  assumed 
in  this  example  that  the  lift  is  in  phase  with  the  pitching  displace¬ 
ment  (CL  =  CLa  q  ),  this  would  correspond  to  q^  leading  qa  by  90°, 
the  input  diminishing  as  the  phase  angle  tends  toward  either  zero  or 
180°.  For  a  frequency  ratio  <oh/&>a  =  .2  the  phase  angle  4,  rapidly 

builds  up  to  significant  values  with  only  slight  increase  in  speed 
beyond  flutter  onset.  Thus  the  large  lift  force  in  phase  with  qa 
is  capable  of  imparting  considerable  energy  to  the  system  in  a  short 
time -explosive  flutter.  In  such  cases  only  the  "in  phase"  (with  q  ) 
component  of  the  lift  is  significant;  the  quadrature  lift  components 
such  as  those  embodied  in  classical  oscillatory  aerodynamics  are  of 
secondary  importance  and  may  be  disregarded.  On  the  other  hand,  the 
situation  is  somewhat  different  for  the  frequency  ratio  co  h/  co  a 
=  1.60  (which  is  near  the  critical  frequency  ratio  of  1.8  where  the 
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FIGURE  9.  MODULUS  AND  PHASE  OF  /qa  DURING  FLUTTER. 
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flutter  solution  disappears).  Although  the  "in  phase"  lift  force  is 
large,  the  phase  angle  between  it  and  q^  does  not  appear  to  be 
significant  enough  to  overwhelm  the  quadrature  lift  components  of 
classical  oscillatory  aerodynamics.  In  this  case  the  flutter  speed 
calculated  with  simplified  aerodynamics  may  show  considerable  dis¬ 
agreement  with  that  calculated  using  classical  oscillatory  aerody¬ 
namics  .  The  type  of  flutter  encountered  here  should  not  be  of  the 
explosive  type.  The  other  case  shown  in  Figure  9  for  a  frequency 
ratio  of  1.0  lies  between  the  two  extremes  previously  discussed. 

Even  here,  however,  simplified  "in  phase"  aerodynamics  should  yield 
good  results  since  significant  phasing  is  reached  with  only  slight 
speed  increase  beyond  flutter  onset. 


On  the  basis  of  the  above  discussion,  the  following  infer 
ences  have  been  drawn: 

(1)  Fortuitously,  the  accuracy  of  simplified  "in  phase"  aerody¬ 
namics  for  flutter  calculations  is  good  when  it  counts  most 
(violent  flutter  with  no  warning)  and  in  doubt  when  flutter 
is  mild  and  preceeded  by  sufficient  warning  of  damping 
degradation. 

(2)  The  peculiar  behavior  of  the  usual  V-g  flutter  plots  such 
as  shown  in  Figure  10  (a)  now  appears  evident.  Beginning 
with  zero  airspeed,  the  damping  in  each  mode  gently  changes 
with  speed  until  some  speed  Vc  is  reached.  At  this  point, 
one  mode  abruptly  reverses  and  becomes  unstable  while  con¬ 
currently  the  other  mode  abruptly  increases  its  stability. 
It  is  inferred  that  the  gentle  variations  or  base  curves  in 
the  V-g  plot  are  due  principally  to  the  quadrature  compon¬ 
ents  of  the  oscillatory  aerodynamics  and  that  the  "in  phase 
component  supplies  little  energy  until  Vcis  reached  when 
the  flutter  mechanism  previously  described  herein  begins  to 
take  effect. 

(3)  The  general  behavior  in  Figure  10  (a)  is  brought  into 
sharper  focus  in  Figures  10  (b)  and  10  (c)  where  the  phase 
angle  relations  between  q^,  qa  and  L  are  shown  for  the 
unstable  mode.  Below  flutter  onset  the  quadrature  lift, 
which  is  only  a  small  fraction  of  the  "in  phase”  Hit, 
induces  only  a  slight  phase  angle  ^  between  qjj  and  qa 
(and  also  between  q^  and  "in  phase"  lift).  This,  together 
with  the  small  phase  increment  of  the  quadrature  lift  it¬ 
self,  results  in  only  a  modest  net  phase  angle  0  between 
resultant  lift  L  and  qjj.  Consequently,  only  moderate 
energy  exchange  is  involved  here.  During  flutter,  however, 
it  was  shown  that  the  "in  phase"  lift  can  induce  a  very 
large  phase  angle  \f/  ,  such  as  shown  in  Figure  10  (c ),,  and 
correspondingly  large  net  phase  angle  0  .  Obviously,  the 
aerodynamic  energy  input  here  is  considerable  and  due 
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PHASE  ANGLE  BELOW  FLUTTER  .  PHASE  ANGLE  DURING  FLUTTER 

IMAGINARY  IMAGINARY 


FIGURE  10  INFERENCES  FROM  PHASE  ANGLE  RELATIONS 
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almost  entirely  to  the  "in  phase"  lift  component. 

(4)  Based  pn  (2)  above,  frequencies  should  be  carefully  moni¬ 
tored  during  flight  test  since  frequency  approach  is  a  good 
indication  that  reversal  in  damping  is  imminent.  A  basis 
for  predicting  the  frequency  approach  from  sub-critical 
flight  flutter  testing  is  covered  in  a  later  section. 

A  more  exact  treatment  of  the  energy  exchange  in  a  fluttering  system 
is  presented  in  the  next  section. 


Mechanism  of  the  Energy  Exchange 

At  airspeeds  below  instability,  the  aerodynamic  idealiza¬ 
tion  used  herein  would  indicate  that  the  system  would  extract  energy 
from  the  air  during  part  of  the  vibration  cycle  and  return  it  during 
the  other  part  for  a  zero  net  energy  exchange.  Practically,  however, 
there  is  a  small  net  energy  exchange  from  the  vibrating  system  to  the 
ambient  air.  This  point  will  not  be  belabored  further  since  it  is 
more  significant  to  investigate  the  energy  exchange  during  flutter 
instability. 


From  Figure  1  it  is  seen  that  the  work  done  on  the  system 
by  the  aerodynamic  force  is 


dU  =  -Ldh  =  -(2bQC,  a)dh 

a 

=  -(2braQCLa)qadqh 
dU  " 


and  the  rate  at  which  the  aerodynamic  force  transfers  energy  to  the 
system  is 


dU 

dt 


(47) 


In  classical  symbology,  the  unstable  mode  is  characterized 
by  the  motions 


qa  =  A,ea'  COS  a>t 

qh  =  KA^CCS  (<ut  +  $) 


(48) 
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Substituting  equations  (48)  into  (4-7) 


du, 


_L  =  -^(KA^e20*)  |a  COS  cut  COS  M  +  ^)  -  cu  COS  cut  SIN  (cu»  + 


(49) 


Upon  introducing  the  trigonometric  identities 

COS  (cut  +  ip)  =  COS  I A  COS  cut  -  SIN  tf>  SIN  cut 
SIN  (cut  +  </»)  =  COS  i  SIN  cut  +  SIN  COS  rut 

COS2«t  -  H(1  +  COS  2 rut) 
sIN  rut  COS  cut  =  y2  SIN  2 rut  , 


equation  (49)  becomes 

-^1  -  Vi kaZ  (KA,2e2nt){ 
d  t  ‘ 


(cu  SIN  -  a  COS  if,)  V  (cu  SIN  i/r  - 
+  (cu  COS  <A  +  a  SIN  xjj)  SIN  2rut  l . 


a  COS  </>)  COS  2 rut 


(50) 


Similarly  for  the  stable  mode  characterized  by  the  motions 

%2  =  A2e-°'  COS  cut 

-  KA2e-°'  COS  (cut  -  y» 

the  rate  of  transfer  of  aerodynamic  energy  to  the  system  is 


(51) 


_y2  kaz  (K  A  -2e'2ot)  |(ru  SIN  p  -  a  COS  </-)  +  (cu  SIN  <//  -  a  COS  i p)  COS  2cut 
-  (cu  COS  <p  +  a  SIN  p)  SIN  2rutl  . 


(52) 


In  both  equations  (50)  and  (52),  the  aerodynamic  energy 
transfer  rate  is  seen  to  consist  of  a  "steady-state  ti  ansfer"  and  a 
"harmonic  transfer,"  the  latter  alternately  absorbing  energj  during 
parts  of  the  cycle  and  returning  energy  during  other  parts.  If  the 
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harmonic  transfer  Is  discarded,  the  net  energy  transfer  rates  are 

-  M knla>K  A,2e2o,(SIN  >/>  -  —  COS  <A) 
dt  “ 


-dU  -  -  -Yi  kaZ  K  A2V2a,($IN  <fi  -  °  COS  t/,)  . 


As  will  later  be  seen,  the  quantity  (sin  ^  -  aju  cos  i  )  is  positive. 

Consequently,  aerodynamic  energy  is  transferred  into  the  unstable 
mode  at  an  ever  increasing  rate,  while  the  stable  mode  transfers  its 
mechanical  energy  to  the  ambient  air  at  an  ever  diminishing  rate 
until  it  ceases  to  exist.  Thus,  the  author  does  not  agree  with  Pines 
(Reference  h)  in  his  belief  that  flutter  arises  "from  the  condition 
where  one  degree  of  freedom  is  driven  at  resonance  by  a  second  degree 
of  freedom,  both  oscillating  at  the  same  frequency."  Instead,  the 
ambient  air  itself  is  either  the  source  of  the  energy  which  drives 
the  unstable  mode  or  the  depository  for  the  mechanical  energy  given 
up  by  the  stable  mode. 

The  quantity  (sin  ^  -  a/u  cos  \j/  )  in  a  manner  of  speaking 
represents  an  effective  phase  angle  between  L  and  qh,  accounting  for 
their  exponential  increases  with  time.  This  is  plotted  in  Figure  11 
for  the  configurations  treated  in  the  previous  section.  Note  that 
the  quantity  is  positive  in  the  flutter  region. 


(53) 


(54) 


Comparison  With  Experiment 

Up  to  this  point  no  evidence  has  been  presented  substan¬ 
tiating  the  validity  of  the  "in  phase”  aerodynamics  approximation. 
The  data  presented  herein  supports  this  validity  only  in  part  since 
analytical-to-experimental  comparisons  made  to  date  do  not  cover  a 
sufficiently  wide  range  of  configurations  to  be  considered  conclu¬ 
sive.  However,  all  the  comparisons  to  date  have  been  more  than 
gratifying  and  indicate  that  the  ultimate  development  of  a  rational 
flutter  theory  based  on  simple  approximate  aerodynamics  is  quite 
feasible . 


Figure  12  shows  a  comparison  between  flutter  speeds  calcu¬ 
lated  on  the  basis  of  classical  two  dimensional  incompressible  flow 
theory  and  those  calculated  using  only  the  "in  phase"  aerodynamic 
lift.  The  flutter  speeds  based  on  classical  theory  (shown  as  the 
dashed  curve)  as  well  as  the  flutter  model  test  points  were  taken 
from  Figure  17  of  NACA  TR  685  (Reference  9),  i.e.  the  configuration 
treated  here  is  the  same  as  that  used  in  the  previous  examples.  The 
complete  flutter  region  is  shown  by  the  circles  for  the  approximate 
aerodynamics  with  0.  set  equal  to  2  v  (steady  flow  two  dimensional 
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FIGURE  11.  (SINV'-%>  COS  xj/)  VS  VELOCITY. 
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FIGURE  12.  FLUTTER  VELOCITY  COMPARISON 
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aerodynamics).  The  triangles  represent  the  steady  flow  (^modified 
by  the  magnitude  of  the  Theodorsen  lag  function  as  suggested  by  Pines 
(Reference  If),  i.e. 

CL  -2nTla>  (55) 

a 


where  is  shown  in  Figure  13-  These  calculations  show  excellent 

agreement. 


Extending  this  idea  further  it  appears  quite  logical  that 
the  central  idea  in  successfully  developing  a  simple  incompressible 
flow  flutter  approach  depends  on  a  straightforward  yet  adequate  speci¬ 
fication  of  CiJa  .  It  further  appears  logical  that  such  specification 
of  C La  consist  fundamen tally  of  the  steady  flow  Cl0  (obtained 
either  from  theory  or  experiment)  and  that  this  be  modified  by  an 
oscillatory  flow  correction  in  the  form 


(56) 


where  is  the  steady  flow  lift  slope.  The  oscillatory  flow 

correction3  nu  need  not  take  the  form  suggested  by  Pines,  but  analy 
tical-experimental  comparisons  to  date  indicate  that  it  is  satisfac¬ 
tory. 


Since  the  central  theme  here  is  the  ultimate  development 
of  an  adequate  aerodynamic  approximation  in  the  formulation  of  a 
rational  flutter  theory,  a  search  was  made  for  flutter  model  test 
configurations  which  lend  themselves  to  mathematical  idealizations 
exact  in  every  respect  except  for  the  assumption  of  aerodynamics. 

Test  results  for  such  ideal  configurations  are  covered  in  Reference 
11.  Briefly,  Reference  11  presents  low  subsonic  flutter  test  results 
for  rigid  planform  airfoils  (of  aspect  ratios  between  two  and  six) 
possessing  root  pitch  and  root  roll  degrees  of  freedom.  Sketches  of 
these  models  are  shown  in  Figures  l4  through  1 6.  Complete  configura¬ 
tion  data  are  contained  in  Reference  11,  but  within  each  of  the 
general  configurations  the  inertia  properties  and  aspect  ratio  were 
varied  while  the  pitch  and  roll  frequencies  were  held  constant. 

These  configurations  are  mathematically  idealized  by  the  equations 


L  -  Yi  pV2CL  a 

a 
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In  the  above  equations  a  is  the  pitch  angle,  0  is  the_roll  angle,  y 
is  the  spanwise  coordinate  of  the  planform  centroid,  b  is  the  mean 
aerodynamic  semi-chord  and  Vj±  is  the  aerodynamic  efficiency  due  to 
aspect  ratio.  All  other  terminology  is  standard.  It  is  seen  from 
these  equations  that  the  only  uncertainty  in  the  mathematical  model 
is  in  the  aerodynamic  assumption  equivalent  to  equation  (56).  Corre¬ 
lation  of  the  theoretical  results  based  on  this  assumption  are  more 
than  gratifying  down  to  aspect  ratios  as  low  as  2.0  even  for  the 
inverse  taper  planform  of  Figure  16.  Also  shown  for  comparison  are 
the  theoretical  results  from  CT  =  2  7rand  Ct  =  2  irq 

Li  d  A-*  CL 

In  further  developing  the  approximate  aerodynamic  formula¬ 
tion  to  be  applicable  in  the  transonic  and  supersonic  region,  C-r-  in 
equation  (56)  must  now  also  include  the  effects  of  compressibility 
obtained  from  steady  flow  aerodynamic  theory  or  experiment.  Further 
the  shift  of  the  aerodynamic  center  with  Mach  number  (which  enters  the 
flutter  formulation  through  the  parameter  y)  must  also  be  accounted 
for.  Logically  it  should  be  sufficient  to  obtain  this  from  steady 
flow  theory  or  experiment.  Ideal  flutter  model  testB  such  as  those 
of  Reference  11  for  checking  the  adequacy  of  the  aerodynamic  approxi¬ 
mations  in  the  transonic  and  supersonic  region  are  not  available  to 
the  author's  knowledge.  On  the  few  occasions  when  the  approximate 
formulation  has  been  used  .by  the  author  in  the  supersonic  region,  it 
had  shown  adequate  correlation  with  classical  theory. 


Configuration  Stability  Criteria 

The  quantity  under  the  square  root  sign  in  equations  (l4) 
or  (19)  will  be  referred  to  as  the  "flutter  discriminant,"  D. 
Specifically, 

D  -W2  -  Y  ■  +  R2)  -  (y+X)  Z  \2  _  (R2(l-yZ))  (57) 

l  2(1  -  X2)  f  l  (1  -  X2)  / 


Since  the  flutter  characteristics  of  a  given  configuration  depend  on 
the  variation  of  D  with  airspeed,  the  properties  of  D  merit  further 
study. 
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One  approach  suggested  by  the  form  of  equation  (57)  is  to 
plot  W2  and  Y  versus  z  such  as  shown  for  several  configurations  in 
Figure  17-  Except  for  minor  differences  thi6  is  essentially  the  same 
as  that  proposed  by  Mac  Neal  (Reference  6).  By  the  additional  con¬ 
sideration  that  ° 

S2=-W±-y/d  (58) 


together  with  the  significance  of  the  roots  S2  (Figures  2  and  3)*  the 
versatility  of  these  plots  can  be  extended  beyond  flutter  considera¬ 
tions  alone  and  shed  light  on  the  general  dynamic  behavior  of  a 

system  without  quantative  configuration  data.  As  a  matter  of  fact 
the  sketches  shown  in  Figure  6  were  prepared  without  the  aid  of  any 
numerical  data,  relying  in  part  on  this  approach  (and  other  concepts 
subsequently  presented). 

The  other  approach  is  based  on  the  expansion  of  equation 
(57)  in  the  form  D  =  AZ*  +  BZ  +  C, 

n  -  /  y  +  X  )  2  7 2  _  y  ((y  +  X)  (i  !-  R2)  -  2y(1  -  X2)  R2  )  7 

1 2(1  -  X2)  /  \  [2(1  -  X2)l 2  / 


/  (1  -R2)2  +  4X2R2  ) 

(  [2(1 -X2)] 2  /  • 


(59) 


From  inspection  above  it  is  seen  that  the  constant  term  and  the 
coefficient  of  Z2  are  positive  for  all  configurations.  Thus  all 
"characteristic  flutter  parabolas"  are  concave  upward  and  have  a 
positive  intercept  at  zero  airspeed  as  shown  in  Figure  18.  The  value 
of  Z  for  which  D  is  minimum  is  designated  by  Z  and  the  depth  of  this 
minimum  below  the  abscissa  is  designated  by  5.  Note  from  Figure  18 
(a)  that  D  is  positive  if  the  parabola  dips  below  the  abscissa.  Also 
shown  is  flutter  onset  Zp  occurring  when  D  is  zero.  The  parabola  in 
Figure  18  (a)  can  be  written 

D  =  A(Z  -  Z)2  -  D  ) 


D  =  AZ2  -  2(AZ)  Z  +  (AZ2  -  D) 


(60) 


Comparing  equations  (59)  and  (60)  yields  for  D,  Z  and  A, 


=  2  { (l  +  x)  +  [(y  +  «  -  2y(1  - X2)]  R2^ 


(61) 
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FIGURE  17.  SYSTEM  DYNAMIC  CHARACTERISTICS 
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D 


(y  +  X)2  (1  -X2) 


}{ 


X  [(y  +  X)  —  y(l  +  y  X) 


(62) 


A  = 


y  +  x 

2(1  -  X2) 


(63) 


Depending  on  the  values  of  y ,  X  and  R  it  is  seen  that  Z  and  D  may  be 
positive  or  negative.  In  Figure  18  (b)  a  number  of  characteristic 
flutter  parabolas  are  shown.  The  numbers  identifying  each  parabola 
are  indicative  of  the  configuration  susceptibility  to  flutter.  If  a 
configuration  capable  of  fluttering  is  gradually  modified  toward 
increasing  stability,  its  characteristic  parabolas  would  follow  the 
sequence  1  to  6.  The  configuration  corresponding  to  parabola  number 

2  would  be  marginally  stable.  It  would  be  characterized  by  a  "graz¬ 
ing  flutter,”  i.e.  it  would  exhibit  flutter  onset  at  Borne  speed, 
being  stable  above  as  well  as  below  that  speed.  Subsequent  configu¬ 
ration  modifications  would  follow  the  sequence  from  parabola  number 

3  to  6,  etc. 


Since  flutter  onset  Zp  is  obtained  by  setting  D  equal  to 
zero,  flutter  computations  would  result  in  complex  Zp  for  configura¬ 
tions  3  or  4  and  negative  real  Zp  for  configuration  6.  Thus  the 
degree  of  flutter  stability  can  be  inferred  directly  from  the  results 
of  flutter  speed  calculations,  negative  real  Zp  indicating  the  most 
stable  configurations. 

Configuration  stability  criteria  are  obtained  quite  easily 
from  Figure  l8  (a).  A  configuration  will  be  susceptible  to  flutter 
at  some  speed  only  if  D  and  Z  are  both  positive.  Conversely,  a 
configuration  will  be  stable  flutterwi.se  if  either  D  or  Z  is  negative. 
If  it  is  recalled  that  physical  considerations  limit  X  to  values 
between  plus  and  minus  unity,  a  stable  configuration  is  indicated  if 
either  of  the  following  conditions  is  fulfilled: 


D  <  0 

x[(y  +  X)  -  y  (1  +yX)  R7]  <0 

(66) 

Z  <0; 

(y  +  X)  +  [(y+  X)  -  2y(1  -  X2)]  R2<0. 

(65) 

Since  I)  and  "Z  must  both  be  positive  for  a  configuration  prone  to 
flutter,  subsequent  modifications  toward  a  stable  configuration  will 
be  occasioned  by  a  change  to  negative  D  before  a  similar  change  in  Z; 
this  can  be  seen  by  inspection  of  the  constant  term  in  equation  (60) 
which  was  previously  shown  to  be  positive  for  all  configurations. 
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The  transition  is  so  shown  in  Figure  18  (b)  (grazing  flutter).  Thus 
a  flutter  prone  configuration  can  be  made  stable  with  minimum  modifi¬ 
cation  if  the  criterion  of  equation  (64)  is  employed  as  a  guide. 

Grazing  flutter  configurations  are  easily  found  by  setting 
D  equal  to  zero  in  equation  (62)  and  the  corresponding  Zp  from  set¬ 
ting  this  requirement  into  equation  (22).  These  are  shown  in  Table 
III. 


TABLE  III.  GRAZING  FLUTTER 
Critica.l  Configuration  Grazing  £p 


R  c  =  0 


1 

y  +  X" 


R 


C 


V 


y  +  x 

y(l  +  yX) 


X(1  +  y2  +  2yX) 
C  y(y  +  X)  (1  +yX) 


xc  =  0 


Only  the  latter  two*  however,  represent  marginal  situations  separat¬ 
ing  flutter  prone  from  stable  configurations  since  D  does  not  change 
sign  at  R  =>  0.  Although  marginal  configuration  requirements  are 
indicated  in  Table  III  nothing  is  said  about  which  direction  one  must 
move  to  obtain  a  stable  configuration  and  vice  versa.  This  is 
covered  in  the  following  paragraph. 

Configuration  stabilities  based  on  equations  (64)  and 
(65)  are  shown  in  Figure  19  and  agree  with  Pines  (Reference  4).  In 
addition,  the  degree  of  stability  (or  instability)  is  qualitatively 
indicated  by  D  along  with  grazing  flutter  Zp.  Special  cases  for 
E-A.-G.C-  coincidence  and  F..A.-A.C.  coincidence  are  shown  in  Figure 
20.  For  the  special  case  of  A.C.-C.G.  coincidence,  (7+  X)  equals 
zero  and  the  flutter  discriminant  D  degenerates  into  a  linear  varia¬ 
tion  with  Z,  the  corresponding  Zp  given  by 


/  (1  _  R2)  2+  4X2R2 
\  4  X  R2  (1  _  X2) 


Provided  (y  +  X)  =  0 


(66) 
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NO  FLUTTER  POSSIBLE  IF  C.G.  IS  FORWARD  OF  E.A. 


NO  FLUTTER  POSSIBLE  IF  BA  >  1.0 


BA  <  L0 

’  z  „  A  (1  +  B2  -  2AB)  / 

c  B  (1  -  AB)(B  -  A)  ~7 

/ ^*#0:  FLUTTER  ^ 


B  (1  -  AB) 

) 

A  (1  A  B2  A  2AB) 

FLUTTER 


B  (1  +  AB) 


B  (1  +  AB)(B  +  A) 


CLUTTER 


NOTE:  A  IS  MAGNITUDE  OF  X  AND  B  IS  MAGNITUDE  OF  y 

FIGURE  19.  CONFIGURATION  STABILITIES 
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NOTE:  A  IS  MAGNITUDE  0“  X  AND  B  IS  MAGNITUDE  OF  >' 


FIGURE  20  CONFIGURATION  STABILITIES-SPECIAL  CASES 


It  was  inferred  in  discussing  Figure  10  that  the  catastro¬ 
phic  sudden  reversal  of  damping  was  intimately  associated  with  the 
approach  of  the  two  coupled  frequencies  cop  and  co2.  a  technique  for 
predicting  this  sudden  reversal  (as  well  as  an  indication  of  the 
progress  toward  flutter)  from  sub-critical  flight  test  is  covered  in 
this  section. 

Below  instability  the  two  coupled  vibration  frequencies 
<^2  and  cop  can  be  obtained  from  equation  (30), 


(67) 


Subtracting  equation  (68)  from  (67)  and  squaring 


(69) 


From  equation  (59)  it  is  seen  that  D  varies  parabolically  with  Z  in 
the  form  D  =  AZ2  +  BZ  +  C.  Thus 


■W-frf" 


AZS  BZ  +  C 


This  may  be  related  in  some  way  to  the  frequency-velocity  curves  of 
Zisfein  and  Frueh  (Reference  7)  but  the  relation  is  not  directly 
evident.  Continuing  further.  It  is  seen  from  the  above  equation  that 
the  characteristic  parabolas  in  Figure  18  are  also  applicable  to  the 
frequency  difference  above.  Therefore  the  parabolas  of  Figure  18  can 
be  reconstructed  solely  from  flight  test  measurements  of  the  two 
coupled  frequencies  ojq  and  cop  as  airspeed  is  increased,  without  any 
knowledge  whatsoever  of  the  configuration  parameters  (except  for  a>a> 
which  is  nothing  more  than  a  scale  factor  for  D  anyhow).  Of  utmost 
significance,  however,  is  the  fact  that  the  shape  of  this  curve  is 
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known  to  be  a  parabola  of  the  form  AZ^  +  BZ  +  C  (in  constrast  to  the 
usual  V-g  curves).  This  allows  a  rational  extrapolation  of  the 
characteristic  parabola  out  to  flutter  onset  from  sub-critical  flight 
flutter  test. 

This  approach  can  be  brought  closer  to  physical  reality  by 
noting  in  equation  (6 )  that  the  first  factor  in 


Z  = 


is  independent  of  flight  conditions.  If  this  factor  (as  well  as  w  a) 
is  lumped  in  with  the  constants  A,  B  and  C  in  equation  (70),  there 

results 


n  D  =  U 


o2)  =A,(Cl 


Q)2+  B,(Cl  Q)  +  c, 


(71) 


where  Aj_,  and  are  configuration  constants.  These  can  be 
obtained  from  in-flight  resonance  testing  at  sub-critical  speeds  by 
plotting  («!  -  <u^)  vs  (CLaQ)*  Once  these  constants  have  been 
evaluated,  a  rational  extrapolation  of  the  characteristic  parabola 

is  possible. 


In  applying  this  technique  to  flight  testing  it  is  well  to 
note  from  equation  (71)  that  (&>*?-  &>J)2  varies  parabolically  with 
Cj  Q  and  not  with  Q  alone.  If  a  resonance  test  with  sinusoidal 
excitation  is  conducted  at  a  particular  Q,  the  higher  frequency  ai^ 
would  correspond  to  a  somewhat  different  Q  than  that  applicable 
for  the  lower  frequency.  This  results  since 


(For  fu2) 


=  C, 


(For  .  > ■,) 


(72) 


where  the  oscillatory  flow  corrections  V(o2  and  i&)1  would  be  somewhat 
different  due  to  the  two  different  frequencies.  This  may  be  accoun¬ 
ted  for  by  plotting  oq  and  o>^  separately  against  their  respective  „ 
C h  Q  as  shown  in  Figure  21  (a)  and  then  form  the  quantity  (  o>  |  -  a^) 
for  comparable  Q  as  shown  in  Figure  21  (b).  Steady  flow  effects 

of  aspect  ratio,  compressibility,  etc.  may  be  lumped  into  CT 

u  a  s 

The  method  outlined  above  is  subject  to  certain  limita¬ 
tions  at  this  time.  First  of  all  it  was  based  on  two  degree  of  free¬ 
dom  considerations.  Thus  it  should  be  used  only  if  flutter  is  expec¬ 
ted  to  be  predominantly  two  degrees  of  freedom.  Secondly,  D  is 
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parabolic  with  Z  only  so  long  as  A,  B  and  C  are  constants;  however, 
these  coefficients  depend  on  y  which  in  turn  is  affected  by  a  shift 
in  aerodynamic  center.  Unfortunately,  the  technique  in  its  present 
form  cannot  be  used  in  the  transonic  range  where  this  shift  is  large 
with  small  changes  in  airspeed. 

Only  cursory  checks  have  been  made  to  date  with  subsonic 
wind  tunnel  tests  and  indicate  that  the  technique  has  merit. 


Design  Charts 

As  a  direct  result  of  normalizing  linear  geometry  with 
respect  to  ra  it  becomes  possible  to  compute  the  flutter  parameter 
Zp  and  ^-p/oia  with  only  the  three  parameters  7,  X  and  R.  This  makes 
it  practical  to  construct  design  charts  from  which  Zp  and  “p/coa 
may  be  read  off  directly.  Construction  of  these  charts  is  based  on 
equations  (22)  and  (32).  One  such  chart  is  shown  in  Figure  22  for 
y  =  0.2.  The  diamond  symbols  indicate  critical  frequency  ratios 
beyond  which  the  flutter  solution  vanishes,  namely 
Rc  =  VT?  +  x)/  7(1  +  v X ) .  Also  it  will  be  recalled  that  flutter 
solutions  vanish  for  negative  X.  In  the  vicinity  of  Rc  or  X  equal 
to  zero,  then, it  would  be  expected  that  flutter  speed  calculations 
would  be  extremely  sensitive  and  of  doubtful  accuracy  (such  as  diver¬ 
gence  calculations  when  the  elastic  axis  and  aerodynamic  center 
approach  each  other).  These  sensitive  areas  are  indicated  by  dashed 
lines . 


Such  charts  are  ideal  for  preliminary  design  work  where 
speed  and  fluidity  of  design  are  the  rule  rather  than  the  exception. 
These  ere  applicable  for  transonic  and  supersonic  as  well  as  sub¬ 
sonic  Mach  numbers  by  entering  the  charts  at  the  y  appropriate  to  the 
Mach  number  (since  7  depends  upon  the  location  of  the  aerodynamic 
center).  Determination  of  the  flutter  parameter  Zp  does  not  depend 
on  CLa. 


Flutter  onset  velocity  Vp  is  obtained  from  Zp  by  a  simple 
iteration  process  which  converges  so  rapidly  that  is  has  never  been 
necessary  to  repeat  the  iteration  more  than  once.  It  is  based  on 
the  following  equations ; 


'-'-MW. 

(t).-©63 


(73) 
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The  la6t  equation  above  basically  states  that  the  overall  aerodynamic 
efficiency  is  the  product  of  steady  flow  and  oscillatory  flow 
efficiencies,  the  former  including  steady  flow  effects  such  as 
aspect  ratio  and  Mach  number  and  the  latter  including  some  form  of 
oscillatory  flow  correction  such  as  shewn  in  Figure  13-  Once  Zp  has 
been  determined  from  the  chart,  an  approximate  value  of  flutter  speed 
Vp  can  be  calculated  by  introducing  the  starting  assumption  9p=  ?s 
into  the  top  equation.  The  approximate  Vp  is  then  introduced  into 
the  right  side  of  the  middle  equation  to  obtain  a  first  approximation 
of  the  reduced  flutter  frequency  which  in  turn  is  used  to  obtain  an 
approximate  value  ofiup  from  Figure  13-  The  first  approximation  of 
*)p  evaluated  from  the  bottom  equation  is  introduced  back  into  the  top 
equation  for  a  second  try  at  Vp.  Based  on  past  experience  this 
approximation  of  Vp  should  have  converged  for  all  practical  purposes. 


Concluding  Remarks 

It  has  been  shown  that  good  agreement  exists  between 
flutter  speed  calculations  based  on  approximate  "in  phase"  aerody¬ 
namics  and  those  obtained  from  subsonic  wind  tunnel  tests  for  a 
number  of  configurations  covering  a  wide  range  of  aspect  ratio. 
Analysis  of  the  basic  processes  leading  to  flutter,  such  as  the  con¬ 
cepts  discussed  in  connection  with  Figure  10,  further  indicate  that 
such  correlation  is  not  Just  accidental,  and  in  fact  demonstrates  the 
ability  of  the  "in  phase"  lift  to  induce  severe  and  sudden  changes 
in  phase  angle.  Additional  theoretical-experimental  comparisons  are 
desirable  for  assessing  the  adequacy  of  the  "in  phase"  approximation 
over  a  broader  range  of  problem  variables,  particularly  Including 
compressibility  effects  and  near-critical  configurations,  i.e.  R 
approaching  Rc  and  X  approaching  zero  and  becoming  negative. 

Formulation  of  the  flutter  problem  by  non-dlmensionaliz- 
ing  with  respect  to  rQ  ,  i.e.  Zp  =  f  (  X,  X,  R)  was  shown  to  possess 
obvious  advantages  in  reducing  the  number  of  variables  necessary  to 
specify  Zp.  Such  non-dimensionalizing  is  recommended  for  presenting 
flutter  trends  even  for  the  more  rigorous  aerodynamic  idealizations . 

The  full  potential  of  the  rational  flutter  approach  using 
such  approximate  aerodynamics  is  far  from  being  realized.  In  addi¬ 
tion  to  further  follow-up  effort  on  the  two  degree  of  freedom  system 
considered  here,  initiation  of  studies  for  extending  this  approach 
to  more  practical  configurations  seems  Justified  in  the  near  future . 

A  logical  evolution  would  seem  to  be: 

(a)  Two  dimensional  plunging-rotation-control  surface 

(b)  Three  dimensional  rigid  planform  with  sweepback  possessing 
root  roll  and  root  pitch,  followed  by  the  addition  of 
control  surface 

(c)  Uniform  cantilever  wing  bending-torsion,  followed  by  the 
addition  of  control  surface.  Sweepback  effects  would 
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follow  no-sweepback  studies. 

(d)  Non-uniform  wing  following  the.sequence  in  (c)  above. 

(e )  Other  miscellaneous  studies  including  control  surface  tabs, 
rigid  and  flexible  body  degrees  of  freedom,  etc. 
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NEW  TECHNIQUES  IN  FLUTTER  AT  HIGH  MACH  NUMBERS 


J,  Stuart  Keith 
Chance  V ought  Corporation 
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Dallas,  Texas 


The  prospect  of  flut ter  or  low -aspect  ratio  surfaces  at 
very  high  Mach  numbers  Las  focused  attention  on  replacing  flat 
plate  aerodynamic  theories  by  now  theories  which  account  for 
the  non-linear  effects  of  wing  thickness.  Surfaces  on  present 
missiles  and  aircraft  designed  for  high  Mach  numbers  are  typically 
low-aspect  ratio,  thin  structures.  Conventional  methods  have 
fallen  short,  and  attempts  to  modify  the  older  methods  have 
possibly  overlooked  simplifications  that  are  present  in  the  aero- 
elastic  problems  at  high  Mac i  numbers. 

Ir.  this  paper  use  hn  ->eer  made  of  numerous  current 
publications  which  have  indicated  the  advantage  ana  simplification 
of  a  '  ouasi-steady”  aerodynamic  approach.  It  appears  that  the 
quasi -steady  relation  is  the  same  form  as  the  truly  unsteady 
aerodynamic  theories  at  high  supersonic  ana  hypersonic  speeds. 
There  is  very  little  additional  coatribut  on  to  be  made  to  the 
development  of  the  quasi-steady  concept,  but  a  review  of  the 
methods  in  the  most  general  form  will  possibly  reveal  same  new 
techniques  that  may  be  employed  to  advantage . 

Briefly,  the  discussion  below  is  divided  into  three  parts. 
The  first  part  reviews  the  fo.-ia  of  the  governing  equations  of  an 
aeroelastic  system,  and  indicates  the  advantage  of  using 
Hamilton's  system  of  fiist  order  equations.  The  second  part  is 
a  review  of  high  Mach  number  aerodynamic  theories  in  an 
effort  to  show  that  they  are  of  the  correct  form  for  analysis  by 
the  Hamiltonian  approach.  The  final  part  is  concerned  with  a 
generalized  approach  for  dealing  with  the  numerical  problem  of 
passing  fran  a  continuous  system  to  a  discrete  system  of  a  finite 
number-of-degrees-of -freedom. 


Engineei  -  Structures  Dynamics  Group 
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A  List  of  the  Symbols  and  Definitions 
Used  in  the  Text 


l>],  aij 


inertia  matrix  referred  to  "panel  point" 
coordinates 


(KJ  ■  -fctj 

[•A] 

p i'i) 

iP'hh  Rh) 


stiffness  matrix  referred  to  "panel  point" 
coordinates 

aerodynamic  influence  coefficients 

"panel  point"  displacements 

"panel  point"  loeds,  the  generalized  forces 
associated  with 

"panel  point"  angles  of  attack 


'uXj/ 

[A] 

[<f] 


downwash  at  the  paner  points 

slope  matrix,  transforms  panel  point  dis¬ 
placements  into  slopes 

matrix  of  panel  point  displacements  in  the 
modes 


^(Bl,  ^fb) 

Lm] 

IF  J 

[c„j.  [C«],  [Cm] 


modal  coordinates 

generalized  forces  associated  with 


mass  matrix  referred  to  modal  coordinates 

stiffness  matrix  referred  to  modal  coordinates 

aerodynamic  matrices  referred  to  modal 
coordinates 


the  complex  airforce  matrix  referred  to 
modal  coordinates 


generalized  velocities  or  the  generalized 
momenta 


[kK^v,  m)\ 


the  aeroelastic'  "dynamical  matrix" 
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Apfv.M  t) 
t) 


lA/(y,:|  t) 

^  A|  M  .  ) 
"ux,^) 

iff'  \ 
lipi  I  ’j  ' 

Ap(*? 

K ( x t, ,;/ ) 
ia(b)t,  ai't) 


^  (Uuft}  ,  0.(CO) 

[Rj 

OJ 


[L,]  [Ls] 


h  PM} 
[A(^s  M)J 

^rp(x,^  U 

(}  —  Tctvt 


07 

OX 


pressure  at  the  point  (x,  y) 

pressure  difference  between  upper  and 
lower  surfaces 

aerodynamic  lift  coefficient 

continuous  displacement  of  surface  in 
z-direction 

continuous  downwash 

non-dimensional  downwash,  the  "effective" 
angle  of  attack 

total  thickness 

matrix  of  interpolation  coefficients 
assumed  interpolation  functions 
Fourier  transform  of  downwash 
Fourier  transform  of  lift 

the  kernel  function  of  the  three-dimensional 
flat  plate  problem 

"undetermined"  amplitudes  of  assumed  lifts 
Fourier  transform  ofQ.(t) 

i 

matrix  of  coefficients  associated  with  the 
kernel  function  problem 

collocation  of  assumed  xifts  to  panel 
points 

Aerodynamic  matrices  arising  in  the 
Newtonian  flow  problem 

Fourier  transform  of  panel  point  loads 

unsteady  aerodynamic  influence  coefficients 

velocity  of  piston  in  the  piston  analogy 
to  high  speed  flow 

slope  associated  with  surface,  h(x,  y,  t) 
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P 

■V 

a 

CO 

S  —  V-fito 


M 

S.  Sn 

F4(v,y 


equation  of  the  surface  used  iu  the 
Newtonian  flow  analysis 

air  density 

air  speed 

speed  of  sound 

frequency  variable 

transform  variable 

Mach  number 

regions  of  integration 

adiabatic  constant 

functions  arising  in  Newtonian  flow 
problem 
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I .  The  Equations  Governing  an  Aeroelastic  System 

It  will  be  assumed  that  the  configuration  of  any  aeroelastic 
system  can  be  defined  by  a  number  of  generalized  coordinates, p.  ^ 
i  =  1  .  .  .  N,  which  are  considered  to  be  dis-  '  1 
placements  or  rotations  at  a  number  of  discrete  points  in  the 
structure.  If  these  displacements  are  assumed  small,  the  kinetic 
and  strain  energies  of  the  aeroelastic  system  are  quadratic  in 
the  coordinates,  p. 


(1) 


(2) 


ai j  put) pit) 

pj 


u  =  *)Z'ky  Pi(t)  Pj(t) 


By  the  definitions  of  matrix  algebra,  these  may  also  be  expressed 
concisely  as. 


(3) 


T  - 


The  approximations  involved  depend  upon  how  adequately  the  continu¬ 
ous  system  has  been  described  in  terms  of  the  discrete  dis¬ 
placements,  p.  \ 

J  .  This  is  the  subject  of  the  third  part 
of  this  discussion. 


If  the  quasi-steady*  description  of  aerodynamic  forces  is 
used,  it  is  possible  to  write  the  virtual  work  of  these  forces 


*  For  the  purposes  of  this  discussion,  quasi-steady  implies  that 
time -dependency  only  occurs  in  the  downwash. 
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iri  the  following  form: 

(4) 

=  ^  i^pl  [A ]fpc} 


where 


downwash  induced  by  the  motion  of  the  structure  against  the  fluid . 
II  the  p.  /,  ^ 

[  t  W  are  all  displacements  normal  to  the  free  stream 
direction  then  expression  (<+)  descriDes  the  normal  aerodynamic 
loads  (the  generalized  forces  associated  with  the  normal  dis¬ 
placements,  p)  .  \  ) 

(b)  1  Pcoy  =  - 


The  matrix  of  aerodynamic  influence  coefficients  is  a  real  matrix 
which  is  at  most  a  function  of  Mach  number  and  temperature. 

The  downwash  can  be  related  to  the  displacements,  j>  ,  , 

by  the  tangency  condition: 


(6) 


\  0Cr  b)  f 


or 

(Y)  ^  =  ORpl  t- 
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In  this  expression 


I  A] 


i3  a  matrix  which  transforms 


displacements  at  discrete  points  into  slopes  at  those  points. 


In  summary,  when  the  quasi-steady  assumption  is  made  the 
aeroelastic  system  can  be  described  by  three  real  matrices: 


t=  •£  Ip/lAHp} 

u°)  [A]([A]{p}  +  'jif  'r 


It  is  almost  always  expedient  in  aeroelastic  analyses  to 
reduce  the  number  of  degrees-of -freedom  by  constraining  the 
higher  modes  of  deformation.  This  we  do  by  transforming  to 
modal  coordinates . 

(id 


In  this  expression. 


.  th 
1 


%  is  the  displacement  of  the 
point  in  the  structure  in  the  mode.  Making  this  transfor 
mation  on  (8),  (9),  and  (10)  yields 


(12) 


1  = 


J [mJI-]} 


(15) 


U'O 
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In  the 
nade . 

above  expressions, 

(15) 

[M]  = 

(16) 

LF]  = 

(17) 

[Cr]  = 

(18) 

[Cxj  = 

the  following  definitions  have  been 

[<p]'[A][<p] 

[fj'[K]tf] 

[f]'[A][A][<p] 

Lf  ]'[A][y] 


In  seme  cases,  where  it  appears  important,  virtual  mass 
aerodynamic  forces  may  be  added  to  the  quasi-steady  forces; 
these  forces  are  linearly  related  to  the  accelerations  of  the 
system  and  appear  as  additional  terms  of  the  form: 


(19)  &  Lc«E*j} 

This  system  would  be  governed  by  the  following  relations: 

(20>  t  = 

(21)  u  = 

(22)  SVV= 
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Conventional  approaches  to  flutter  analysis  would  use  Lagrange's 
equations  and  the  assumption  of  "harmonic  motion"  to  arrive  at 
the  governing  equations  expressed  in  the  frequency  domain: 

(25)  f-  W*  [M  ]  4  [  f]  +  [C(^ .  M\|\  ^(co)} 

where,  for  the  quasi-steady  case,  J 

(2“>  m •  m^j  =  [cr] + -» (f  [Cx]  -  [cM] 


Note  that  for  the  unsteady  theories  in  the  Bubsonic  and  low 
supersonic  region,  equation  (23)  is  the  only  possible 
description  because  the  aerodynamic  forces  can  only  be  described 
in  the  frequency  domain;  and  the  dependency  on  GO 

'Cr  is  far 

more  complicated  than  that  indicated  by  equation  (24)  .  For 
example,  the  kernel  function  approach  can  be  used  to  derive 
unsteady  three-dimensional  aerodynamic  influence  coefficients 
for  which  a  quasi-steady  approximation  may  be  made  (see  Part  II). 

Returning  again  to  equations  (20),  (21),  and  (22)  we  will 
employ  Hamilton's  system  of  first  order  equations.  These  are 
(see,  for  example.  Theoretical  Mechanics,  Ames,  Murnaghan, 
pp .  264 ) : 

*•»  Hi  -  I 


■  yr  _  !>u 

Ri  acji  acji 


with  determined  from 


trw  =  ^ 
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In  the  present  case  this  yields 

(28)  W  -  [Mj {C\} 

(29)  \ri}  =  -  l  [cR]fq} 

\ 

^[^c|}  4^[cNj^r) 


This  can  be  arranged  as 

(50)  ^n}=  -[M/[M]  +  ^[cM|f[F]+^LcR|i^} 

[m](Jm]4^> [Cn])[Ci](M]fa} 

(51)  {cjj  =  [M] in.} 

Equations  (30)  and  (31)  are  in  a  desired  form,  but  a  simplifi¬ 
cation  will  result  if  the  generalized  velocities,  A 

\i  ,  are 

introduced  as  coordinates  instead  of  the  generalized  momenta. 

If  P- 

1 is  used  to  denote  the  generalized  velocities  one  obtains 

(52)  =  -(ViJ+soICm])  ^ [ f J + LCkI) t cj J 

(55)  -J^.|mJ^LCm|[CxH^ 
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More  concisely, 


(54) 


- V 

is- 

_ / 

i — t 

ii 

in}' 

\ 

lf. 

where 


U- 


N  (p,o,  m' 


f  ([mHLcm!  [Cxi  -i'lMj^-[c„]Vlri^'M' 


M 


[o] 


is  the ,, 


The  matrix, 

"dynamical  matrix"  for  the 

aeroelastic  system.  It  is  a  2n  by  2n  real  matrix,  where  n  is 
the  number-of-degrees-of -freedom;  and  it  is  a  function  of 
altitude,  airspeed,  and  temperature.  These  three  independent 
variables  are  those  same  variables  that  define  the  flight  profile. 
At  constant  temperature  only  two  are  independent  and  these  may 
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be  taken  as : 

Dynamic  pressure  -  Mach  number,  or 
Equivalent  airspeed  -  Mach  number,  or 
Air  density  -  Mach  number,  or 
Altitude  -  Mach  number 

where  ^  )  ^EAS  = 

Qh  -  speed  of  sound 

For  investigating  the  stability  of  a  system,  the  LaPlace  trans 
form  is  a  recognized  tool.  Application  to  the  particular 
problem  at  hand  gives 

(56)  (  s  [a]-  r^n-to}]  =  ho}' 

V  7  ^oj- 

The  flutter  roots  are  determined  by  the  condition 

Sfl]-[N]  1=  O 


which  is  a  2n^  order  polynomial  in  S  with  real  coefficients, 
having  complex  roots  occurring  in  conjugate  pairs.  Any  flight- 
mission  profile  can  be  chosen  along  which  a 

\  and  M  are 

compatible,  and  the  stability  roots  may  be  plotted  with  either 


variable  as  a  parameter; 


for  example,  Mach  number. 


Let  %  CO 


be  the  real  and  imaginary  parts  of  the  root. 


(38)  3  =  'sT  +  i  DO 
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Fran  general  transform  theory  it  is  known  that  unstable 
systems  are  characterized  by  roots  in  the  right-hand  half¬ 
plane  where 

'T-  >  O  .  Flutter  is  therefore  indicated  when  the 
locus  of  the  root  crosses  the  line 

V  —  O  .  Typical  plots  of 
the  locus  of  the  roots  determined  by  condition  (37)  are  shown 
below . 


the  root  which  are  analogous  to  the  plots  of  the  aerodynamic 
damping  parameter,  "g"  . 
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II .  Aerodynamic  Theories  at  High  Mach  Numbers 

The  piston  theory  analogy  suggests  that  a  point  relation¬ 
ship  exists  between  the  lift  and  downwash  on  bodies  and  surfaces 
at  high  Mach  numbers.  This  simplification  along  with  the  quasi - 
steady  assumption  leads  to  a  lift  expressed  in  the  following 
form: 

(3y)  <X(x,u,  l) 


with 


In  this  expression 


is  the  pressure  difference  between 
upper  and  lower  surfaces  and  „  .  ■. 

[ZV*  >  t)  is  the  displacement 
function  of  the  body  or  surface.  Although  the  above  two 
assumptions  are  not  valid  at  all  Mach  numbers,  the  convenience 
of  such  a  form  makes  it  worthwhile  to  consider  the  otherwise 
general  form  without  dictating  the  theory  used  to  derive 
the  dCi.,  n 

[Vo A* '  term  (which  depends  upon  the  thickness  of 

the  wing) .  It  will  be  shown  below  that  the  piston  analogy 

yleUs  __  .  ,  nIH 


Xl,  4 

5*M>  =  m 


or  a  second  order  expansion  gives 


'Cl'X,  Mj  is  the  total  thickness  of  the  surface.  The  simplicity 
of  the  piston  analogy  and  its  proven  use  at  moderate  values 
of 

1  has  given  it  popularity  as  an  aeroelastic 

tool.  There  appears  to  be  no  reason,  however,  why  more  accurate 
results  cannot  be  obtained  by  using  other  steady  aerodynamic 
theories  while  still  complying  with  the  assumption  of 

(1)  point  relation  between  lift  and  angle  of  attack,  and 

(2)  assuming  only  time  dependency  occurs  in  downwash. 
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Following  this  approach,  shock  expansion  or  experimental  dis¬ 
tributions  of 

could  be  used  in  place  of  the 
piston  analogy.  This  would  go  part  way  in  accounting  for 
edge  effects,  thickness  geometry,  and  finite  shocks.  The 
approach  is  also  applicable  to  bodies  in  flows  at  high  Mach 
numbers.  In  any  case,  the  problem  we  want  to  consider  is  one 
of  showing  the  form  of  the  aerodynamic  matrices  which  follow 
from  the  expressions  (39)  and  (40) .  The  aerodynamic  influence 
matrices  are  derived  from  the  virtual  work: 


Ow  = 


obcdtj 


Some  suitable  interpolation  must  be  used  to  relate  the 
continuous  system  to  one  of  a  finite  number-of-degrees-of- 
freedan.  This  relation  is  of  the  form  (see  Part  III): 

(44)  p-lx.iji)  = 


valid  for  x,  y  on  the 
region 


It  follows  from  (44)  that 


at  ~  Ly  Jiip} 
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Equations  (46)  and  (47)  may  be  used  to  define  the  downwash,  or 
alternatively,  the  expression 


may  be  used . 


When  relation  (48)  is  used,  equation  (46)  may  be  used  to 
derive  the  matrix,  T  A  1 

L  J  ,  previously  defined .  In 
employing  the  second  alternative,  equation  (43)  is  broken  into 
a  sum  of  integrals  over  the  regions  where  equation  (44)  is  valid. 

(1,y)  3w=  -jj\\  Aj>(xli|,t)^(x,^.L)  Ixdu 

i  ^s-  ^ 


Substitution  of  (45)  into  (49)  gives 


3w  =  ixdy 


Substitution  of  (48)  yields 


By  our  previous  definitions  the  aerodynamic  influence  matrix  is 


[Aj-jP  5^6, *j)  lx4j  ['^Ji 
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Use  of  equation  (46)  to  calculate  the  slopes  gives 


As  previously  described, 
loads  through  the  relation 


(52)  and  (55)  give  the  aerodynamic 


While  equation  (54)  was  derived  on  the  assumptions  implied  by 
equation  (59),  it  remains  unchanged  in  form  when  three-dimensional 
subsonic  and  supersonic  aerodynamics  are  used  in  a  quasi-steady 
fashion.  To  illustrate,  the  integral  equation  of  subsonic  or 
supersonic  flow  is  of  the  form 


K(x, 


\ 

J  C 


ApCV7<  u>) 


X 


17 
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vhich  is  necessarily  expressed  in  the  frequency  domain  by  the 
relations 


^ ,  t)  =  \  ,  oj)  dLou 


(57>  Ap(x,ij.  t)  =  C 


a—  '  iojt 

A  p  lx  i  ^ ,  to )  e,  duo 


The  usual  assumption  of  a  superposition  of  assumed  lift  functions 
is  expressed  as 

(5U>  cu*.vt)=  ^■U=lL(xlf}/{a(t)} 


v/hich  can  be  used  bo  reduce  (55)  a  set.  of  simultaneous 
equations 


i\^}=  [R  jiaM} 


The  rather  complex  details  of  the  three-dimensional  problem  can 
be  formally  relegated  to  the  integrations  indicated  by 


[Rj  =  U  ^  dMcly 
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Collocation  of  the  assumed  lift  functions  can  be  accomplished 
by  use  of  the  virtual  work  principle  and  a  relation  of  the 
form  expressed  in  equation  (44) . 


=  -  £01 rx  iTp}  [L]{aail 


where 

(61) 


{P(t)j  -  -  [Ljiaa)} 
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Use  of  (6l)  in  conjunction  with  a  least  squares  solution  to 
equation  (59)  results  in 

‘«>SPNi  = 

The  unsteady  aerodynamic  influence  coefficients  are  then 

EA(«.M'iJ-lL]f[Rj#(RjTfR]/ 

giving  the  relation 
(63) 


According  to  the  quasi-steady  assumption 


Equation  (64)  is  identical  in  form  to  equation  (54);  aowever, 
the  assumption  of  the  pressure -downwash  point  relationship  is 
not  present  in  the  derivation  of  equation  (64);  this  is 
evidenced  by  a  full  matrix  of  aerodynamic  influence  coefficients 
as  contrasted  to  a  nearly  diagonal  matrix  in  the  former  case. 

Piston  Theory 

The  piston  analogy  uses  the  expression 


(65) 


Wp 
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It  is  felt  that  equation  (76)  would  describe  pressures  in 
regions  where 

better  than  the  corresponding 

second  or  third  order  expansions,  and  in  practical  cases  it 
would  introduce  little  additional  complication.  Viewed  as 
a  quasi-steady  theory  this  "exact"  piston  theory  can  be 
rationalized  as  an  approximation  to  steady  shock  expansion 
theory . 


Unsteady  Newtonian  Flow 
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So  that 


For  symmetrical  airfoils  at  zero  mean  angle  of  attack: 

(80) 

=  (^(X.^t)  f  ^ ' 

on  lower  surface 


on  upper  surface 


108 


Keith 


The  pressure  difference  is  computed  by  substituting  equation  (80) 
into  (79)  and  forming 

Cfll)  CL(>,y,t)=  Elfc  - 

*  h.^< 

i£=-f%+5 


For  aeroelastic  applications  it  is  necessary  to  linearize 
equation  (79)-  For  this  purpose  consider  |?j^ 

as  a  function  of  1 

tit  ^  .  55  L  ^3 

OX1  )  Ox  >  Ox  T  >  l & 


^o/l/oo* 


(82) 


.^D^CO 


Expand  this  in  a  Taylor's  series  about  the  point: 


■Updt1  ) 


(85) 


fe  _  ill 

btl  a 


55  1  55  _  1  2l 

4  %Dt  “  *■ 


j_  — 


O 
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Retaining  only  the  first  order  terns  we  have 


i  Ok2-  )  A  OX  >  '  ) 


Carrying  out  the  indicated  operations  and  substituting  into 
equation  (8l)  results  in  the  following  expression  for  the  lift 
coefficient 
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For  brevity,  the  following  definitions  are  introduced 
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The  approach  used  previously  to  pass  to  the  discrete  system  can 
be  used  here  also;  there  are,  however,  additional  terms  of  the 
fom 


(92) 


Interpolation  schemes  that  describe  the  displacement  and 
slope  adequately  do  not  necessarily  give  a  good  description 
of  the  "curvature",  0*P£ 

Part  III  gives  some  discussion  to  a  formula  which  has  been 
employed  with  success  in  a  stiffness-strain  energy  approach  to 
using  plate  theory  in  structural  analyses.  The  description 
of  the  curvature  is  required  in  this  approach  to  structural 
analysis;  hence,  application  of  this  formula  to  the  tern, 
(y2),  appearing  in  the  Newtonian  aerodynamics  can  be  made  with 
same  confidence. 

Making  use  of  equation  (92),  and  similar  expressions 
considered  previously  we  obtain  equation  (91)  in  the  form 


-f 


0. 


+ 


I  T1 

<J  1— 


v 


Mi  ^ 


+ 


^  Hi-1  (ixdcj 
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With  evident  definition  of  terms,  (93)  can  be  written  more 
concisely  as 


TW  -  -  ^v^Tp}  f  [U,]ipJ  +  [Uftpj- 


+  f-sEpJ  fb  [l+Hpl  ^[.UrM 

If  the  transformation  is  made  to  modal  coordinates  we  obtain 
<a5) 

where  .  \ 


[C8]  =  Icpl  ([l,]+[l,]+  [La]j[cp] 
<97)  fCt]  =  [cp]'[L4][^] 


(98) 


[CM]  = 
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Equation  (95)  is  identical  to  equation  (22)  and  all  the 
statements  made  earlier  concerning  the  applicability  of  the 
Hamiltonian  approach  will  apply  to  equation  (95)-  It  is 
interesting  to  note  that  the  quasi -steady  assumption  for 
Newtonian  flow  would  give  the  aerodynamic  Influence  coefficients 
as 

(99)  |\A  J  ==  Which  should  be 

the  limiting  form  of  any  quasi -steady  theory  as  M — *~co. 
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III-  Numerical  Methods  Applicable  to  Bodies  and  Low -Aspect 

Ratio  Surfaces 

In  the  "discrete"  approach  to  aeroelasticity,  the  governing 
equations  are  satisfied  at  a  finite  number  of  points  (panel 
points  or  collocation  points) .  The  approximation  of  a  finite 
number-of -degrees-of -freedem  requires  some  assumptions  about 
the  shape  of  the  deformed  body  or  surface  in  the  region  between 
points  where  discrete  displacements  are  given.  The  problem 
is  one  of  relating  a  continuous  displacement  function  to  a 
matrix  of  discrete  displacements, 

general  relation  is  one  like 


For  a  surface,  the 


(100)  kUtp 


valid  for  (x,  y)  on  the 
region,  S 


In  this  expression 

fj?  (*>^>  0 


is  the  continuous  displacement  of  the 
surface 


are  seme  appropriate  assumed 
functions 


•  r1 

I - 1 

is  a  matrix  of  interpolation  coefficients 
associated  with  the  assumed  functions,  r  . 
which  is,  in  general,  different  for  \J  . 

different  regions,  S^,  of  the  surface 

is  a  matrix  of  displacements  at 
discrete  points,  for  example 

o 

Kntj; 

0 

| 

Xiti , 

®  -  ^  % 

1 

i 

P^' 

.  [ . __ 

■  \ 
\ 
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To  fix  ideas,  consider  the  trapezoidal  interpolation  in  one 
dimension;  it  may  be  put  in  the  form,  (100): 


(101) 


p*(x, t) - \ i 


Pi- 1 

I  Pi 


valid  for  <X'\-|  ^  “X 


where 


["A  = 


Xn 


Xi-X-i-i 


Xi  "Xi-i 


Xi-Xvi 
_ 1_ 


In  expanded  form,  (101)  is 


(102) 


"XV l  i  7  <  Xn 


For  application  to  surfaces  where  chordwise  flexibility  is 
important,  it  seems  desirable  to  have  an  interpolation  formula 
which  may  be  used  for 

(1)  structural  analyses,  and 

(2)  mass  distributions,  and 

(3)  collocation  of  aerodynamic  forces. 

The  "bilinear"  formula,  which  is  of  the  form 

(i°3)  x,  m, 

’  ’i  has  proven 
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to  be  adequate  for  distributing  mass,  but  it  gives  a  poor 
description  of  the  angle  of  attack,  and  it  cannot  describe 
the  curvature  at  ail.  Experience  has  shown  that  higher  order 
interpolations  give  poor  results  for  mass  distributions.  A 
fair  amount  of  success  is  achieved  by  "assumed  mode"  methods 
which  are  interpolations,  so  to  speak,  that  are  valid  over 
the  entire  surface . 

(104) 


valid  for  (x,  y)  on  the 
region,  3^^ 

This  approach  is  difficult  to  generalize  for  production  use, 
but  has  always  given  quick  results  for  "hend"  calculations. 

What  has  been  sought  is  one,  common  interpolation  formula 
that  describes  the  displacement,  slope,  and  curvature  for  use 
to  distribute  mass,  define  angle  of  attack,  collocate 
arbitrary  load  distributions  and  define  the  curvature 
accurately  enough  to  be  used  in  plate  theory  approaches  to 
low-aspect  ratio  surfaces  .  A  formula  with  the  desired 
properties  has  been  developed  by  J .  A.  Griffin,  Jr.  The 
interpolation,  which  he  calls  "diparabolic",  is  a  cubic-four 
point  (l6-point  in  two  dimensions)  formula  that  is  constrained 
in  such  a  manner  that  the  slope  at  the  boundaries  of  adjacent 
regions  is  the  same  when  described  by  the  formula  valid  for 
either  region.  The  formula  then  describes  a  surface  with 
continuous  displacement  and  continuous  slope  over  the  entire 
area  of  the  surface.  In  one  dimension,  for  equal  intervals, 
the  formula  is 


=  \  1  ^ 

o 

o 

0 

p^itT 

o  k  o 

put) 

JL 

!  -xk  Xj  ~  \ 

put) 

1  «&.  A  & 

jwt). 
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A  generalization  of  this  formula  to  two  dimensions  has  been  used 
in  the  illustrative  example  given  in  this  paper.  In  this  example, 
an  equal  interval  grid  was  used  for  simplicity;  however,  a  formula 
for  oblique  regions  has  been  developed  for  use  on  swept  surfaces 
with  arbitrary  leading  and  trailing  edges . 

IV.  Illustration  of  the  Methods  Applied  to  the  Aeroelastic 

Analysis  of  an  All -movable  Rectangular  Wing 

The  methods  indicated  in  parts  I,  II,  and  III  will  be  illus¬ 
trated  in  the  analysis  of  a  homogenous  wing  with  the  following 
geometry:  a 
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Flutter  analyses  using  the  Hamiltonian  approach  were  performed 
for  the  rigid  surface  (three  degrees -of -freedom)  and  for  the 
elastic  surface  (five  degrees-of-freedom) .  In  the  latter  case 
plate  theory  was  used  to  derive  influence  coefficients  for 
the  cantilevered  surface .  Ten  cantilevered  modes  were  coupled 
with  the  three  modes  of  the  rigid  surface,  and  five  coupled 
modes  were  retained  for  the  analysis.  See  figures  1  through  6. 

The  diparabolic  formula  described  in  Part  III  was  used  in 
the  elastic  surface  analysis  to  distribute  the  mass,  stiffness 
and  aerodynamic  lift.  Mass,  stiffness,  and  aerodynamic 
influence  coefficients  were  calculated  referred  to  40  panel 
point  displacements.  In  the  calculation  of  the  flutter  mode, 
illustrated  in  figures  7  and  8,  use  was  made  of  a  method  to 
obtain  eigen-vectors  for  the  asymmetric  eigen-value  problem. 


In  both  flutter  analyses,  the  flight  profile  considered 
was  one  at  constant  altitude  (sea  level)  and  varying  Mach 
number.  The  surface  was  considered  to  be  solid  aluminum. 


The  aspect  ratio, 
gradient, 

% 


L 


'4 


was  2 .0  and  the  thickness 


was  0.1  (5^>  thick). 


Airforces  in  the  subsonic  and  supersonic  range  were 
calculated  in  the  steady  case  for  comparison.  Three-dimensional 
methods  were  employed:  kernel  function  in  subsonic  cases,  and 
velocity  potential  method  in  supersonic  case. 


Figure  10  illustrates  the  application  of  the  Hamiltonian 
method  to  the  aeroelastic  stability  of  a  slender  missile.  Two 
rigid-body  and  two  elastic  modes  of  the  elastic  body  were  used. 
The  plot  shows  the  locus  of  the  short  period  mode  as  airspeed 
is  increased  along  a  flight  at  constant  altitude .  At  a  very 
high  dynamic  pressure  elastic  body  "buckling"  divergence  is 
indicated . 
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First  mode  of  vibration  of  a  rectangular. 
cantilevered,  double  -wedge  wing 

L/b  =  2 
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Three  decree  -  of -freedom  f lutter  anaiysi9 
of  oil  -movable  rectangular  wing 


Flight  profile  is  at 
constant  altituae  - 
constant  temperature 

=  4.428  x  lO'"1  lb  /in3 


Still  air  frequencies : 


(JL)1  -  ii2  sec  . 

(17,65  c.p.s.) 

UJ  -  aw  see.-1 

( U ( ,60  c.p.s  ) 

2  -i 

OJ  -  ‘3400  ser  . 

( 660 .0  c.p.s.) 

P 


Five  decree -of -freedom  flutter  a^iysia 
of  a  11 -mo -.'able  reetan^uia  r  wliifc 


Still  air 

frequencies : 

Flight  profile  is  at 

^i  * 

10>.y  sec.-1 

(16.9  c  .  p  .  e . ) 

constant  altitude  (  aea 

level), 

* 

2H6.1  sei'-  '1 

(4t>-9  c.p.s.) 

constant  temperature 

i22>  sec."X 

(l9b'-l  v.p.s 

^  -  4. *28  x  10 

lb  /li.s 

Oj  ^  = 

,  - ,  -1 
17li  acc. 

(2/2.:.  c.p  s. 

U),  - 
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Lift  and  aerodynamic;  center  predicted  by 
piston  theory  at  high  Mach  numbers 


c/t  -  0.1 


Jfevtocilan  floe  (M  -ooj 


•erodynanlr  center 


"exact"  piston  theory 
second  order  piston  theory 


Newtonian  flow  (M  *£o) 


ftavtociaa  flow 


1st  clastic  mode 
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Appendix 

The  equations  of  unsteady  Newtonian  flow 


Assume  that  the  fluid  has  the  velocity  Ocoll.  everywhere  except 
in  the  thin  layer  on  the  positive  side  of  the  surface  Z(x,  y,  t) 


^  =  4,1  , 

-  , 
=  o  , 

U7(s)  =  U(s)  jf 


2> 

£  =  t) 
2< 


The  pressures  corresponding  to  this  velocity  field  can  be  found 
from  the  inviscid  equations  for  momentum  and  continuity 


(2A) 

4 

fp 

(5A) 

Vp  + 

j 

chs 
[  dt 
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By  the  use  of  the  divergence  theorem  these  may  also  be 
expressed  in  the  integral  form: 


( 4A)  continuity 


(5A)  momentum 


These  are  to  be  applied  to  a  control  volume  moving  with 
the  surface 


10(S) 


CD 


(D 


© 


U/(S+AS) 


The  velocity  of  the  volume  is 

\  \  ^  +  §J 
The  velocities  relative  to  the  faces  of  the  volume  are 

<6A)  V,  - 

ir  2  =  of(s+As) 

V5  =  o 

^4  "  V® 


Application  of  relations  (6a)  to  the  control  volume  using  the 
integral  relations  (4a)  and  ( 5A)  and  letting  yields 


(7A)  continuity 


+  f%  =  ° 


XI 


(*j '  i 


^2-  y  • 
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(  8a)  mcxne  n  turn 

■m  (j-?  +  (yf+ 

+  =  ° 

where  'Qp=  /lT  f 


If  the  assumption  is  made  that 


4 


o 


'VW 


~  o 


the  above  equations  reduce  to 
0* 


2l  ( *!\  ~  o 
Cyt  \  (W  ° 


(SA)  rf>m  =  ^  ^  (to^e  +~o3p)'cosJe  4-w^ 

(10A)  ^  (»U)  =  rrj;j0j  Item B  4-  ’) 

(11A)  ^  (c«Sb  -^^ytwb 

Integration  of  (10A)  over  top  and  bottom  surfaces  gives 


(12A) 
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Neglect  of  the  term,  ~  ,  7)7-  I  .  ,  \,s 


CO 


results  in 

(13A)  ^=^COS0 


In  Summary 


omU1 


<vv\  v  2_  3. 

(l4A)  p~px;  =  q  ■+  (hotfcc  ( 0  f  ^^CO5Z0  4m4 


where  /Wl  =  ^00  ^ 

itos^ 


and  UcuGOSO 
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SUMMARY 


A  proposed  method  of  flutter  analysis  which  utilizes  indicial 
functions  to  represent  the  unsteady  aerodynamics  is  described.  The 
basic  concepts  are  illustrated  in  detail  for  a  two  dimensional  wing 
section  free  to  pitch  and  plungej  the  extension  to  a  spanwise  dis¬ 
torting  wing  is  then  briefly  discussed.  A  review  follows  of  the  sig¬ 
nificant  aerodynamic  parameters  which  are  pertinent  to  a  highly 
swept  hypersonic  delta  wing.  The  conclusion  is  reached  that  the 
principle  factor  required  for  adequate  prediction  of  flutter  (other 
than  detailed  knowledge  of  the  chordwise  and  spanwise  modes  of  dis¬ 
tortions)  is  knowledge  of  the  steady  and  quasi-steady  aerodyanmic 
influence  coefficients.  The  unsteady  contributions,  on  the  other 
hand,  are  shown  to  have  a  negligible  effect  on  the  flutter  charac¬ 
teristics.  The  powerful  influence  of  chordwise  distortions  is 
illustrated  by  a  comparison  of  the  flutter  dynamic  pressure  for  a 
wing  experiencing  semi-rigid  degrees  of  freedom  (pitch  and  roll)  and 
a  uniform  elastic  wing  cantilevered  at  the  root. 

Finally  a  unique  force  test  model  technique  is  proposed  to 
determine  the  steady  state  influence  coefficients  for  arbitrary 
chordwise  and  spanwise  distortions.  The  procedure  allows  the 
analyst  to  determine  experimentally  a  complete  9x9  aerodyanmic 
influence  coefficient  matrix. 
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TABLE  OF  SYMBOLS 

=  structural  coordinates  of  wing 

■  angle  of  attack 

»  pitching  velocity 

=  velocity 

*=  time 

=  non  dimensional  time  Vt/c 

=  local  chord  of  wing 

-  mean  aerodynamic  chord 

=  total  and  spanwise  lift  on  wing, 

respectively 

=  total  and  spanwise  moment  on  wing, 

respectively,  about  reference  axis 

■  density  of  air 

■  lift  curve  slope  due  to  angle  of  attack 

»  lift  curve  slope  due  to  pitching 

velocity 

'  moment  curv|  slope  due  to  angle  of 

attack 

)  * 

”  moment  curve  slope  due  to  pitching 

velocity 

=  reference  axis 

=  aerodynamic  moment  center 

=  ‘aerodynamic  rotation  center 

=  reduced  frequency  u»  c/V 

=  height  of  cambered  surface 

=  d/ds 
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TABLE  OF  SYMBOLS  -  CONTINUED 

=  influence  matrix  of  CT 

LcC 

=  influence  of  matrix  C,, 

M 


first  fundamental  frequency  of  wing 
second  fundamental  frequency  of  wing 
flutter  frequency 
dynamic  pressure  parameter 
local  mass  of  wing 

mode  shape  corresponding  to  i  th  mode 

wing  area 
rolling  moment 
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INTRODUCTION 


The  problem  of  predicting  the  unsteady  aerodynamic  forces  on 
deforming  wings  has  been  the  subject  of  many  investigations.  Sven 
the  most  de sloped  of  these  methods  such  as  the  NASA  Kernel  Function 
require  considerable  calculations,  all  of  which  must  be  repeated 
each  time  a  planforrr.  parameter,  leach  number  or  reduced  frequency  is 
changed.  The  most  significant  drawback,  however,  is  that  any  method 
of  prediction  based  on  theory  alone  is  always  open  to  question.  In 
the  past  the  principal  technique  of  correlating  theory  with  experi¬ 
ment  has  been  the  use  of  flutter  models  tested  over  a  wide  range  of 
configurations,  iuach  numbers,  and  other  pertinent  parametei s  such  as 
center-of -gravity  location.  The  experimental  results  obtained  from 
these  tests  are  then  compared  with  various  theoretical  predictions 
from  which  an  estimate  is  made  concerning  the  applicability  of  each 
of  the  theories.  Unless  the  difference  between  experimental  and 
theoretical  predictions  are  carefully  scrutinized  in  an  effoft  to 
understand  the  nature  of  the  discrepancies,  the  principal  result 
obtained  is  limited  to  the  determination  of  the  degree  of  conserva¬ 
tism  or  unconservatism  of  the  particular  aerodynamic  theory  used. 

This  knowledge  is  further  limited  or  restricted  to  the  particular 
configuration  and/or  mode  of  flutter  under  consideration.  If,  how¬ 
ever,  the  unsteady  aerodynamic  influence  matrix  is  studied  to  de¬ 
termine  the  most  pertinent  properties,  insight  may  be  obtained  to 
determine  how  the  theoretical  aerodynamics  can  best  be  amended  or 
altered  to  yield  better  flutter  correlation.  The  procedure  which 
the  authors  selected  was  to  isolate  the  steady  state  properties 
from  the  unsteady  and  the  important  irom  tne  unimportant  by  utilizing 
an  indicial  function  approach  and  compatible  axes  transformations. 

This  procedure  has  several  additional  advantages  in  that  the 
reoresentation  of  the  unsteady  aerodynamic  forces  on  analog  com¬ 
puters  is  easily  accomplished  with  simple  circuits.  For  practical 
configurations  of  hypersonic  flight,  where  the  aspect  ratio  is  very 
low  (A  <  1.5) ,  the  most  significant  aerodynamic  properties  are  those 
associated  with  steady  and  quasi-steady  flow.  Fortunately,  the 
"indicia]-  function"  procedure  also  allows  the  analyst  to  utilize 
experimental  measurements  obtained  from  specially  designed  rigid 
force  models  in  such  a  manner  that  the  complete  unsteady  aerodynamic 
influence  coefficient  matrix  is  obtained  for  arbitrary  chordwise  and 
spanwise  distortions. 

The  puroose  of  this  paper  is  to  provide  a  brief  yet  compre¬ 
hensive  dissertation  of  the  basic  principles  involved  together  with 
o  new  excerimental  technique  of  measuring  the  steady  and  quasi- 
steady  aerodynamic  influence  coefficient  matrix  for  hypersonic  low 
aeuect,  ratio  wings.  «» 
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BASIC  CONCEPTS  ON  THE  INDICIAL  FUNCTION  PROCEDURE 


For  simplicity,  consider  first  the  case  of  a  rigid  wing 
having  two  degrees  of  freedom.  Although  structural  or  space  coord¬ 
inates  are  more  often  used  in  flutter  analysis,  the  aerodyanmics  are 
more  naturally  expressed  with  stability  coordinates.  The  use  of  the 
stability  coordinates  facilitates  both  the  indicial  representation  of 
the  unsteady  problem  and  the  replacement  of  theoretical  stability 
derivatives  with  experimentally  determined  values  from  wind  tunnel 
tests.  The  relationship  between  the  structural  and  stability  coord¬ 
inates  (which  are  defined  in  Figure  l)  is  as  follows : 


eC 


0  _  i  dh 
V  dt 


(1) 


where  V  is  the  forward  velocity  and  s  is  the  distance  travelled  in 
chord  lengths  (  Vt). 

s  “  5 

In  addition  to  steady  and  quasi -steady  motions  one  must  ideal¬ 
ize  the  description  of  the  transient  motions  such  that  arbitrary 
transient  behavior  can  be  simulated  accurately.  Of  the  two  represen¬ 
tations  usually  available,  the  indicial  and  the  oscillatory,  the  for¬ 
mer  is  selected  because  it  is  more  easily  adapted  to  the  general 
unsteady  problem  and  unlike  the  oscillatory  representation  is  accurate 
even  when  the  lifting  surface  is  not  in  pure  harmonic  motion.  This 
accuracy  may  be  important  when  the  lifting  surface  is  lightly  damped 
and  appreciable  variations  in  structural  damping  are  present  in  the 
system. 


*  The  generalization  of  the  indicial  representation  requires 
convolution  integrals  of  the  type  t  ,  .  ,->* 

Jcct-r)^LT)dr 

O  A* 
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dw  (t) 

“3S - 


this 


which  can  be  abbreviated  using  the  notation.  C(t)  * 

allows  the  analyst  to  write  a  complete  set  of  equations  for  the  lift 
and  moment  defined  in  Figure  1  as  follows: 

«  *  §  W 

t*r& 


ds  L. 

ra 


f 


M 


ra 


e  v2  S(CL^ (®>  * 

■  |^Sc{<v,  (S)  w*S(s){ 


(3) 


(i«> 


x«c 

ra 


where  L,  M,  ct,  and  q  are  the  lift,  moment,  angle  of  attack,  and 
pitching  velocity  all  relative  to  the  reference  axis,  ra. 

Equations  (3)  and  (Ij),  if  left  in  their  present  form,  are 
difficult  to  work  with,  especially  if  an  analog  computer  is  utilized. 
First,  a  large  number  of  transient  terms  are  required  which  far 
analog  simulation  involves  complexity;  second,  since  many  of  these 
terms  are  equally  important,  their  resulting  effect  when  opposing 
each  other  would  be  inaccurately  represented  due  to  the  analog's 
inherent  limitation  to  measure  the  small  differences  of  large  num¬ 
bers.  Finally,  the  retention  of  physical  concepts,  which  is  one  of 
the  analog's  chief  virtues,  is  difficult  to  achieve. 

In  order  to  circumvent  these  disadvantages,  moments  will  be 
referred  to  the  moment  center  defined  as: 


x0/5  “  -Si  /CL  -V5 

<C  cC 

apex 

and  pitching  effects  to  a  rotation  center  defined  as 


Xx/c 


/CT 


oc 


-  c  /c 
o 


(5) 


(6) 


^apex 

where  the  subscript  apex  refers  to  the  apex  of  the  wing  andc^  is  the 

leading  edge  location.  Using  these  two  centers  the  following  lift 
and  pitching  moment  equations  result: 


(7) 


\  1 
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This  clioice  of  axes  has  the  advantage  of  ma-cing  all  important 
contributions  derivable  from  two  basic  transients,  L^Cs)  ard 

M  (s);  the  remaining  transients,  L  (s)  and  M  (s)  -  M  (oc), 

q  c  Q' 

o  X1  x0  XU 

X1  X1 

both  of  which  vanish  in  steady  flow,  are  generally  small. 

Substituting  of  equations  (7)  and  (3)  into  (3)  and  (U)  and 
collecting  similar  transient  terms  results  in  the  following  express¬ 
ions  : 

L.|PV^{c  (oo)^T  «■>}  <?> 


M  -  c 
ra 


( - r — °)  L  +  |(°v2Sc{cm  (oo)  q  (s)  +  CM  (s)  * 


where 


'doC  ( s)  *1 


£(s)  =  CL  (s)  ^  — 


dq  (s] 
ds 


)  +  S(s)j 


(c„  (.)  -  c„  (oo)  )  .  3a 


The  equations  consist  of  3  basic  aerodynamic  quantities  of 
which  It  are  steady  or  quasi-steady  and  it  are  unsteady;  two  of  the 
four  unsteady  terms  have  been  made  insignificantly  small  for  engi¬ 
neering  purposes.  Cn  the  basis  of  continued  use  of  these  aerodynamic 
equations  the  authors  have  found  that  of  the  remaining  6  significant 
parameters,  two  have  shown  to  be  the  inost  imoortant  in  predicting 
the  stability,  namely  the  lift  curve  slope,  C  ,  and  the  aerodynamic 

center  x  /c . 
o 

STEADY  Ai\'D  QUASI -ST. .ADY  PARAkJTKP.S 

It  should  be  noted  that  all  of  the  steady  and  quasi -steady 
quantities  can  be  determined  experimentally  through  the  proper  use 
of  wind  tunnel  models.  The  commonly  n.easured  quantity  is  CT  ,  the 

lift  curve  slope;  this  quantity  determines  the  order  or  level  of 
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the  aerodynamic  forces  with  respect  to  the  inertial  or  mechanical 


forces  acting  in  the  system.  The  coefficient  C, 


M 


is  not  in  general 


Sc 

*1 

measui'ed  directly  in  wind  tunnel  tests  since  it  is  usually  difficult 
to  separate  out  from  other  aerodynamic  parameters,  especially  if  a 
"damping -in-pitch"  test  technique  is  used.  Although  C. 


M 


is  a 


Sc 


quasi-steady  coefficient,  it  can  be  measured  directly  from  a  steady 
state  test  quite  accurately  using  a  parabolically  cambered  wing 
section.  If  zc  is  the  maximum  parabolic  camber  height,  then  the 
rate  of  downwash  change  in  the  stream  wise  direction  corresponds  to 
the  oitch  rate  as  follows: 


3  2 


=  k  0 


(11) 


-) .  As  indi- 


where  k  is  the  reduced  frequency  of  oscillation,  (k  *=■ 

cated  by  the  subscript  the  corresponding  pitching  moment  must  be 
measured  at  (1)  either  the  aerodynamic  center  corresponding  to  the 
flat  wing  or  (2)  at  an  angle  of  attack  corresponding  to  no  lift  on 


the  wing.  In  other  words  the  C. 


M 


parameter  represents  a  pure 


x 

o 

*1 

aerodynamic  couple  acting  on  the  wing. 


The  quantities  x 


o/5 


and 


X- 


are  respectively  the  optimum 


moment  and  rotation  centers.  The  former  is  probably  the  most  im~ 
oortant  quantity  affecting  the  flutter  stability.  The  latter  on  the 
other  hand  has  been  found  in  practically  all  known  instances  to  be 
relatively  unimportant.  Wind  tunnel  measurements  of  C.  and  C, 


—oC 


.re  used  to  obtain  x  /  m  the  usual  way. 
o/  - 
c 


The  parameter  xu  y  can  be 
c 


obtained  from  the  parabolically  cambered  wing  by  rotating  the  wing 
until  the  lift  vanishes  and  measuring  the  point  on  the  mean  aero¬ 
dynamic  chord  at  which  the  angle  of  attack  is  zero;  this  distance 
when  measured  from  the  leading  edge  is  x-^y _  . 


UNSTEADY  PARAMETERS 


Prior  to  a  discussion  of  the  significance  or  importance  of  the 
unsteady  quantities,  it  is  first  convenient  to  explore  the  various 
methods  available  to  represent  the  indicial  functions.  For  general¬ 
ity  consider  any  aerodynamic  coefficient,  C,  on  a  surface  due  to  an 
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arbitrary  downwash,  w.  If  the  response  due  to  a  unit  change  in  down- 
wash  (herein  after  denoted  as  the  indicial  response)  is  s  )  ,  the 

coefficient  for  any  arbitrary  form  of  w(s)  is 

s 

G  (s)  =  Cw(s)v(o)  +  J  Cw(s-t)  -  dr  (12) 

o 

The  coefficient  C  (s)  can  be  written  (under  certain  limitations  which 
will  be  defined  later)  using  a  series  of  aerodynamic  derivatives  as 


follows: 

C(s)  =  Cwv(s)  *  <1.  *(s)  +  C^&(s)  + .  (13) 

Taking  the  Laplace  transform  of  both  (12)  and  (13)  and  equating  the 
results  gives: 

p  Cw(p)  v(p)  =  (Cw  +  pCh  +  p?C  -  +  w(p)  (lit) 


where  p  =  The  coefficients  of  the  powers  of  p,  namely  C^,  C^, 

G»j  ...etc.,  can  be  substituted  directly  into  the  flutter  determinant 

provided  the  series  converges  rapidly.  If  terms  up  to  and  including 
the  second  derivative  are  included,  closed  form  solutions  for  the 
flutter  dynamic  pressure  and  frequency  are  available,  which  in  turn 
can  lead  to  the  development  of  rational  flutter  index  parameters. 

If  the  series  given  by  equation  (iL.)  does  not  converge  rapidly, 
alternate  prccsedures  must  be  used  which  unfortunately  may  or  may 
not  provide  clear  physical  insight  to  the  prcblsm.  In  order  to 
study  convergence  of  the  series,  assume  that  tie  indicial  function 
Cw(s)  approaches  0^(00)  asymptotically  using  the  following  exponen¬ 
tial  form: 

C  (s)  *  C  (00)  (1  -  ae~’cs)  (15) 

W  W 

From  eq’ia  tior^(lLi) 

P  J  e_PS  [CW“CW(S)]  ds  *  -pC.  -  p‘Ch  . . . -pnCn.  (16) 

c 


or  expanding  in  powgrs  of  p 


0 
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consequently 

P°W(P)  -  cJT-ag  ♦  a(E)2  -  a(g)3  ♦  ...]  (19) 

Examination  of  Eq.  (19)  indicates  that  as  long  as  p  (which  for 
oscillatory  motion  corresponds  to  p  ■  ik)  is  less  than  b,  the  series 
converges.  Consequently  one  can  obtain  reasonably  good  closed  form 
solutions  provided  the  flutter  reduced  frequency  is  somewhat  less 
than  the  indicial  response  decay  rate,  b.  The  most  critical  decay 
rates  occur  at  very  large  aspect  ratios  near  the  speed  of  sound. 
Fortunately  such  wings  are  highly  impractical  from  a  performance 
standpoint.  In  addition  flight  at  hypersonic  speeds  where  the  heat¬ 
ing  problem  requires  prime  consideration  necessitates  the  use  of 
very  high  sweep  angles  which  result  in  extremely  low  aspect  ratios. 
This  trend  substantiates  the  use  of  the  power  series  representation 
in  that  such  configurations  result  in  high  decay  rates  for  the 
indicial  functions. 


The  preceding  discussion  although  qualitive  can  be  made  more 
quanta tive  by  examination  of  the  aerodynamic  indicial  function  prop¬ 
erties  which  exist  in  the  literature.  Consider  first  the  infinite 
aspect  ratio  wing  which,  for  unsteady  aerodynamic  effects,  repre¬ 
sents  the  most  critical  case.  In  Fig.  2  plots  are  given  for  the  four 
indicial  functions  for  a  range  of  Mach  numbers.  From  an  analysis  of 
this  figure  the  following  trends  can  be  observed: 

1.  The  lowest  decay  rate  (b  is  smallest)  occurs 

near  K  *  1.0. 


2.  As  a  result  of  the  optimum  axes  (x0/_  311(1  xl/-) 

c  c 

the  most  important  indicial  function  is  the  normalized  lift  due  to  the 
angle  of  attack. 

3.  The  indicial  functions  Cj^(s)  “  (s)  are 

identical.  This  is  true  not  only  for  infinite  aspect  ratio  but  also 
for  any  wing  whose  mid-chord  line  is  unswept  (and  where  the  prin¬ 
ciples  of  linearized  flow  are  applicable) . 


U.  For  the  power  series  expansion  form  the  first 
term  in  the  series  for  the  (s)  indicial  function  is  an  "apparent 


inertia"  term  (a  8  results  since  the  term  (00)  •  0  and  pq  =  8) , 
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6.  If  the  decay  rate  for  tne  normalized  indicial 
lift  function,  CT  (s)/C  (oo)  satisfies  the  convergence  requirements, 

tnen  the  requirements  for  the  remaining  three  indicial  functions  will 
be  satisfied. 

On  the  basis  of  the  preceding  observations ,the  reciprocal  of 
the  decay  rate,  l/b,  for  the  indicial  lift  due  to  angle  of  attack 
was  plotted  as  a  function  of  Kach  number  and  aspect  ratio  in  Fig.  3. 
The  solid  liiB  represents  information  obtained  from  available  theo¬ 
retical  sources.  The  dashed  line  represents  information  obtained 
from  either  limited  experimentally  deduced  flutter  data  and/or  esti¬ 
mates  from  approximate  aerodynamic  theories.  The  significance  of  the 
decay  rate  parameter,  b,  depends  of  course  on  the  value  of  tne  re¬ 
duced  frequency,  k,  where  a  possible  instability  can  occur.  In 

general,  if  k  =  — V  — -  is  never  greater  than  1.0,  then  for  lcnv 

aspect  ratio  wings  (say  A<  1.5)  the  oower  series  representation  has 
an  excellent  chance  of  applying  throughout  the  complete  bach  number 
regime.  It  is  also  obvious  that  for  large  aspect  ratio  wings  oper¬ 
ating  at  high  subsonic  Kach  numbers  the  series  will  not  converge  in 
the  expected  range  of  reduced  frequencies;  thus  an  alternate  form 
for  the  indicial  functions  is  required  (such  as  a  series  of  exponen¬ 
tials).  Fortunately  for  hypersonic  flight  the  wing  aspect  ratio  will 
be  of  the  order  of  A  =  1.5  or  lower  thus  the  power  series  represen¬ 
tation  can  be  expected  to  be  extremely  useful. 


In  concluding  the  discussion  on  unsteady  parameters  it  is 
worthy  to  note  that  based  on  the  power  series  expansion  representat¬ 
ion  the  only  two  parameters  required  for  analysis  ar 


and  C_.  (s)  indicial  functions, 
in  power  series  form;  e.g. 


the  CT(s)/CT(oo) 
These  two  functions  when  written 


JL,x 


(p) 


O  ) 


=  1 


.°L< 


CT>. 


(20) 


<Xr 


(P) 


+  p  c. 


(21) 


o  0  0 

provide  the  analyst  with  direct  identification  of  the  contributions 
of  the  aerodynamic  damping  due  to  the  unsteady  aerodynamic  terms. 

For  instance,  the  CT  /  CT  and  C,  terms  represent  the  major  por- 


■■'o c 


o 

tions  of  the  damping  when  the  series  converges  rapidly;  for  slow 
convergence  they  represent  at  least  a  major  portion  of  the  aero¬ 
dynamic  damping.  These -two  quantities  (as  well  as  other  terms  of 
the  series)  can  be  plotted  as  a  function  of  liach  number  and  aspect 
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ratio  in  a  systematic  manner.  Typical  trends  are  shown  in  Fig.  h 

f°r  CT  /C  and  C  .  Also  shown  is  the  trend  for  C  which 

LeC  Lot  ri 

x0  % 

X1 

is  directly  comparable  with  the  value-.,  obtained  for  G.t  .  It 


should  be  noted  that  'the  curves  shown  in  Fig.  1*  for  A  >1.5  are  given 
only  to  indicate  trends;  their  applicability  would  obviously  be  con¬ 
tingent  on  the  reduced  frequency  of  oscillation.  The  results  of 
Fig.  U  do,  however,  emphasize  that  the  importance  of  the  unsteady 
effects  is  primarily  limited  to  the  transonic  regime  where  methods 
of  prediction  based  on  the  theory  above  appear  least  likely  to 
succeed.  For  A  <  1.5  the  C  values  are  extremely  small  even  for 


transonic  speeds  (since  the  values  aoparently  are  changing  sign 
through  M  =  1.0)  thus  the  quasi -steady  parameter  C  dominates  for 


A  <  1.5.  Apparently  for  wings  with  AS  1.5,  the  only  unsteady 
parameter  required  for  flutter  analysis  is  the  quantity  C 


and  the  values  of  this  parameter  probably  have  little  effect  on 
the  flutter  stability  since  they  are  inherently  small  to  begin  with. 
Thus  for  wings  designed  for  hypersonic  flight  the  unsteady  para¬ 
meters  have  little  or  no  effect  throughout  the  Kach  number  regime. 

On  this  basis  orimary  exphasis  should  be  given  to  the  accurate 
determination  of  the  steady  and  quasi-steady  aerodynamic  parameters 
and  their  use  in  the  calculation  of  the  flutter  stability. 

APPLICATION  OF  BASIC  CONCEPTS  TO  5PANW1SE  DISTORTION!  * 

Prior  to  treating  the  arbitrarily  distorted  wing,  application 
of  the  principles  previously  described  for  the  case  of  spanwise 
distortions  appears  desirable.  The  extension  is  straightforward; 
one  need  only  replace  each  of  the  properties  encountered  on  the 
rigid  wing  by  a  matrix  of  such  properties  distributed  along  the  span 
of  the  wing.  The  lifts,  moments,  angles  of  attack,  and  pitching 
rates  arc  represented  by  column  matrices;  the  aerodynamics  on  the 
other  hand  are  square  matrices  of  influence  coefficients. 

The  analogous  equations  for  the  lift  and  moment  distributions 
can  be  written  as  follows: 


The  analysis  has  been  presented  in  much  more  detail  in  Ref.  1. 
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5(<J . 


and  also 


ii<*>  cM<vW,^  s)  *^3Cn4Js)  _  *  q(nj,s) 

3  -*■  co  **  c,s  *• 


where  1  ,  m,eC,  and  q  are  running  lifts,  moments,  angles  of  attack, 
and  pitching  velocities  all  relative  to  the  reference  axis,  ra,  and 
the  influence  coefficients  C,  ,  C  ,  C  ,  and  C  are  defined 

V  mq 

as  the  running  lift  or  moment  coefficients  at  >1;  due  to  the  integra¬ 
ted  effect  of  cC  o-r  q  in  the  neighborhood  of  .  The  diagonal 
matrix  c  (  >|^)/c  arises  because  q  is  defined  with  respect  to  tne 

mean  chord  c  rather  than  c  (  ^ • 

The  axes  transformations  must  now  be  made  with  respect  to  the 
local  moment  and  rotation  centers,  i.e. 

XQ(\  )/c(t)  — GmoC^)/CT.cC  -  C0(vl)/C  (  *1  ) 

x-L(>t)/c('i)  =  Gj  (\)/zx  (n)  -  cQ(  n  )/  c(\  ) 

q  * 

If  the  term  Cl<c  (  )/CL  (oo))  is  rewritten  as  a  product 

of  Cl(t  )/Cw(T.,hi,«>  )  and  ('l>,hj,°o)/CL  (oo)  then  the 

equations  are  seen  to  consist  of  ten  basic  quantities  which  are 
listed  below: 
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a-  cL  (oo) 

2.  xo*(  n  )/c  ) 

3.  c(  n;  )ex  (ni(^,oo)/cC  (oo)  =  Q1  ( ) 

<  Lj.  <t 

U.  C„  (oo) 

\ 

o 

*1 

5.  x^  >\  )/c(  ) 

6.  c2(^;  )c(npCM  (n;,Hj,«)/c3CM  (oo)  =  QM  (n./ij,**) 

Sc  Sc  Sc 

Q  O  O 

*i  xi  *i 

7*  S^A;,'5  )/cxJ.*,n- j.®) 

8.  c2(  n.  )c  )/c2 

™oc 

X 

°  2 

9.  c(*j.  )c(»i;  )C-  )/o 

\ 

10.  C2(  1.  )c(yj-  ^  (n-,.>lj,s)  -  C  ^•>S*00^3CM  ^ 

‘Sc  Sc  Sc 

O  C>  o 

*1  *1  *1 


STEADY  AND  QUASI-STEADY  PARAMETERS 

The  parameter  CT  has  been  discussed  previously  for  the 

V 

rigid  wing.  The  parameter  (oo),  although  a  total  coefficient, 

\ 

*1 

must  be  understood  to  be  defined  as  the  integral  of  the  spanwise 
3  3 

distribution  of  cJ(  v»  )C  (  n  )/cr  for  the  planar  case  where  C  (n  ) 

W  ' 

Sc  ^ 

o  o 

x£  x£ 

is  the  local  coefficient  about  the  local  moment  center,  x,  ( n  )/c(n  ), 
due  to  pitching  about  the  local  rotation  center,  x°-(n  )/c(  h  ), 
(where  the  aero  superscripts  refer  to  the  constant  spanwise  mode). 
This  is  not  the  same  as  the  total  moment  coefficient  about  the  mean 
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aerodynamic  moment  center,  x°/c ,  due  to  pitching  about  the  mean 
aerodynamic  rotation  center,  x^/c,  which  is  denoted  as  Cj-  (oo),  or 

q 

equivalently  C£  /C^  ,  in  Ref.  (t)  While  C^(oo)  is  important 

*q  q  q  *  q 

for  stability  considerations,  Cv  (oo)  is  more  closely  associated,  in 


view  of  our  choice  of  local  axis,  xq(  *i  )/c(*i),  to  the  spanwise 
moment  distribution  affecting  the  aeroelastic  behavior. 

The  quantities  xq(  )/c(q  )  and  x^(  q  )/c(  n  )  are  the  local 

moment  and  rotation  centers  for  the  particular  spanwise  deformation 
which  the  wing  is  undergoing.  They  must  not  be  confused  with 

x°(n,)/c(<i  )  and  X^(  »\  )/c(  ),  the  moment  and  rotation  centers  for 

tie  constant  spanwise  mode  which  are  used  to  determine  C  (oo) . 


The  quantities  c(  )ct  ( »\,;>^oo)/cCL  and  c  (*i.)c(*^)c  Ot'jj(*)/c  C  (oo) 

*  *  V  \ 

o  o 

X1  X1 

are  more  familiarly  abbreviated  by  (n.^.oo  )  and  Qm  (*N)>ij,0°  ) , 


the  aerodynamic  influence  coefficients  corresponding  to  CT  and  C 

oc  n 


In  the  absence  of  pressure  measurements  it  is  very  difficult  to 

experimentally  determine  either  Q.  or  Q  .  They  can,  however,  be 

*■  cc  m 


determined  analytically  by  either  the  subsonic  or  supersonic  kernel 
function  Droceedure. 


UNSTEADY  PARAMETERS 

The  quantity  c,  (  T.  .n : . 5  )/c,  (*i;  .sl]>co)  is  the  normalized 

indicial  response  of  the  lift  at  due  to  the  integrated  effect  of 
oc  at  .  A  sketch  of  the  exoected  indicial  response  distribution 
throughout  the  matrix  is  shown  in  Fig.  5.  The  response  of  diagonal 
elements  in  this  figure  have  starting  values  greater  than  one  since 
piston  theory  lift  is  greater  than  the  self  induced  component  of  the 
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steady-state  lift.  Only  for  high  aspect  ratios  is  the  piston  theory 
value  less.  The  responses  of  off-diagonal  elements  involve  time  de¬ 
lays,  the  extent  of  which  depends  on  the  distance  between  the  indi¬ 
vidual  stations.  Calculations  of  the  above  transients,  however, 
would  be  exceedingly  cumber some  and,  furthermore,  their  simulation  on 
an  analog  computer  would  be  next  to  impossible.  Fortunately,  such  an 
approach  is  neither  necessary  nor  logical.  First,  these  transients 
do  not  have  to  be  known  with  great  accuracy  since  they  play  only  a 
secondary  role  in  most  aeroelastic  problems  and  second  it  would  be 
inconsistent  to  determine  them  accurately  when  the  influence  coeffi¬ 
cients  they  modify,  (  c(  »i;)c^T,  ,i^,«»)/cC^(oo)),  have  no  real  physical 

significance.  When  using  such  an  influence  coefficient  approach 
only  the  integrated  effects,  namely,  {Uni<sl}  «  [Q|JV«j  or 


ILC'!;,®)]  -  (_I;  J  LQt  )J  ,  have  any  meaning.  Consequently, 

diagonal  transient  matrices  relating  the  steady  to  the  unsteady  lift 
matrices  should  be  sufficient  to  treat  the  unsteady  problem,  i.e.: 


or 


=  hi  (3)1  I  l<%»)} 
)J  =  |L(u-r<»  )JLtj*(s)1 


(26) 

(27) 


|L(  V 

The  transient  matrix  T.(s)  relates  the  steady  state  spanwise  lift 

distribution  to  its  unsteady  counterpart  while  the  matrix  T  *(3) 

J 

relates  the  total  steady  state  lift  per  angle  of  attack  at  each 
station  to  its  unsteady  counterpart.  To  determine  CT  (s)  one 

Loc 

should  use  some  combination  of  the  above  transient  representations. 
From  a  study  of  reverse  flow  requirements  and  for  moderate  sweep 
the  following  approximation  has  been  found  to  be  extremely  useful: 


K  (  W)]  =  L^^IIX  (nx.n4.-)]L/f  (s)l  (28) 


where  T  is  the  transient  matrix  for  an  unswept  wing.  When  the  sweep 
o 

is  very  large  the  error  of  the  above  approximation  is  difficult  to 
evaluate,  for,  at  present,  very  little  information  on  the  transient 
behavior  of  highly  swept  wings  is  available.  The  transient  effects 
of  narrow  delta  wings,  however,  apoear  to  be  quite  small. 


Host  of  the  effort  at  present  has  been  concentrated  on 
evaluating  T  (s)  for  rectangular  wings.  This  is  sufficient  to  treat 
°i 

a  very  wide  class  of  wings  experiencing  spanwise  distortions  only; 
however,  comparisons  with  results  obtained  from  more  sophisticated 
material,  such  as  the  NASA  Kernel  Function  method,  may  be  necessary 
to  evaluate  the  soundness  of  the  approximations.  Complete  knowledge 
of  the  total  transient  T  (s)  which  relates  CT  (s)  and  CT  (00)  for  a 

0  Lo C  L<c 

range  of  aspect  ratios  is  available;  however  only  scant  knowledge  of 
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the  transient  T  (s)  (which  relates  the  steady  and  unsteady  lift 

distributions)  is  available.  From  an  analysis  of  the  trend  of  the 
total  transients  with  aspect  ratio  for  the  rigid  wing,  one  could 
conclude  that  the  s panwise  transients  behave  similarly,  with  the  more 
outboard  transients  behaving  like  the  total  transients  of  the  lower 
aspect  ratio  wings  since  in  both  cases  three  dimensional  effects 
are  becoming  more  important  resulting  in  an  increasing  percent  of 
spanwise  flow.  An  excellent  measurement  of  the  spanwise  flow  dis¬ 
tribution  is  the  local  aerodynamic  center  which  can  be  determined 
experimentally.  Knowledge  of  this  parade  ter  together  with  a  simple 
correlation  of  the  growth  of  lift  variation  with  aspect  ratio  can  be 
used  to  develop  the  transient  T  (s). 


The  foregoing  analysis  is  intended  primarily  as  a  guide  and 
is  by  no  re  ans  a  unique  approach  to  the  transient  problem;  however, 
the  accuracy  of  the  above  approximations  is  attested  by  a  comparison 
with  the  results  of  Kelson,  Rainey,  and  Watkins.  (See  Ref.  l) . 

The  same  approach  is  also  apoli cable  to  the  less  important  transient 


°  V.  (nw*ii,5)/c2.  The 


and 


c3K  ^.vs) 


2  ,_2 

two  remaining  transients  c  c,  (^phj )/c 

-  C  (*\i)>l-,,®)1need  not  be  considered  at  all 

m  *  J 


X1 


since  they  hare  been  shown  to  be  unimportant  for  all  practical  cases. 


APPLICATION  OF  BASIC  PRINCIPLES  TO  HYPERSONIC  VEHICLES 


The  uncertainties  regarding  aeroelastic  instability  at 
hypersonic  speeds  have  provided  the  motive  for  a  variety  of  investi¬ 
gations.  Since  a  hypersonic  winged  vehicle  must  be  flutter  free  at 
constant  equivalent  airspeed  over  its  complete  Mach  number  regime, 
its  aeroelastic  characteristics  must  be  examined  at  transonic  and 
supersonic  speeds  as  well  as  hypersonic  speeds.  Certain  configura¬ 
tion  and  flight  characteristics  are  identified  with  the  hypersonic 
vehicle  which  heretofore  have  not  required  detailed  consideration 
in  flutter  analysis.  For  instance  the  hypersonic  vehicle  usually 

1,  is  a  very  low  aspect  ratio  configuration  (A  <"  1.5) 

2.  has  large  leading  edge  sweepback  angles,  70°  to  80° . 

3-  has  thick  wing  profiles  (  t/c  =  6%  to  15%) 

i,.  has  blunt  leading  edges 

5.  must  operate  over  a  broad  range  of  angle  of  attack 
(0°s  oc  <  ?0°) 

EVALUATION  OF  AERODYNAi ;IC  PARAMETER-  ON  FLUTTER  CHARACTERISTICS 


As  a  direct  result  of  the  very  low  aspect  ratio  character¬ 
istic  of  hypersonic  vehicles  it  is  first  necessary  to  show  the 
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importance  of  the  chordwise  degrees  of  freedom  in  predicting  flutter. 

A  simple  example  which  illustrates  this  point  is  shown  in  Fig.  6 
where  a  flutter  boundary  is  plotted  for  a  70°  swept  constant  thick¬ 
ness  delta  wing  utilizing  the  semi-rigid  degrees  of  freedom  of  pitch 
and  roll.  The  roll  axis  is  held  at  the  root  while  the  pitch  axis  is 
variable  to  simulate  various  possible  torsion  axis  locations.  Also 
shown  is  the  flutter  point  obtained  for  a  cantilevered  wing  having 
uniform  stiffness  and  mass  with  corresponding  torsion  axis  located 
approximately  at  the  89 ^  root  chord.  The  roll  and  pitch  frequencies 
for  the  flutter  boundary  correspond  identically  to  those  determined 
for  the  cantilevered  wing.  It  is  noted  that  wide  differences  exist 
between  the  two  cases.  These  differences  exist  primarily  from  the 
camber  modes  of  the  elastic  wing.  If  the  root  compliance  for  the 
cantilevered  case  were  changed  to  simulate  the  actual  attachment 
representative  of  fuselage  bending,  then  a  considerable  increase  in 
wing  camber  would  exist  resulting  in  an  appreciable  decrease  in 
flutter  dynamic  pressure  thus  resulting  in  further  differences  with 
the  semi-rigid  wing.  It  is  clear  then  that  the  camber  or  chordwise 
bending  modes  represent  a  first  order  effect  on  the  flutter  character¬ 
istics  of  hypersonic  vehicles.  In  addition  the  aerodynamic  forces 
produced  by  the  arbitrary  distortions  must  also  take  into  account  the 
effects  of  sweepback,  wing  thickness,  blunt  leading  edge,  and  angle 
of  attack  variations. 

Rather  than  explore  each  of  these  effects  separately  by  com¬ 
paring  experimental  flutter  results  with  those  determined  analytically 
using  a  particular  aerodynamic  theory  which  accounts  for  each  or  poss¬ 
ibly  several  of  these  effects  to  some  extent,  an  alternate  analytical 
approach  was  undertaken  whereby  an  evaluation  of  the  steady  and  un¬ 
steady  aerodynamic  effects  on  a  particular  hypersonic  configuration 
was  made.  In  order  to  retain  maximum  insight  only  two  fundamental 
modes  were  assumed  to  dominate  the  flutter  characteristics.  The 
following  simple  equation  for  flutter  equilibrium  is  obtained: 

1  •  (%)**<*“*  ikB~  >}  -  ( 29) 


where 

c is  the  flutter  frequency  (the  subscripts  1  and  2  denote  respectiv¬ 


ely  the  first  ana  second  natural  free  vibration  frequencies) 


A  = 


reduced  frequency, 
qSCT 


tvc 


h 


cr  co; 


In  the  equation  for  A 


q  =  dynamic  pressure  for  flutter 
S  »  wing  area 
M  =  total  mass  of  wing 
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root  chord 


The  aerodynamic  coefficients  A  and  B  are  modalized 

inn  mn 

aerodynamic  coefficients  corresponding  to  natural  modes  2^  and  Jfg 
and  are  defined  as 


hi  ii2]  ,  "i 
hi  hz_  .  m2 


B"ll  S12 
S21  S22 


cv 


In  eauations  (30)  and  (31)  c.  (k)/C  is  the  unsteady  normalized 

CC  ljg 

lift  influence  coefficient  matrix  due  to  arbitrary  angle  of  attack 
over  the  complete  wing . surface ,  whereas  the  diagonal  matrix  I  m_  1 


h 

L  m2 


represents  the  modalized  mass  corresponding  to  modes  if  ^  and  S' 2  as 
follows : 


^  =  Vr  m/M  S' 

L  m2  L  J  L  L  J 


where  M  is  the  total  mass  of  the  wing. 

Once  the  modes  [  if  J  and  their  natural  frequencies  are  well 
defined  from  shake  tests,  the  main  problem  left  for  the  adequate 
prediction  of  flutter  is  knowledge  of  the  aerodynamic  time-dependent 
matrix  c.  (k)/C  .  For  the  purpose  of  evaluating  the  effects  due 


to  the  influence  coefficients  along  the  lifting  surface  as  well  as 
their  frequency  or  time  dependence,  just  consider  the  simplest  form  of 
aerodynamics,  which  fortunately  for  hypersonic  flow  is  the  most 
applicable  representation  -  steady  state  localized  aerodynamics.  For 
further  simplicity  consider  the  wing  to  be  a  constant  density  plate 
where  the  mass  and  local  aerodynamic  forces  are  proportional  to  the 
area  of  the  stations  ( simple  Piston  theory).  On  this  basis  tire 
matrix  given  by  equation  (31)  becomes 


IX]  ■  01 


and  the  non  dimensional  dynamic  pressure  parameter  becomes 

1  -  (  ‘■VuJ2 

A  ■=  - j  ===== - - - 

2  /-A12A21  +  An-  K22 
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the  corresponding  expression  for  the  flutter  frequency  is: 

6j2  -  &  *  ^  ^^"^12^21  *  ^11  ~  ^22^  ^  ^  (35) 

2  /-  A12A21  +  A,,  -  A22 

Thus  the  flutter  speed  is  contingent  primarily  upon  the  knowledge  of 

the  aerodynamic  coefficients  1  and  to  a  minor  extent  on  the  natural 

mn 

frequency  ratio,  (  (unless  the  two  natural  modes  are  very 

close  together).  The  flutter  frequency  on  the  other  hand  does  not 
appear  to  be  very  sensitive  to  the  aerodynamic  coupling  or  the 
frequency  separation;  regardless  of  the  values  ofco^  and  the 

flutter  frequency  should  lie  near,  yet  below  the  value  for .  It 

should  be  noted  that  the  effects  of  camber  dominate  the  A^  matrix  as 

a  direct  result  of  the  matrix  ar/8V  (See  Eq.  30).  When  appreciable 
camber  exists  as  would  be_true  in  the  second,  or  torsion  mode,  of  the 
wing,  the  coupling  terms  A^0  and  A^  can  not  only  change  over  wide 

values  but  also  experience  sign  changes.  Thus  both  the  aerodynamic 

influence  coefficient  matrix  c,  (k)/CT  and  the  mode  [<r;]  can  have 

l<t  L* 

a  Predominant  effect  in  the  calculation  of  the  A  matrix. 

mn 

In  order-  to  examine  the  effects  of  the  aerodynamic  influence 
coefficients  on  the  flutter  characteristics,  equation  (29)  must  be 
solved  in  its  general  form.  However,  it  can  be  shown  that  for  a 
reasonable  distribution  of  the  aerodynamic  influence  coefficients, 
under  steady  state  conditions,  the  expressions  for  the  flutter  dynamic 
pressure  and  frequency,  as  given_by  equations  (3U)  and  (35),  are  still 
valid  provided  the  coefficients  A  are  computed  properly  according 

to  equation  (30).  To  establish  this  conclusion  assume  that  in 
equation  (31)  the  following  relation  exists: 

rw.ir  iT  rc.  /  ir  i  r  m,s,  ~\ 


gjmt  [cvcjH  ■  [  £  r‘«] 

where  the  terms  in  £  will  be  assumed  to  be  no  larger  than  B/2  such 
that  higher  order  terms  in  £  can  be  ignored.  On  this  basis  the 
equivalent  expression  for  X  becomes 

A  =  h  -(&?]('+£> _ 

2  /-Aigl^i  +  An  -  A22 


where 


1  /£\2  Pr~^12^21  ~  /UL^21  ~  ^2^12 


-^12^21  ( 2  /“Ai2ff21  +  ^11  ^22^ 
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In  practice  the  quantity  6  is  quite  small  -  of  the  order  of  a  few 
percent;  consequently  the  relationship  between  the  flutter  dynamic 
pressure  and  the  generalized  aerodynamic  forces  given  by  equation 
( 3U )  is  applicable  for  "influence"  type  aerodynamic  coefficients 
provided  they  are  calculated  by  equation  (30). 


Next  one  can  examine  the  role  of  the  unsteady  aerodynamic 
properties  on  the  dynamic  pressure  for  flutter.  If  the  oower  series 
exoansion  for  c,  (p)/CT  is  used 
<*•  Lot 


c, .. 

Jp  *-  ' 


A  .  . 


P2. 


then  the  expression  for  A  becomes 

>1  -  (  ^)2]  (  »  ►  S.  ) 

X  = 


^  ^~A-|  ^  •»  "  A, 


12  21 


'll 


22 


where 


In  practice  the  quantity  S,  has  been  calculated  to  be  extremely 
small.  Results  on  practical  configurations  to  "axe  have  indicated 
that  S,  at  transonic  speeds  is  of  the  order  of  At.  It  should  be 
noted  that  for  low  aspect  ratio  hypersonic,  wings  one  F  matrix  is 
inherently  very  small  and  could  only  produce  an  effect,  if  at  ail,  it 
transonic  Fact  numbers.  Thus  one  can  conclude  ihat  for  hypersonic 
configurations  the  expression  for  the  flutter  •  vnamic  pressure  given 
by  equation  (34)  represents  an  excellent  approximation  for  the  general 
problem  even  when  unsteady  effects  are  present.  nus  the  familiar 
conclusion  is  reached:  the  steady  state  xeroayr.rmic  influence  co¬ 
efficient  matrix  dominates  the  flutter  cnar&ct  ristics  of  the  hyper¬ 
sonic  vehicle  in  comparison  to  the  effects  produced  by  the  transient 
or  unsteady  aerodynamic  characteristics. 


It  is  significant,  therefore,  to  discuss  he  characteristics 
of  the  generalized  aerodynamic  matrix  A  defined  by  equation  (30). 

Itlli 

For  the  highly  swept  delta  wing,  in  particular,  the  term  -  that 

is  the  energy  put  into  the  second  ?r  torsion  mode  by  the  first  or 
bending  rode  -  is  the  most  significant.  JLthoufh  the  term  is 

equally  important,  it  is  not  nearly  os  sensitive  ;,o  variations  in 
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structural  and  aerodynamic  properties.  Based  on  local  aerodynamic 
or  piston  theory  is  a  small  negative  value.  If  the  pressure  is 

high  at  the  leading  edge,  however,  as  is  the  case  n^ar  bach  1  the  co¬ 
efficient  can  achieve  very  high  negative  values  which  in  turn 

reduces  the  flutter  dynamic  pressure  considerably.  This  result  indi¬ 
cates  the  important  effect  which  the  aerodynamic  center  (particularly 
on  the  outboard  portions  of  the  wing)  has  upon  the  flutter  character¬ 
istics.  Furthermore  the  effects  of  swespback  angle,  wing  thickness 
profiles,  leading  edge  bluntness  and  wing  angle-of -attack  on  the 
and  A^  terms  must  be  studied.  Although  existing  aerodynamic 

theories  provide  some  insight  as  to  how  each  of  these  conditions  will 
affect  the  A  matrix,  it  aDpears  that  an  experimental  aoDroach  which 

can  deter: line  the  steady  state  generalized  aerodynamic  matrix  over  a 
broad  range  of  hach  numbers  and  Reynolds  numbers  is  highly  desirable. 
Such  an  approach  wiij  be  described  in  the  next  section. 

EXPlBImBNTAL  UhTEKKl*.  A':^Cn  OF  AukObi.-.^-  1C  ii-IFLUdn  OJ  COEFFICIENTS 

Invariably  }  the  first  decision  to  be  na  ve  when  analyzing 
dynamic  problems  is  to  selcc4  the  nature  and  number  of  degrees  of 
freedom.  With  problems  involving  motion  of  discrete  particles  or 
point'  masses,  the  theoretical  calculation  of  the  corresponding  aero¬ 
dynamic  forces  leads  t>  set  of  integral  equations  involving  sur¬ 
face  integrals  of  the  system  variables.  The  extreme  complexity  of 
such  an  approach  requires  replacement  of  the  integral  equations  by  a 
matrix  reoresentati.o  utilizing  a  finite  m,mber  of  degrees  of  freedom. 
The  critical  decis  Lor  lies  in  judiciously  selecting  the  degrees  of 
freedom  -  the  criteria  being  whether  the  system  is  compatible  with 
representing  both  the  structural  and  aerodynamic  properties.  For 
instance  one  set  of  degrees  of  freedom  may  be  optimum  for  the  natural 
modes  of  vibration;  completely  different  set  may  be  required  for 
optimum  representation  of  the  aerodynamics,  which  in  turn  may  vary 
as  a  function  of  he c /  number.  Historically, analysts  have  used  either 
the  modal  or  station  representation.  Whereas  the  former  enjoys  a 
simplicity  ir.  mathematical  operations,  the  latter  provides  clearer 
physical  insight  especially  when  trend  studies  are  obtained  utilizing 
the  passive  or  direct  analog  computer.  However  once  a  clear  under¬ 
standing  of  the  physical  problem  is  attained  conversion  of  the 
equations  of  motion  from  discrete  to  modal  or  generalized  coordinates 
is  achieved  by  a  simple  matrix  operation.  Although  the  modes  to  be 
used  can  be  determined  readily  from  the  free  vibrations  of  the 
structure,  the  optimum  choice  of  stations  is  not  so  clear.  For  large 
aspect  ratio  lifting  surfaces  the  "station"  method  does  not  require 
detailed  consideration  of  the  degrees  of  freedom;  usually  five  or  six 
soanwisa  stations  ar  selected,  each  of  which  have  degrees  of  free¬ 
dom  in  pitch  and  plur.ga.  For  very  low  aspect  ratio  delta  type  wings 
tiis  problem  of  sts  .ui  representation  becomes  complicated,  especially 
if  correlation  of  aerodynamic  theory  with  corresponding  experimental 
measurements  is  desired.  Three  typical  representations  for  the: 
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station  method  are  shown  in  Fig.  7.  Considerable  effort  has  been 
spent  in  the  calculation  of  the  theoretical  aerodynamic  forces 
utilizing  a  mesh  of  rectangular  boxes  (see  Fig.  7-A)  each  of  which  . 
represents  a  single  degree  of  freedom  having  uniform  downwash  over 
the  rectangular  area.  This  technique  has  also  been  used  extensively 
in  representing  the  complete  equations  of  motion  of  the  wing  (  as 
well  as  the  aerodynamic  forces)  on  the  direct  analog  computer. 
Regardless  of  the  computing  technique  or  device  used  this  represen¬ 
tation  requires  a  large  number  of  boxes  to  adequately  describe  the 
rapidly  varying  downwashes  in  both  the  chordwise  and  spanwise 
directions.  As  a  result  the  calculation  of  the  aerodynamic  coef¬ 
ficients  by  theory  is  complicated,  requiring  inversion  of  large 
matrices  for  each  environmental  condition,  such  as  Mach  number,  etc. 
Furthermoie  effects  of  angle  of  attack,  wing  thickness,  Reynold's 
number,  large  sweepback  angles,  etc.,  can  not  be  readily  accounted 
for  by  existing  linearized  theories.  Experimental  verification  of 
influence  coefficients  appears  prohibitive  thus  introducing  one  more 
disadvantage  to  this  method  of  station  representation. 

A  second  well  exploited  method  is  the  control  point  tech¬ 
nique;  an  excellent  application  is  the  development  of  the  aerodynamic 
influence  coefficients  by  the  NASA  Kernel  Function  procedure.  This 
method  determines  the  load  distribution  for  downwashes  located  at  a 
network  of  control  points.  This  method,  however,  requires  a  reason¬ 
ably  uniform  distribution  of  the  control  points.  For  the  highly 
swept  delta  wing  rapid  downwash  variations  occur  for  the  second,  or 
so-called  torsion  mode,  of  the  wing  outboard  of  the  70%  span.  For  a 
70°  delta  wing  this  means  that  the  principal  downwash  variations 
occur  over  only  9%of  the  wing  area.  Since  aerodynamic  coupling  be¬ 
tween  the  first  two  fundamental  modes  i®  often  very  sensitive,  (see 
equations  for  A^  and  I^)  failure  to  accurately  describe  this  por¬ 
tion  of  the  wing  will  lead  to  spurious  results.  The  concentration 
of  many  control  points  in  a  small  area,  however,  has  produced  numer¬ 
ical  difficulties  due  to  near -singular  matrices.  Although  this 
problem  may  be  overcome,  or  at  least  alleviated,  by  invoking  double 
precision  accuracy  on  the  digital  computer,  the  impracticality  of 
experimental  correlation  still  exists  as  previously  discussed  for  the 
box  method. 

In  order  to  alleviate  these  restrictions  the  authors  have 
proposed  to  utilize  a  wing  made  up  of  articulated  panels  having 
simple  prescribed  modes  of  distortion  where  the  force  and  center-of- 
pressure  (both  chordwise  and  spanwise)  can  be  easily  and  accurately 
measured  experimentally  using  conventional  three-component  balances. 
For  the  case  of  a  delta  wing  these  panels  consist  of  a  rectangular 
main  panel  and  two  triangular  panels  located  in  front  and  along  the 
side  of  the  rectangular  panel.  A  sketch  of  this  arrangement  is 
shown  in  Fig.  7c.  Through  a  special  arrangement  of  three -component 
balances,  the  force  and  its  chordwise  and  spanwise  center  of  pressure 
location  can  be  interpreted  as  three  uniform  loadings  for  each 
section.  This  loading  distribution  is  represented  by  the  dashed 
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lines  in  Fig.  7c.  By  articulating  each  flap  with  respect  to  the  main 
wing  (which  itself  can  be  rotated  to  provide  an  angle  of  attack) 
tliree  degrees  of  freedom  can  be  obtained  if  only  Dlanar  surfaces  are 
used.  By  providing  each  of  these  panels  with  two  additional  prescrib¬ 
ed  downwashes,  namely  parabolic  camber  and  linear  twist,  each  panel 
will  have  three  independent  downwashes  with  a  corresponding  number 
of  loadings.  Thus  a  comolete  9x9  matrix  of  aerodynamic  influence 
coefficients  can  be  measured  experimentally  throughout  the  Mach 
number  and  Reynold's  number  regime.  Through  such  an  arrangement  an 
optimum  distribution  of  the  boxes  can  be  determined  afore  hand  to 
match  the  free -vibration  modes  of  the  wing  without  compromising  the 
accuracy  of  the  aerodynamic  forces. 

By  locating  the  break  line  of  the  flaps  at  the  t.0%  root  chord 
and  span  locations,  the  three  wing  segments  can  be  generated  from  one 
rectangular  section.  For  example,  see  Fig.  3  where  three  parabolically 
cambered  segments  are  generated  from  a  single  cambered  rectangular 
section.  This  arrangement  is  1  ikewise  applicable  for  the  linearly 
twisted  wings.  Thus  the  generation  of  the  three  panel  downwashes  is 
relatively  simole,  and  more  important,  interchangability  of  the  flat, 
twisted,  and  cambered  sections  enables  the  complete  aerolastic  matrix 
to  be  generated  experimentally  for  a  complete  range  of  Mach  nurtbers. 

By  using  two  values  or  levels  of  cantoer  and  twist,  the  effects  of 
amplitude  can  be  evaluated  experimentally.  This  capability  is 
extremely  desirable  at  hypersonic  speeds  where  wide  ranges  of  angles 
of  attack  and  distortions  due  to  aerodynamic  heating  and  boundary 
layer  thickness  are  possible.  Py  utilizing  flat,  parabolic  camber, 
and  linear  twist  modes,  the  complete  aerodynamic  loading  matrix  is 
obtained  directly  for  the  case  of  pitch-roll  coupling  flutter.  This 
mode  although  not  applicable  for  the  elastic  modes  is  directly 
applicable  for  the  control  surface  modes;  for  instance  the  actuator 
stiffness  requirements  and  optimum  rotation  axis  can  be  determined 
for  all-moveable  canard  or  tail  surface. 


Measurements  of  the  lift,  pitching  moment,  and  rolling 
moment  coefficients  on  each  of  the  three  surfaces,  C  J,  C, J,  CM),  CT2, 

i-l  I*  L  Ij 

0^,2 ,  C|2>  Cj-3>  Ck3 ’  C  |3’  due  10  °f  attack,  camber  and 

twist  of  each  surface,  cC^,  oC^,  c^,  c^,  c^,  t^,  t^,  and  t^, 

results  in  the  following  9x9  aerodynamic  influence  coefficient 
matrix: 


exn 


Ct2 


°F1 

.  °C 


JL1 
oC* « 


"LI 

c-, 
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For  each  vibration  mode  of  the  wing,  the  normalized  deflect¬ 
ion  tf(Xjy)  can  be  approximated  by  a  least  squares  plane  £jirough 
each  wing  panel,  tn  (  r/>  =  1,2,3);  for  Instance  for  the  x  mode 


e  1  x  +  -c  1 

ra  n 


OtD 


In  addition  the  mode  can  be  approximated  by  a  surface  one 
degree  higher  in  x  and  y  such  that  the  steady  state  downwash  will  be 
planar,  i.e. 


2r£(x»y) 


IK*2*1.1** 


(U2) 


or 


—  m  (x.y)  + 

ax  "k  ■  * 


(43) 


Pre-  and  post-multiplying  the  experimentalTaerodynamic  matrix 
T  ^exol  ^  moc*a^  coefficients  £  Tk  ^  results  in  tlie 


exp- 

generalized  aerodynamic  force  matrix. 

[vK  h][  Mjy] 

where  and  P2]  are  defined  as  follows: 


(U*) 


f'H1a1a1o1  D  1  Q  1  -1,1.1  1 

(^2  do  o  o  f 


[h]  = 


2  3  1  2  3  1  2  3 


V 


.  .  i  .  i  .  i  Q  i 

Ld1  dg  -dj  ei  •  •  •  • 


3  J 


(1*5) 


M  = 


r.i.i.iwi.1,,1,  1,1,1 

ho 


gl  g2  g3  **1  h2  “3 


L  sl  g21  g3i'  \  * 


H  V  *3 


J 


(1*6) 
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The  quasi-steady  contribution  to  the  generalized  force  can  be 

determined  from  the  Qc  1  matrix  as  follows: 

exp 


quasi-steady  =  lk[  Tl][Cexp][  T1 


(147) 


The  unsteady  form  of  the 


ratrix  can  not  be  obtained 


experimentally ;  however  from  the  results  previously  presented,  the 
unsteady  effect  on  the  flutter  characteristics  is  negligible.  Thus 
the  ability  to  predict  the  flutter  characteristics  will  depend  more 


on  the  accuracy  of  the  steady  and  quasi-steady  measurements  than  on 
the  theoretical  estimates  of  the  unsteady  contributions. 
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s  ,  Chord  Lengths  Travelled 

Figure  2  -  AERODYNAMIC  INDICIAL  FUNCTIONS  FOR  INFINITE  ASPECT  RATIO  WING 
(a)  Normalized  Lift  Due  to  Angle  of  Attack 
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Mach  Number 

Figure  3  -  RECIPROCAL  OF  DECaY  AaTE  FOR  INDICIaL  LIFT 
DUE  TO  ANGIE  OF  ATTACK 
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COMPARISON  OF  FLUTTER  FOR  SEMI-RIGID  (PITCH-ROLL)  AND  CANTILEVERED  ELASTIC  WING 
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SUMMARY 

The  present  paper  presents  a  simple  modification  to  existing  subsonic 
low-aspect-ratio  theory  which  renders  it  suitable  for  useful  applica¬ 
tion  to  delta-type  wings.  The  proposed  method  retains  the  inherent 
simplicity  of  very  low -aspect -ratio  theory,  extends  the  applicable 
range  to  include  higher  aspect  ratio  surfaces,  and  incorporates  the 
effects  of  compressibility.  Specifically,  delta  wings  of  aspect 
ratios  up  to  4.0  are  investigated  for  various  Mach  numbers  up  to 
M  =  1.0. 

Following  the  derivation  of  the  correction  factor  which  is  based  on 
known  steady-state  parameters,  the  modified  theory  is  applied  to  both 
rigid  and  flexible  delta  wings.  The  rigid  wing  results,  which  cover 
both  steady-state  conditions  and  rigid-body  motion,  are  compared  with 
other  theoretical  values  as  well  as  with  experimental  data  ..  ..Finally, 
two  methods  of  applying  the  modified  theory  to  the  aeroelastic  inves¬ 
tigation  of  flexible  delta  surfaces  are  indicated.  Again,  comparisons 
with  other  theoretical  results  are  made  and,  in  all  cases,  experimentaL 
flutter  data  are  utilized  to  help  determine  the  validity  of  the 
present  theory. 

In  view  of  its  simplicity,  the  ensuing  rapidity  of  application -.and 
the  degree  of  accuracy  obtained,  it  is  concluded  that  this  modified 
theory  can  be  a  useful  tool  for  the  preliminary  design  engineer. 
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SYMBOLS 


Aj>  k 

% 

AR 

b„ 


boso 


c 

cp 

cl 

CM 

CPr 

CP 

F 

j, J,k,K 

M 

n 

A-  p 

q. 


u 


X 


xo 


y 

z 


Power  series  coefficients 

Fourier  series  coefficients 

Aspect  ratio 

Root  semichord 

Wing  semispan 

Root  chord 

Center  of  pressure 

Lift  coefficient 

Lift  curve  slope 

Moment  coefficient 

Damping -in-roll  coefficient 

Pressure  coefficient 

Chordvise  correction  factor  constant 

Summation  indices.  Also  k  =  reduced  frequency. 

Mach  number 

Chordvise  correction  factor  exponent 
Pressure  difference 
Dynamic  pressure 
Generalized  coordinates 

Wing  area 

A_i  rspeed 

Downwash  velocity 
Chordwise  coordinate 
Pitch  axis  location 
Spanwise  coordinate 

'vertical  translation  displacement 
Angle  of  attack 


£60 

i 

if 


le •;  rl  semi  spar: 

bo 

Amplitude  of  motion  (z/iy  for  vrtic&i.  translation 
for  pitching) 

Frac  uior.  of  semispar 
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Polar  coordinate  -  zos~i-  y(x) 

(5(xT 

Air  density 

Disturbance  velocity  potential 
Natural  vibration  mode  „hape 
Circular  frequency  of  simple  harmonic  motion. 

INTRODUCTION 


The  appeal  of  very  low  aspect  ratio  theory  as  an  aerodynamic  tool  nas 
long  been  recognized,  but  almost  all  attempts  at  useful  application 
have  been  thwarted  by  its  inability  to  give  reliable  results  for  other 
than  extremely  low  aspect,  ratio  surfaces.  Nevertheless,  its  utter 
simplicity  and  ease  of  application  is  a  continual  temptation,  partic¬ 
ularly  to  the  preliminary  design  engineer  who  frequently,  in  the  eyes 
of  The  purist,  resorts  to  brutal  approximations  in  early  stages  of 
design . 

The  purpose  of  the  present  paper  is  tc  indicate  a  correction  factor 
injection  which  can  give  bhe  old  theory  new  life  and,  in  fact  allow 
extension  of  very-low-aspect  ratio  theory  to  permit  aeroelastic  in¬ 
vestigation  '  of  delta-type  surfaces  of  aspect  ratios  up  to  4  ) .  In 
the  application  of  this  modified  theory  Mach -number  effects  are 
accounted  for  either  hv  Introducing  a  compressibility  factor  such  as 
Prar.dtl-GIaaert  or,  alternately,  by  letting  these  effects  be  inher¬ 
ently  contained  within  the  proposed  correction  factor. 

DdFIVAfTON  OF  TED  CHPRDWTSS  J0RR5CTI0N  FACTOR 

fhe  mathematical  representation  of  o  low -aspect -ratio  lifting  surface 
_s  given  in  Fig.  1  where  the  : cord irate  transformation  between  y  and 
:  uU'C  idic&ted.  Although  the  theory  is  not  restricted  to  tri¬ 
angular  wings,  this  ,..s  the  only  type  which  is  considered  in  this 
■-O  velopment . 


-0“ 

? 

i 


Before  preceding  with  the  modified  .heory,  we  will  review  the  basic 
steady-state  theory  of  R.  T.  lores-*-  A  lov-aspeo  'q -ratio  triangular 
wing  is  shown  in  Fig.  P  together  with  the  familiar  Jones'  pressure 
distribution  associated  with  this  type  of  wing.  The  corresponding 
chordwise  >.ift  distribution  obtained  as  a  result  of  integrating  the 
pressure  distribution  of  Fig.  2  is  subsequently  shown  in  Fig.  J. 
While  the  simplicity  of  this  particular  theory  is  apparent,  so  is  the 
glaring  violation  of  the  Xuttn  condition  which  allows  no  pressure 
difference  at  the  wing  trailing  edge.  Another  contradiction  is 
evident  Ir.  that  the  lift  distribution  and, hence,  the  center  of 
pressure  is  fixed  regardless  ,f  wing  aspect  ratio. 

Oiv  me  Thou  of  partially  overcoming  he  above  objections  to  Jones' 
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theory  was  proposed  in  1955  "by  Laidlaw  and  Halftaan  who  suggested  a 
chordwise  multiplier  of  the  form  1  -  (x/c)^  .  Applying  this 
factor  changed  both  the  lift  magnitude  and  the  center  of  pressure 
location,  and  at  the  same  time  satisfied  the  Kutta  condition  as  indi¬ 
cated  in  Fig.  3-  This  correction  provided  marked  improvements  both 
in  the  prediction  of  pressure  distributions  and  in  the  results  of  a 
particular  flutter  example.  The  shortcomings  of  this  correction 
factor  are  shown  in  Fig.  4  where  it  is  seen  that  vrhile  more  realistic 
values  of  Cp.,  3  and  center  of  pressure  location  Xcp  3>  4  are  attained, 
the  aspect  ratio  range  of  applicability  is  quite  restricted.  The 
band  on  the  center  of  pressure  graph  indicates  a  typical  variation  of 
data  in  the  literature. 

Nov  a  simple  variable  factor  can  be  derived  which  will  simultaneously 
give  the.  correct  lift  curve  slope  (Cp^  )  and  the  proper  center  of 
pressure  location  (xcp)  for  a  triangular  wing  of  any  given  aspect 
ratio.  This  proposed  factor  is  of  the  form  F(l-x./c)n  where  P  is  a 
constant  multiplier  which  adjusts  the  lift  amplitude  to  give  the 
correct  Cp^  and  the  exponent  n  prescribes  the  chordwise  lift  dis¬ 
tribution  in  such  a  manner  as  to  produce  the  desired  xct)_  Fig.  5 
indicates  how  the  foreknowledge  of  both  Cp^  and  xCp  as  just  indi¬ 
cated  in  Fig.  4,  may  be  used  in  conjunction  with  the  Simple  lift  and 
moment  equations  to  determine  the  factors  F  and  n.  Sample  results  of 
application  of  this  factor  arc  shown  in  Fig.  6  where  the  modified 
chordwise  lift  distribution  for  wings  of  various  aspect  ratios 
(AR  =  1.6,  2.4,  3-7 ,  and  4.0)  are  indicated.  Jones'  unmodified  theory 
and  the  Laidlaw  w/p„(x/c)^  modification  are  included  for  comparison. 

STSADY -STATE  PR3JSURL  DISTRIBUTIONS 

Since  the  F(l-x/c)rl  correction  modifies  only  the  chordwise  lift  dis¬ 
tribution,  the  question  of  now  it  affects  the  pressure  distributions 
across  the  surface  is  of  interest.  Returning  to  the  work  of  R.  T. 
Jones^  the  application  of  the  correction  factor  gives  the  modified 
pressure  distribution  as, 


To  obtain  an  experimental  check  on  the  present  theory,  pressure  data 
was  taken  .from  the  results  of  wind  tunnel  tests  of  two  delta  wing 
models'5  J.  For  comparison  with  other  theory  the  pressure  distribu¬ 
tion  has  been  calculated  for  these  two  wings  using  a  Boeing  digital 
program^  which  is  based  on  the  lifting  surface  theory  of  Kuchcmann. 
Fig.  7  shows  both  the  theoretical  and  experimental  chordwise  pressure- 
distributions  for  various  span  stations  of  a  delta  wing  of  AR  =  2.0. 
This  particular  data  Indicate  that  the  effect  of  the  proposed  modifi¬ 
cation  is  most  pronounced  near  the  wing  tip  where  the  total  local 
chord  is  near  the  wing  trailing  edge.  Another  delta  wing  of  AR  1.0 
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is  presented  in  Fig.  8  where  this  time  the  pressure  distributions  are 
plotted  spanwise  at  various  positions  along  the  root  chord.  Except 
near  the  trailing  edge  the  modified  theory  provides  very  good  corre¬ 
lation  with  experimental  values.  It  should  be  noted  that  the  modified- 
low -aspect-ratio  values  shown  here  can  be  hand  calculated  for  both 
wings  in  about  an  hour.  The  other  theoretical  points  were  obtained 
from  about  5  minutes  of  machine  time  on  an  IBM  70**-  digital  computer. 

D3V3LOPMEMT  OF  THE  PRBaSURS  EQUATION 

This  development  follows  that  given  in  Ref.  8  (p.  h03)  from  which  the 
key  equations  have  been  reproduced  in  Fig.  9-  Here  it  can  be  seen 
that  if  the  disturbance  velocity  potential,  ,  is  known,  the 

pressure  difference,  ^  p  ,  can  be  determined.  Assuming  that  the 
spanwise  downwash  distribution,  v(x,y,t),  can  be  expressed  as  a 
Fourier  series,  the  corresponding  disturbance  velocity  potential 
which  is  required  to  solve  for  the  pressure  difference  is  likewise 
representable  in  series  form.  Ribner9  has  previously  indicated  a 
similar  series  representation  for  the  velocity  potential. 

From  this  point,  then,  the  present  extension  retains  the  first  four 
terms  in  the  downwash  series  and  develops  the_ re  suiting  expression 
for  the  pressure  difference.  In  order  to  transmit  some  understanding 
of  the  physical  meaning  of  the  terms  in  the  downwash  series,  let  vis 
examine  the  first  or  constant  term  aD.  Starting  then,  with  the  known 
spanwise  downwash  distribution  (a  constant)  and  methodically  follow¬ 
ing  through  the  equations  in  Fig.  10  leads  ultimately  to  the  pressure 
equation  which  proves  to  be  the  previous  result  of  R.  T.  Jones-*-. 

Without  repeating  the  mathematical  development,  the  next  three  down- 
wash  terms  are  taken  separately.  For  each  term  the  resulting  down- 
wash  shape,  together  with  the  associated  pressure  distribution,  is 
illustrated  in  Fig.  11.  The  second  or  linear  term  is  associated  with 
rolling  motion  and  again  produces  a  familiar  pressure  distribution. 

RIGID  BODY  DERIVATIVE 

A.  Pitching  and  Vertical  Translation  Motions 


In  the  consideration  of  both  pitching  and  vertical  translation 
motions  the  angle  of  attack  across  any  rigid  spanwise  strip  is 
constant  and,  therefore,  only  the  first  downwash  term  need  be 
considered.  With  the  wing  in  motion  the  unsteady  part  of  the 
disturbance  velocity  potential,  ,  must  be  included.  The 

unsteady  downwash  associated  with  any  wing  motion  can  be  divided 
into  slope  and  velocity  components,  w  =  U  . 

With  this  downwash  term  inserted  into  the  pressure  equation,  an 
integration  on  the  spanwise  direction  produces  the  chordwise 
lift  distribution.  A  second  appropriate  integration  chordwise 
with  the  F(l-x/c)n  factor  will  provide  either  the  complex  lift 
or  the  complex  moment  about  some  specified  axis.  These  in  turn 
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can  be  described  in  coefficient  form  as: 


Cl  =  ly-  + 

Cm  =  m  +  ikm  ^ 

where  =  z/b0  for  vertical  translation 
=  OC  for  pitch 

he  delta-wing  derivatives  for  specific  values  of  lift  curve  slope, 
;L  ,  center  of  pressure  location  Xcp  and  reference  axis  xQ  are 
Rted.  in  Fig.  12.  The  total  lift  ana  moment  coefficients  can  be 
alternately  expressed  in  amplitude /phase -angle  form  for  compar¬ 
ison  with  previously  published  data^C.  Such  comparisons  of 
/arious  theories  with  experimental  wind  tunnel  results  for  delta 
wings  of  AR  =  2-31  and  AR  =  1.07  are  shown  in  Figs.  13  through 
16  respectively .  The  lift  curve  slope  and  the  center  of  pressure 
location  used  in  calculating  the  modified -theory  derivatives  were 
taken  from  Fig.  1. 


3.  Damping  in  Roll 


Pure  rolling  motion  produces  an  anti -symmetric  linear  downwash 
distribution  w  -  py,  with  "p"  being  the  angular  rolling  velocity. 
Integration  of  the  corresponding  pressure  equation  with  no 
correction  factor  yields  the  unmodified  damping -in -roll  deriva¬ 
tive  of  Ribner9,  Cpr  =  TT  AR/32.  This  curve  is  shown  in  Fig.  17 
which  is  taken  directly  from  Ref.  3  (p.  688).  The  results  of 
the  present  modified  theory, 


'Pr 


(•v.p/c)^ 

~  xcp/° 


are  also  plotted  here  for  comparison  with  Lawrence's  theory  and 
the  three  experimental  values.  The  band  corresponds  to  the 
center  of  pressure  band  as  previously  presented  in  Fig.  U.  The 
fact  that  the  modified  theory  gives  lower  values  than,  that  of 
Lawrence  for  wings  with  the  same  .Lift  cur ’re  slope  and  center  of 
pressure  location  is  probably  the  result  of  the  pressure  reduc¬ 
tion  induced  at  the  wing  tips  by  the  (l-x/c)n  correction  factor. 


SURFACES  DEFORMING  IN  ARBITRARY  DEFLECTION  SHAPES 


The  procedure  for  calculating  the  pressure  (and  lift)  distributions 
on  the  flexible  wing  follows  along  the  lines  previously  outlined  for 
the  rigid  wing  but  incorporates  the  first  four  terms  in  the  spanwise 
downwash  representation.  Although  the  retention  of  these  extra 
terms  leads  to  more  lengthy  mathematical  expressions  than  have  thus 
far  oeen  indicated,  the  complexity  is  still  restricted  to  a  composite 
of  simple  trigonometric  functions.  In  addition,  as  a  result  of 
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subdividing  the  wing  into  grid  sections  in  order  to  account  for  botn. 
spanwise  and  chordvise  flexibility,  the  required  mathematical  manipu¬ 
lation  is  most  easily  handled  by  matrix  techniques.  Two  separate 
methods  of  applying  the  present  modified  lov-aspect-ratio  theory  to 
flexible  wings  have  been  developed.  For  discussion  purposes  these 
methods  will  be  denoted  as  the  cell  method  and  the  power  series 
method. 


A.  The  Cell  Method 

This  method  was  originally  developed  for  application  to  a  direct 
analogy  electric  analog  computer  which  would  provide  the  deflec¬ 
tions  and  slopes  needed  for  the  lift  equations  at  specified 
points  on  the  wing  surface.  However,  the  examples  in  this  paper 
which  utilize  the  cell  method  have  all  been  solved  on  high  speed 
digital  equipment.  Furthermore,  while  the  selection  of  both  grid 
size  and  number  is  arbitrary,  all  integrations  presented  herein 
were  carried  out  on  a  half -wing  rectangular  grid  of  six  equa1 
divisions  in  both  spanwise  and  chordwise  directions.  In  Fig.  13 
this  rectangular  grid  is  compared  with  the  radial  grid  which  i. 
discussed  later  in  the  power  series  method.  In  solving  for  the 
pressure  difference  spanwise  integrations  are  made  across  the 
cells  in  a  given  spanwise  strip  of  width  A.  x  with  the  assumption 
that  the  downwash  and  all  of  its  derivatives  maintain  a  constant 
value  across  any  individual  grid  section.  The  form  of  the  lift 
equation  which  results  are  shown  in  Fig.  19,  where  the  lift  is 
seen  to  depend  on  wing  deflection  and  its  derivatives  in  both 
spanwise  and  chordwise  directions.  Finally,  the  expression  for 
the  generalized  force  in  its  conventional  form  employing  vibration 
mode  shapes  as  generalized  coordinates  is  also  shown  here. 


Regardless  of  the  aerodynamic  theory  used,  the  mode  shapes  are 
assumed  to  be  given  in  terms  of  the  vertical,  deflections  at  dis¬ 
crete  points  on  the  wing  surface.  In  order  to  define  the  deflec¬ 
tion  and  all  its  necessary  derivatives  at  specific  locations  as 
required  by  a  particular  aerodynamic  theory,  it  is  further 
assumed  that  the  actual  shape  can  be  approximated  by  a  power 


series  of  the  form, 

z(x,y) 


5  -  0  k  =  0 


This  can  be  written  in  matrix  form  as: 

M  =  LA  M 

Where  [B]  is  a  matrix  of  all  the  desired  powers  of 
x  and  y  for  each  point  and  £a~|  is  the  matrix  of 
power  series  coefficient,  as  determined  by  a  least- 
squares  procedure. 
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Multiplication  by  operator  matrices  will  then  produce  any  re¬ 
quired  derivatives  (dz/dx  for  example). 

B.  The  Power  Series  Method 


This  method  utilizes  known  deflection  shapes  over  a  wing  surface 
in  order  to  generate  generalized  airforces,  and  is  presented  here 
in  condensed  form.  Fig.  20  presents  a  general  review  of  the 
mathematical  procedure  of  this  method.  Assuming  that  the  wing 
deformation  can  be  expressed  in  terms  of  its  natural  vibration 
mode  shapes  the  downwash  can  be  written  as  shown  here  for  the 
case  of  simple  harmonic  motion.  These  mode  shapes  can,  in  turn, 
be  represented  by  a  two-dimensional  power  series  as  selected  by 
a  least-squares  fit  of  the  input  mode  shapes  over  the  wing  surface. 
With  the  deformed  shape  of  the  wing  thus  described,  it  now  re¬ 
mains  to  determine  the  associated  pressure  distribution.  To 
accomplish  this  the  spanwise  variation  of  downwash  is  again 
allowed  to  assume  the  form  of  a  Fourier  series  as  in  Ref.  8.  Thus, 
with  the  given  deflections  expressed  in  terms  of  a  power  series, 
the  corresponding  Fourier  coefficients,  ari)  which  are  required 
for  the  determination  of  the  pressure,  can  be  written  as  a  func¬ 
tion  of  wing  geometry  and  the  power  series  coefficients,  Aj 
Having  determined  the  an  coefficients  the  disturbance  velocity 
potential,  in  conjunction  with  the  chordwise  correction  factor, 
results  in  the  pressure  difference  equation  shown  in  Fig.  20. 

This  pressure  equation  can,  in  turn,  be  extended  to  form  the 
generalized  forces  for  the  flutter  equations  of  motion.  In  the 
present  application  of  this  method  the  radial  grid  of  Fig.  18  was 
-  -selected  for  integration  purposes,  and  the  first  four  terms  in 
the  Fourier  downwash  representation  were  again  retained. 

MACH  NUMBER  CORRECTIONS 


The  principal  effects  of  Mach  number  on  a  lifting  surface  are  to  alter 
its  lift  curve  slope  and  to  shift  the  center  of  pressure.  If  these 
variations  with  Mach  number  are  known  for  a  typical  wing  as  shown  in 
Fig.  1,  the  F  and  n  factors  can  then  be  calculated  and  the  F(l-x/c)n 
correction  factor’  provides  an  extremely  easy  method  of  incorporating 
Mach  number  effects.  An  alternate  method  of  accounting  for  Mach 
number  changes  is  to  introduce  a  compressibility  factor  such  as 
Prandtl-Glauert  to  the  airforces  after  they  have  been  calculated. 


RESULTS  AND  DISCUSSION 


A  variety  of  delta  wings  which  had  been  flutter  tested  were  selected 
for  trial  application  of  the  modified  theory.  Some  of  the  flutter 
tests  included  a  sweep  of  Mach  number,  while  others  provided  only  one 
flutter  point.  Fig.  22  shows  the  results  of  applying  the  modified 
theory  to  a  45°  delta  wing  (AR  =  4.0)  previously  considered  by  Hsu 


and  Weatherill-^.  In  the  present  study  the  first  three  vibration 
modes  employed  were  calculated  from  given  mass  and  stiffness  data' 
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Mach  number  effects  were  introduced  by  assuming  the  variation  of  lift 
curve  slope  and  center  of  pressure  indicated  in  Fig.  22.  In  this 
example  all  flutter  velocities  are  predicted  within  10$  of  experi¬ 
mental  values  and  except  for  the  highest  Mach  number  the  frequency 
correlation  is  within  20$.  Also  shown  here  is  the  marked  improvement 
in  the  Hsu  method  flutter  results  which  accompanies  the  use  of  calcu¬ 
lated  mode  shapes  rather  than  assumed  modes  as  was  done  with  reser¬ 
vation  in  Ref.  10. 

The  time  advantage  of  the  modified  low-aspect -ratio  theory  over  an  un¬ 
steady  lifting  surface  theory  becomes  evident  when  airforce  calcula¬ 
tions  for  comparative  studies  are  made.  To  obtain  Mach  number  con¬ 
vergence  for  one  condition  with  the  Hsu  program  three  different  Mach 
numbers,  which  required  a  total  of  four  hours  of  high  speed  digital 
computer  time,  were  considered.  In  contrast,  the  modified-theory 
airforces  for  a  specific  flutter  condition  are  machine  calculated  in 
five  minutes. 

Fig.  23  presents  a  comparison  of  theoretical  and  experimental  flutter 
results-*--  for  a  70°  flat  plate  delta  wing  (AR  =  1.46)  as  Mach  number 
is  varied.  One  Hsu  solution  and  one  power-series  solution  are  in¬ 
cluded  for  comparison,  and  all  methods  used  the  four  deflection  mode 
shapes  as  given  in  the  report.  Here  the  modified-theory  flutter 
speeds  obtained  with  assumed  lift  curve  slope  and  center  of  pressure 
variations  overestimate  at  low  Mach  number  and  underestimate  at  the 
higher  values.  Accuracy  in  velocity  prediction  for  this  wing  is 
within  10$  while  flutter  frequencies  fall  within  12$  of  experimental 
values . 

Finally,  Fig.  24  summarizes  the  results  from  three  other  delta  wings1 3, 
The  power  series  method  is  applied  to  all  three  wings  in  conjunction 
with  the  admittedly  severe  Prandtl-Glauert  Mach  number  correction. 

Here  the  calculated  flutter  velocities  correlate  well  with  experiment 
but  the  corresponding  flutter  frequencies  are  too  high.  Application 
of  the  cell  method  to  one  of  the  wings  with  different  values  of  lift 
curve  slope  and  center  of  pressure  provides  some  improvement. 

CONCLUDING  REMARKS 


It  is  felt  that  while  values  of  lift  curve  slope  and  center  of  pres¬ 
sure  can  be  judiciously  assumed,  greater  accuracy  can  be  attained  by 
using  experimental  static  values  from  a  rigid  test  article . 

While  the  proposed  modification  to  low-aspect-ratio  theory  was  orig¬ 
inally  developed  in  an  attempt  to  provide  a  rapid  means  of  making 
qualitative  trend  studies,  results  obtained  to  date  give  acceptable 
quantitative  information  as  well.  Considering  the  accuracy  obtained 
and  noting  the  time  savings  effected,  it  is  concluded  that  the  modi¬ 
fied  theory  can  be  a  useful  tool  in  the  preliminary  design  of  flexible 
delta-type  surfaces. 
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Figure  1  -  Low -Aspect-Ratio  Planform 


Figure  3  -  Chordwise  Lift  Distributions 


Figure  4  -  Variations  of  C,  and  x  With  Aspect  Ratio 
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Figure  5  -  Derivation  of  n  and  F  Factors 


Figure  6  -  Modified  Chordwise  Lift  Distributions 
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Figure  7  -  Chordwise  Pressure  Distribution  on  an  AR  =2.0  Delta  Wing 
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RETAINING  FIRST  DOWNWASH  TERM 

w  =  fa„  =  constant 
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igure  10  -  Illustration  of  First  Downwash  Te 
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Figure  12  -  Vertical  Translation  and  Pitching  Motion  Derivatives 
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igure  13  -  Lift  and  Pitching  Moment  Amplitudes  and  Phase  Angles  for  Vertical 
Translation  Motion.  Delta  Wing,  Aspect  Ratio  =  2.  31 
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Figure  14  -  Lift  and  Pitching  Moment  Amplitudes  and  Phase  Angles  for  Pitching 
Motion.  Delta  Wing,  Aspect  Ratio  =  2.  31 


Figure  15  -  Lift  and  Pitching  Moment  Amplitudes  and  Phase  Angles  for  Vertical 
Translation  Motion.  Delta  Wing,  Aspect  Ratio  =  1.07 


d  Pitching  Moment  Amplitudes  and  Phase  Angles  for  Pitching 
Motion.  Delta  Wing,  Aspect  Ratio  =  1.07 


omparison  of  Damping-in-Roll  Coefficients 


Typical  Aerodynamic  Grid  for  a  Flexible 
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Figure  19  -  Form  of  the  Cell  Method  Equations 


WITH  i  =  ,  THE  DOWNWASH  IS 

w(x,y)=j[iwi(x,y)+U  (i.w§(x,y)  +  U 

LET  §(x,y)=£  g  AjjixV  WHERE  y=v*  cose 

jso  h^o  7  H 
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Figure  21  -  Typical  Variations  of  CL  and  x  With  Mach  Numbe 


Figure  22  -  Comparison  of  Experimental  and  Theoretical  Flutter  Results  for  a  45 

Delta  Wing 
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A  COMPARATIVE  EXPERIMENTAL  AND  THEORETICAL 
STUDY  OF  THE  FLUTTER  OF  FLAT  PANELS  IN  A  LOW 
SUPERSONIC  FLOW  * 


M.  H.  Lock  and  Y.  C.  Fung 
California  Institute  of  Technology 
Pasadena,  California 


Abstract 


A  series  of  panel  flutter  experiments  were  performed  in  the 
GALCIT  transonic  wind  tunnel.  The  preflutter  panel  motion  and 
the  motion  during  flutter  were  studied  in  detail.  Flutter  boundaries 
were  obtained  between  Mach  numbers  1.  15  and  1.5.  Three  analyti¬ 
cal  studies  of  the  flutter  phenomenon,  based  upon  conventional  as¬ 
sumptions,  are  presented  which  facilitate  comparison  between 
theory  and  experiment.  A  detailed  comparison  between  the  theoret¬ 
ical  and  experimental  results  reveals  considerable  disagreement 
in  the  flutter  boundaries  at  supersonic  Mach  numbers  less  than  1.4. 
The  agreement  between  theory  and  experiment  improves  at  the 
higher  Mach  numbers.  The  theory  appears  to  be  overconservative 
for  the  prediction  of  flutter  boundaries  at  the  lower  supersonic 
Mach  numbers.  A  possible  cause  of  this  inadequacy  of  the  theory 
is  discussed. 


*This  research  was  supported  by  the  United  States  Air  Force, 
through  the  Office  of  Scientific  Research  of  the  Air  Research 
and  Development  Command. 
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LIST  OF  SYMBOLS 
Plate  semi-chord 


B  , 


Amplitude  of  the  static  deflection  of  the  plate  (see 
Section  2.2.) 


f(«u) 


Power  spectrum  of  the  response  of  the  plate 


Structural  damping  coefficient 


Plate  thickness 


M 


cj  l !> 

*  ,  reduced  frequency  of  flutter 

*  stiffness  parameter 

u 


Mach  number  of  the  flow 


f>(x,oU)  Aerodynamic  pressure  induced  by  the  deflection 
Z  acting  upon  the  upper  surface  of  the  plate 

ct 


R, 


Energy  contribution  per  cycle  at  flutter  arising  from 
the  integral  term  in  equation  1 


Energy  contribution  per  cycle  at  flutter  arising  from 
the  8Z^/0x  term  in  equation  1 


Rr 


Energy  contribution  per  cycle  at  flutter  arising  from 
the  dZ^/dt  term  in  equation  1 


Time 
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Y(x) 

Y4(x) 


Za(x,t) 


U  Velocity  o£  the  undisturbed  flow 

wa(x)  Downwash  (see  equation  11) 

x  Streamwise  co-ordinate 

x  ■  x/b,  dimensionless  streamwise  co-ordinate 

Y(x)  Plate  mode  shape 

Y^(x)  Static  deflection  surface  of  the  panel 

z  Spatial  co-ordinate 

Z  (x,t)  Vertical  deflection  of  the  plate,  positive  upwards 
-  ,  mass  ratio  of  the  panel  to  air 

c  b  f'o 

Density  of  the  undisturbed  air 

Density  of  the  plate  material 

<o  Flutter  frequency,  radians  per  second 

Fundamental  frequency  of  free  vibration,  radians 
per  second 

40  *  )  *  t1ie  supersonic  reduced  frequency 

6  Ratio  of  the  amplitude  of  vibration  of  the  plate  to  the 

plate  chord 
Introduction 


The  flutter  of  flat  or  curved  panels  in  a  flow  has  been  the  sub¬ 
ject  of  numerous  theoretical  and  experimental  studies.  In  Reference 
1,  a  critical  survey  of  the  methods  of  analysis  and  the  results  there¬ 
of  is  given:  the  results  are  usually  presented  in  the  form  of  mini¬ 
mum  panel  thickness  required  for  prevention  of  flutter  at  various 
geometric  and  flow  conditions.  This  form  seems  to  be  the  most  use¬ 
ful  for  assessing  the  engineering  significance  of  the  theoretical  or 
experimental  results.  From  such  a  review  it  is  clear  that  the  un¬ 
derstanding  of  panel  flutter  as  a  mathematical  problem  has  pro¬ 
gressed  a  long  way,  but  a  detailed  comparison  between  theoretical 
and  experimental  results  is  lacking. 

Considerable  experimental  work  has  been  performed  at  the 
NACA-NASA,  Caltech,  M.I.T.  and  at  various  aircraft  firms.  The 
earliest  experiments  were  reported  upon  by  Jordan  (Ref.  2),  Syl¬ 
vester  and  Baker  (Ref.  3)  and  Sylvester  (Ref.  4).  Eisley  (Ref.  5) 
described  some  experimental  studies  on  the  flutter  of  buckled  panels 
at  Mach  number  2.  18  and  showed  reasonable  agreement  with  the 
theoretical  flutter  boundaries,  however,  there  were  some  aspects 
of  his  experimental  observations  that  still  remain  to  be  explained  (see 
Ref.  6).  Jordan,  Greenspan  and  Goldman  (Ref .  7)  have  reported  upon 
panel  flutter  experiments  at  subsonic  and  supersonic  speeds.  Stearman 
(Ref.  8)  gave  a  detailed  experimental  study  of  the  flutter  of  a  narrow 
membrane  in  a  subsonic  flow  and  found  the  puzzling  fact  that  no  agree¬ 
ment  could  be  obtained  at  all  with  a  theory  based  upon  slender  body  aero¬ 
dynamics.  Tuovila  and  Hes s  (Ref .  9)  Hordes  ,  Tuovila  and  Guy  (Ref .  10) 
gave  a  wealth  of  experimental  data,  but  a  very  broad  range  of  panel 
forms,  structural  construction,  flow  conditions  ,  mid-plane  stress  and 
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heat  input  was  covered.  These  parameters  were  accounted  for  in 
an  overall  fashion;  they  were  not  separated  and  no  detailed  compari¬ 
son  with  theory  was  made. 

Because  of  the  complexity  in  quantitative  analysis,  only  the 
theory  of  linearized  two-dimensional  supersonic  flutter  of  unbuckled 
panels  has  reached  a  reasonable  degree  of  completeness.  Hence 
if  an  experimental  evaluation  of  the  theory  is  attempted  this  should 
be  the  first  case  to  be  investigated.  However  a  critical  comparison 
in  this  case  has  yet  to  be  made. 

One  reason  for  this  lack  of  definitive  comparison  between 
theory  and  experiment  is  because  of  the  experime  ntal  difficulty  in 
assuming  the  linear  condition  of  the  phenomenon.  Unlike  the 
buckled  panel  or  the  narrow  membrane,  for  which  the  flutter  ampli¬ 
tude  is  large  and  the  onset  of  flutter  is  sudden  and  unmistakeable, 
the  plate  motion  will  be  linear  only  for  small  amplitude  oscillations 
and,  in  the  presence  of  disturbances  in  a  wind  tunnel,  the  experi¬ 
mental  definition  of  flutter  requires  clarification.  It  seems  evident 
that  one  must  not  only  take  steps  to  ensure  that  the  panel  conditions 
remain  linear,  but  also  must  carefully  examine  the  panel  response 
at  all  times  to  detect  if  flutter  occurs. 

Under  the  auspices  of  the  Office  of  Scientific  Research,  U.S. 
Air  Force,  research  has  been  carried  on  at  the  California  Institute 
of  Technology  on  the  subject  of  panel  flutter,  with  major  emphasis 
on  the  critical  comparison  between  theory  and  experiment.  The 
first  topic  that  was  completed  concerns  the  flutter  of  linear  flat 
panels  in  lower  supersonic  flowi,  A  brief  report  on  this  subject 
will  be  given  below;  a  more  detailed  presentation  can  be  found  in 
Ref.  2-+  .  Other  aspects  under  investigation  at  Caltech  include 

a  similar  study  of  the  flutter  of  linear  flat  panels  at  a  higher  super¬ 
sonic  Mach  number  (2.8),  and  of  the  flutter  of  slightly  curved 
panels,  curved  in  the  streamwise  direction,  but  straight  in  the 
spanwise  direction.  Experiments  on  this  second  subject  have  been 
completed,  but  a  theoretical  comparison  requires  more  calcu  la- 
tions.  The  most  ambitious  part  of  the  current  Caltech-OSR  project 
concerns  the  flutter  of  unstiffened  circular  cylinders,  with  flow 
parallel  to  the  cylinder  axis.  The  experiments  on  this  last  topic 
are  to  be  carried  out  shortly  at  the  Unitary  Wind  Tunnel  of  the 
NASA  Ames  Laboratory.  The  associated  theoretical  investigations 
are  being  pursued. 

The  following  presentation  is  therefore  directed  towardjan 
experimental  evaluation  of  the  theory  in  the  linear  two-dimensional 
supersonic  case.  A  series  of  panel  flutter  experiments  carried 
out  in  the  GALCIT  transonic  wind  tunnel  at  Mach  numbers  up  to 
1.5  are  described.  A  detailed  comparison  between  the  theoretical 
and  experimental  results  reveals  considerable  disagreement  in 
the  flutter  boundaries  at  Mach  numbers  less  than  about  1.4.  The 
agreement  between  theory  and  experiment  improves  at  higher  Mach 
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numbers.  The  conventional  theory  appears  inadequate  for  the  pre¬ 
diction  of  flutter  boundaries  at  the  lower  supersonic  Mach  numbers. 
A  possible  cause  of  this  inadequacy  of  the  theory  is  discussed. 

1.  EXPERIMENTAL  STUDIES 

A  series  of  panel  flutter  experiments  were  carried  out  in  the 
GALCIT  4"  x  10"  transonic  wind  tunnel  at  Mach  numbers  up  to  1.5. 
The  wind  tunnel  installation  was  designed  to  represent  two- 
dimensional  conditions  without  mid-plane  stress.  The  panels  were 
installed  in  the  ceiling  block  of  the  wind  tunnel  such  tint  the  panel 
surface  would  lay  flush  with  the  ceiling  surface  (Figure  1).  Each 
test  panel  was  soldered  rigidly  to  a  mounting  frame  at  its  leading 
edge,  and  attached  to  a  flexure,  which  prevents  vertical  displace¬ 
ment  but  permits  horizontal  displacement,  at  the  trailing  edge. 

The  streamwise  edges  of  the  panels  were  free.  The  space  behind 
the  test  panel,  the  venting  chamber,  was  vented  to  the  free  stream. 

Measurements  were  made  of  the  velocity  profile  of  the  bound¬ 
ary  layer  over  the  test  panel.  On  the  tunnel  centerline,  the  thick¬ 
ness  of  the  boundary  layer,  defined  as  the  height  above  the  solid 
surface  where  the  flow  velocity  reached  99  per  cent  of  the  free 
stream  velocity,  was  found  to  be  of  the  order  of  0.34"  -  0.40". 

The  velocity  profiles  were  typical  of  a  turbulent  boundary  layer 
(see  Figure  2).  Pressure  fluctuations  in  the  boundary  layer  served 
as  a  source  of  excitation  of  the  panels  in  the  non-flutter  regime. 

The  lateral  motion  of  the  plates  was  measured  and  analyzed  at 
different  flow  Mach  numbers.  The  flutter  boundaries  were  esti¬ 
mated  from  these  measurements.  Harmonic  analysis  of  the  plate 
motion  yielded  certain  of  the  natural  frequencies  of  the  test  panels 
at  the  different  Mach  numbers.  By  this  means  the  origin  of  the 
flutter  mode  was  identified. 

1.1  Test  Panels  and  Equipment 

The  test  panels  were  made  from  thin  brass  sheets  (0.010" 
to  0.  0155"  thickness)  and  were  attached  to  a  brass  mounting  frame 
at  their  leading  and  trailing  edges.  The  leading  edges  of  the  panels 
were  soldered  directly  to  the  mounting  fram“.  The  trailing  edges 
of  the  panels  were  mounted  upon  a  flexure  supporv  (see  details  in 
Figure  1).  A  Z  section  flexure  of  0.006"  thick  phosphor  bronze 
sheet  was  employed.  The  horizontal  deflection-load  characteristics 
of  the  flexure  were  linear  up  to  at  least  0.  026"  deflection  at  the 
trailing  edge.  The  flexure  stiffness  per  unit  width  was  found  to  be 
approximately  22  lbs.  per  inch  per  inch.  The  rotational  stiffness 
of  the  flexure  was  approximately  0.92  lbs-inches  per  inch  per 
radian. 

This  type  of  panel  support  was  found  necessary  to  reduce  the 
development  of  mid-plane  stresses  in  the  test  panels.  Such 
stresses,  which  have  an  appreciable  effect  upon  the  flutter  bound¬ 
aries,  could  be  easily  developed  by  static  pressure  differentials 
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across  the  plates,  by  thermal  effects  and  by  mechanical  distortion 
of  the  mounting  frame  when  it  is  inserted  in  the  wind  tunnel.  The 
flexure  support  conveniently  circumvents  these  difficulties  and 
has  the  added  advantage  of  reducing  the  structural  effect  of  any 
small  initial  panel  curvature  upon  the  flutter  phenomenon.  The 
experimental  frequencies  of  flexural  vibration  of  the  various  test 
panels  are  shown  in  Table  1  and  they  are  seen  to  be  intermediate 
to  the  corresponding  theoretical  frequencies  of  plates  with  clamped- 
clamped  and  clamped- simply  supported  boundary  conditions. 

The  mounting  frame,  to  which  the  test  panels  were  attached, 
fitted  into  the  ceiling  block  of  the  wind  tunnel  such  that  the  surface 
of  the  test  panel  would  lay  flush  with  the  ceiling  surface.  To  reduce 
the  effect  of  the  sidewall  boundary  layers  the  streamwise  edges  of 
the  plates  were  set  approximately  0.22"  from  the  tunnel  walls.  A 
gap  of  about  0.038"  was  left  between  these  edges  of  the  panel  and 
the  mounting  frame.  These  gaps  served  to  vent  the  chamber  behind 
the  panels  to  the  free  stream  static  pressure. 

The  wind  tunnel  was  of  the  closed  circuit  type  and  had  a  test 
section  that  was  4"  wide  and  approximately  10"  deep.  (Ref.  11). 
The  Mach  number  of  the  flow  was  varied  continuously  by  two  screw 
jacks  which  controlled  a  flexible  nozzle  on  the  tunnel  floor  block. 
The  supply  pressure  was  kept  at  atmospheric  pressure 
the  tests.  The  supply  temperature  was  kept  between  30 
The  test  section  Mach  number  was  estimated  from  static  pressure 
measurements  taken  upon  the  mounting  frame  and  the  ceiling  liner 
under  the  assumption  of  isentropic  flow.  Ten  static  pressure  taps 
were  provided  for  these  measurements.  Three  taps  were  located 
upstream  of  the  model,  three  more  taps  were  downstream  of  the 
model  and  four  taps  were  located  on  the  mounting  frame  itself. 

The  pressure  in  the  venting  chamber  behind  the  test  panels  was 
also  measured.  Pressure  measurements  taken  from  these  taps 
during  the  experiments  indicated  that  good  flow  conditions  were 
obtained  over  the  test  panel  installation.  The  estimated  variation 
of  Mach  number  over  the  panel  chord  was  of  the  order  of  0.5  -  1 
per  cent  of  the  average  estimated  Mach  number.  The  spanwise 
variation  of  the  free  stream  Mach  number  was  of  the  same  order 
of  magnitude . 

When  the  wind  tunnel  was  in  operation  the  motion  of  the  panel 
induced  by  the  pressure  fluctuations  present  in  the  turbulent  bound¬ 
ary  layer  was  measured  by  an  inductance  pickup.  This  pickup  was 
located  in  the  chamber  behind  the  panel,  on  the  tunnel  centerline 
at  2.  2"  downstream  of  the  test  panel  leading  edge  position.  The 
pickup,  which  employed  a  100  kilocycle  carrier  system,  had  the 
advantage  of  permitting  simultaneous  static  and  dynamic  measure¬ 
ments  of  the  plate  motion.  The  signal  from  the  pickup  was  relayed 
to  a  harmonic  analyser  (Technical  Products  TP  627  and  TP  626), 
a  Ballantine  true  root  mean  square  meter  and  a  Moseley  automatic 
plotter.  Precise  determination  of  the  plate  frequencies  was 
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accomplished  with  the  use  of  a  Hewlett  Packard  oscillator  and  a 
Berkeley  type  5501  counter.  An  oscilloscope  was  also  employed  in 
the  analysis  of  the  plate  response. 

A  number  of  panels  with  thickness  ratios  (h/2b)  varying  from 
0.00297  to  0.0046  were  tested.  See  Table  1.  The  chord  lengths 
were  varied  between  3.  14"  and  3.  79"  •  The  majority  of  the  tests 
were  made  with  0.  0125"  thick  panels.  The  panel  widths  were  kept 
at  3.  56". 

1.2  Still-air  Vibration  Tests 


The  flexural  modes  of  vibration  of  the  test  panels  may  be  di¬ 
vided  into  two  classes,  namely;  (1)  the  "two-dimensional"  modes, 
where  the  nodal  lines  are  all  essentially  parallel  to  the  fixed  edges 
of  the  plate  and,  (2)  the  "three-dimensional"  modes  where  nodal 
lines  appear  that  are  not  parallel  to  the  fixed  edges.  A  few  nodal 
line  patterns  for  a  typical  test  panel  are  shown  in  Figure  3,  obtained 
by  acoustic  excitation.  The  two-dimensional  modes  that  are  shown 
are  the  modes  labeled  (2,  0),  (3, 0)  and  (4,  0). 

By  tracing  the  continuous  variations  of  the  natural  frequencies 
of  the  plates  at  different  Mach  numbers  to  their  still  air  values,  it 
is  possible  to  identify  the  source  of  the  flutter  mode  and  to  assess 
the  importance  of  the  three-dimensional  plate  modes  in  what  is  in¬ 
tended  to  be  a  two-dimensional  experiment. 

1.3  Wind  Tunnel  Tests 


The  wind  tunnel  test  procedure  consisted  of  measuring  and 
analyzing  the  lateral  motion  of  a  given  test  panel  at  successive 
Mach  numbers. 

The  following  description  of  two  types  of  motion  serves  as  an 
experimental  definition  of  flutter.  In  the  non-flutter  region  the 
plate  motion  was  of  a  highly  irregular  nature.  The  flutter  motion 
on  the  other  hand  was  very  regular  and  was  of  appreciably  greater 
amplitude.  In  Figure  4,  the  first  oscilloscope  trace  shows  a  typical 
plate  response  in  the  non-flutter  region;  the  second  oscilloscope 
trace  shows  a  typical  plate  response  at  flutter.  Harmonic  analysis 
of  the  plate  response  in  non-flutter  region  revealed  a  series  of 
spectral  peaks  at  the  natural  frequencies  of  the  panels  (see  Figure 
5).  The  major  contribution  to  the  energy  spectrum  came  from  the 
lowest  natural  frequency.  An  example  is  shown  in  Figure  6,  in 
which  the  upper  trace  shows  the  variation  of  the  measured  mean 
square  response  of  a  test  panel  in  the  non-flutter  region;  the  lower 
trace  shows  the  same  after  the  signal  passed  through  a  filter  of 
50  cps  band  width  centered  about  the  fundamental  natural  frequency 
of  the  plate.  The  mean  square  values  were  obtained  by  averaging 
over  about  5  seconds.  On  the  average  it  is  seen  that  the  response 
in  the  frequency  band  around  the  fundamental  frequency  contributed 
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about  75  per  cent  of  the  total.  The  corresponding  fundamental  mode 
of  vibration  derived  originally  from  the  mode  (2,0).  The  non-flutter 
response  was  found  to  be  larger  in  the  subsonic  flows  than  at  the 
supersonic  Mach  numbers;  an  effect  believed  to  be  due  to  disturbances 
from  the  wind  tunnel  diffuser  being  propagated  upstream  into  the 
working  section.  For  supersonic  flow  the  root  mean  square  ampli¬ 
tude  of  the  measured  plate  motion  in  the  non-flutter  region  would 
be  of  the  order  of  0.  0005'*  -  0.  0015".  During  the  flutter  motion, 
root  mean  square  amplitudes  of  the  order  of  0.016"  were  recorded, 
corresponding  to  actual  amplitudes  of  the  order  of  twice  the  plate 
thickne  s  s . 

The  approach  to  the  flutter  boundary  would  be  characterized 
by  a  rapid  increase  in  the  amplitude  of  the  plate  response.  The 
variation  of  the  mean  square  plate  response  with  Mach  number  at 
the  flutter  boundary  of  a  typical  test  panel  is  shown  in  Figure  7. 

The  exact  determination  of  the  flutter  Mach  number  from  such  mea¬ 
surements  is  not  possible.  However,  the  rapid  increase  of  the 
mean  square  response  with  Mach  number  allows  a  close  estimate 
to  be  made.  The  method  employed  was  to  choose,  as  the  flutter 
Mach  number,  some  value  at  which  the  mean  square  response  had 
increased  appreciably  (by  a  factor  of  20~30)  from  an  average  value 
for  the  non-flutter  region.  At  such  a  Mach  number  the  major  con¬ 
tribution  to  the  response  was  the  regular  harmonic  motion  charac¬ 
teristic  of  the  flutter  region.  Such  a  method  appears  rather  vague; 
however,  the  increase  in  the  plate  response  as  the  flutter  region 
is  approached  is  so  rapid  that  the  method  is  practical.  For  example, 
for  the  case  shown  in  Figure  7,  computation  of  the  boundary  using 
an  increase  factor  of  30  instead  of  20  would  change  the  flutter  Mach 
number  by  less  than  1  per  cent. 

A  certain  amount  of  irregularity  was  present  in  the  plate  re¬ 
sponse  at  flutter;  however,  this  irregularity  was  very  small  com¬ 
pared  to  the  steady  component  of  the  mean  square  response  (see 
Figure  8).  This  irregularity  in  the  response  was  due  to  the  random 
pressure  fluctuations  acting  upon  the  test  panel.  A  power  spectrum 
of  the  flutter  motion  of  one  of  the  test  panels  is  shown  in  Figure  9. 

A  different  way  of  showing  the  character  of  the  flutter  motion  is  by 
means  of  the  oscilloscope  traces  presented  in  Figure  10.  The  upper 
trace  shows  the  total  response.  The  second  trace  shows  the  re¬ 
sponse  when  it  is  filtered  at  the  flutter  frequency  (a  2  cycle/ sec 
bandwidth  filter  was  employed)  and  the  third  trace  shows  the  re¬ 
sponse  in  the  frequency  band  around  the  second  two-dimensional 
mode  (1,  e.  the  signal  has  been  filtered  at  the  plate  natural  fre¬ 
quency  that  originally  derived  from  mode  (3,0)  in  still  air). 

The  variation  of  the  frequency  of  the  lower  modes  with  Mach 
number  is  shown  in  Figure  11,  The  fundamental  frequency  of  the 
test  panels  (mode  2,  0)  appeared  to  be  more  sensitive  to  the  influ¬ 
ence  of  the  airstream:  it  decreased  steadily  in  the  subsonic  range 
and  increased  steadily  with  increasing  supersonic  Mach  number. 
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The  frequency  of  the  mode  (3,0)  changed  little  in  the  supersonic 
flow,  but  its  value  was  somewhat  different  from  that  in  still  air. 
Frequencies  of  higher  modes  showed  very  little  change  from  their 
still  air  values. 

i .  4  Experimental  Results 

Panel  flutter  was  observed  only  at  the  supersonic  Mach  num¬ 
bers.  The  flutter  boundaries  obtained  in  the  Mach  number  range 
1. 15  to  1.5  are  shown  in  Figure  12.  The  maximum  value  of  the 
minimum  thickness  ratio  (h/2b)  required  to  prevent  the  flutter  of 
"fiat"  panels  at  these  Mach  numbers  was  found  to  be  slightly  less 
than  0.0046.  The  thickness  requirements  for  prevention  of  flutter 
were  found  to  decrease  with  increasing  Mach  number  at  Mach 
numbers  above  M  *  1.  2. 

The  boundaries  of  the  flutter  region  were  quite  distinct  but 
proved  to  be  rather  sensitive  to  the  test  conditions.  In  particular, 
static  deflection  of  the  test  panels  was  found  to  influence  the  flutter 
Mach  number  of  the  test  panels.  In  Figure  12  the  "flat"  panel 
boundary  was  obtained  for  panels  whose  static  deflection  was  less 
than  a  plate  thickness,  whereas  those  points  marked  with  4  values 
are  for  panels  which  exhibited  considerable  static  deflection  when 
flutter  occurred.  The  flutter  Mach  number  for  these  latter  points 
was  taken  as  the  average  Mach  number  over  the  panel  chord.  The 
measured  static  deflections,  and  frequency  ratios  are  also 

shown  in  the  figure,  where  60  denotes  the  frequency  of  the  mode 
(2,0)  in  still  air  and  60  denotes  the  flutter  frequency.  The  fre¬ 
quency  ratios  6>/w0of  the  "flat"  panels  we  re  found  to  vary  from 
about  0.83  to  slightly  above  unity. 

The  flutter  mode  in  all  cases  was  found  to  derive  from  the 
mode  (2,0)  in  still  air.  The  maximum  amplitude  of  displacement 
in  the  flutter  mode  appeared  to  be  downstream  of  the  mid-chord 
point  of  the  panel.  There  was  very  little  phase  shift  present  in  the 
flutter  modes.  The  phase  shift  between  the  displacements  at  the 
22  per  cent  and  65  per  cent  chord  stations  of  the  plate  was  esti¬ 
mated  to  be  2.  5°,  1°,  and  1  at  Mach  numbers  of  1. 18,  1.  31,  and 
1.34  respectively.  Visual  observation  of  the  flutter  response  re¬ 
vealed  no  detectable  spanwise  variation  of  the  plate  motion.  No 
"second  mode"  flutter  (i.e.  one  originating  from  the  mode  (3,0) 
in  still  air)  was  observed  throughout  the  test  series.  No  frequency 
coalescence  was  observed.  The  higher  natural  frequencies  of  the 
test  panels  were  found  to  vary  only  slightly  from  their  still  air 
value  s . 

It  was  not  possible  to  extend  the  flutter  boundaries  to  Mach 
numbers  less  than  about  1.15  due  to  shockwave  interference  in 
the  working  section. 

Review  of  the  experimental  data  indicated  that  good 
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two-dimensional  conditions  were  obtained  in  the  experiments.  The 
flutter  modes  were  all  "two-dimensional"  and  the  excitation  of  the 
"three-dimensional"  plate  modes  was  small. 

The  low  stiffness  of  the  flexure  support  ensures  that  the  mid¬ 
plane  stresses  developed  by  the  effects  of  thermal  expansion  and  by 
the  action  of  static  pressure  differentials  will  be  small.  For 
example,  when  considering  a  typical  test  panel  that  has  deflected, 
under  the  action  of  a  static  pressure  loading,  into  the  form  of  a 
half  sine  wave  with  an  amplitude  of  0.  020  inches,  it  is  found  that 
the  mid-plane  stress  that  is  developed  due  to  the  flexure  stiffness 
is  only  of  the  order  of  3  psi.  The  development  of  mid-plane  stresses 
by  mechanical  distortion  of  the  mounting  frame  when  it  is  installed 
in  the  wind  tunnel  would  be  revealed  by  the  changes  between  the 
natural  frequencies  of  the  test  panels  measured  in  still  air  and  mea¬ 
sured  after  the  panel  was  installed  in  the  wind  tunnel.  The  changes 
in  the  frequencies  that  were  noted  were  small  (of  the  order  of  2-3 
cycles/sec  in  the  fundamental  frequency),  indicating  that  any  stres¬ 
ses  that  were  developed  by  this  means  were  also  negligible.  A  con¬ 
servative  limit  upon  the  magnitude  of  mid-plane  stresses  that  were 
developed  in  the  panels  during  the  experiments  is  that  they  would 
be  less  than  20  psi.  Previous  flutter  analysis  has  indicated  that 
mid-plane  stresses  of  this  order  of  magnitude  would  produce  such 
small  changes  of  the  flutter  boundaries  from  the  results  for  zero 
stress  conditions  that  the  experimental  flutter  boundaries  may  be  • 
considered  representative  of  the  zero  stress  conditions. 


2.  THEORETICAL  STUDIES 

Although  extensive  analyses  of  two -dimensional  panel  flutter 
exist  in  the  literature  (Refs.  6,  13,  14,  15),  three  additional  studies 
are  made  to  facilitate  the  comparison  between  theory  and  experiment. 

All  of  these  analyses  employ  what  may  be  called  the  ideal 
theory.  This  theory  is  based  upon  the  following  set  of  assumptions: 

(a)  The  fluid  is  homogeneous,  isotropic,  nonviscous,  and 
non-heat  conducting. 

(b)  The  flow  is  ir rotational  and  all  perturbation  velocities 
and  pressures  are  small  compared  to  the  free  stream 
velocity  and  pressure  respectively. 

(c)  The  plate  material  is  homogeneous,  isotropic  and 
linearly  elastic. 

(d)  The  amplitude  of  the  plate  motion  is  small  compared  to 
the  plate  thickness,  and  the  Kir chhoff- Love  theory  of 
thin  plates  applies. 
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(e)  The  characteristic  flutter  time  is  large  compared  with 
the  time  that  it  takes  an  elastic  wave  to  travel  the  length 
of  the  plate. 

2.1.  Two-Dimensional  Transonic  Panel  Flutter 


Our  first  study  deals  with  the  question  whether,  for  a  flat 
plate,  panel  flutter  is  possible  at  M  «  1  according  to  the  linearized 
transonic  flow  theory.  The  assumptions 

A  »  §  2/3  >  -A  *  0(1)  ,  §  «  / 

-A  »  /  M'- // }  M  *  / 

are  used  (Refs.  16,  17).  Here  A  -  " L/u  is  the  reduced  frequency 
and  6  is  the  ratio  of  the  amplitude  of  lateral  vibration  to  the  plate 
chord.  The  pressure  distribution  due  to  arbitrary  plate  motion  is 
given  by  an  integral.  The  generalized  aerodynamic  force  coeffi¬ 
cient  for  a  sequence  of  modes  of  motion  are  evaluated.  Actual 
numerical  calculations  are  made  with  two  modes  only.  See  details 
in  Ref.  24.  The  conclusion  is  reached  fcr  a  flat  panel  with  simply 
supported  edges  and  zero  mid-plane  stress,  exposed  to  a  sonic 
airstream  (M  *  1),  the  flutter  determinant  yields  no  harmonic  os¬ 
cillations  at  reduced  frequencies  between  0.  001  and  1.5,  nor  did 
it  asymptotically  at  large  values  of  the  reduced  frequency. 

2.  2.  Supersonic  Flutter  Effect  of  Structural  Damping  and  Initial 

Curvature . 

The  second  study  concerns  with  the  effect  of  structural  damp¬ 
ing  and  plate  curvature  on  supersonic  panel  flutter.  The  analysis 
of  the  effect  of  plate  curvatu.  ^  is  undertaken  to  show  that  the  flexure 
support  empLcyed.  in  the  experiments  renders  this  effect  negligible. 

The  effect  of  structural  damping  on  the  supersonic  flutter  of 
clamped  edge  panels  has  been  treated  extensively  in  Reference  13. 
We  therefore  treat  the  flutter  of  simply  supported  panels.  The 
results  of  this  analysis,  together  with  the  results  of  Reference  13, 
provides  flutter  boundaries  for  two  limiting  cases  against  which 
the  experimental  results  may  be  compared. 

The  damping  is  introduced  in  the  conventional  way  by  replac¬ 
ing  the  stiffness  parameter  A*  by  ( 1+  >g)  • 

Numerical  calculations  were  performed  at  Mach  numbers 
1.2,  1.3,  JT,  and  1.56.  The  results  at  Mach  numbers  1.2  and 
1.3  a.re  shown  in  Figure  13.  The  analytical  details  are  given  in 
Ref.  24. 

As  to  the  effect  of  plate  curvature,  it  has  been  shown  by 
Yates  and  Zeijdel  (Reference  19)  that  at  higher  Mach  numbers 
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(M  1.5)  initial  plate  curvature  is  destabilizing  up  to  some  critical 
value  of  the  curvature  at  which  the  first  and  second  natural  fre¬ 
quencies  of  the  panel  (in  vacuum)  coalesce.  This  result  was  con¬ 
firmed  by  the  present  analysis  when  an  initial  plate  deflection  sur¬ 
face  of  the  form 

X(x)  =  B,  Mm  <K0 

was  assumed  for  a  panel  that  was  simply  supported.  At  Mach  num¬ 
ber  1. 3  and  with  equal  to  one  plate  thickness,  however,  it  has 
been  found  that  the  initial  curvature  was  stabilizing  (see  Fig.  14). 
The  effect  was  therefore  opposite  to  that  at  the  higher  Mach  num¬ 
bers  . 

The  Yates  and  Zeijdel  analysis  of  curved  panels,  as  well  as 
the  above,  are  for  edge  conditions  that  are  simply- supported  with 
respect  to  bending,  but  fixed  with  respect  to  membrane  stress; 
i.e.  the  edge  conditions  are  zero  bending  moment  and  zero  vertical 
and  horizontal  displacement.  Now,  in  our  experimental  panel,  a 
flexure  support  was  used  at  the  trailing  edge,  which  permitted 
horizontal  displacement  and  offered  restraint  against  rotation.  A 
different  analysis  is  therefore  necessary  to  estimate  the  effect  of 
plate  curvature  upon  flutter.  Such  an  analysis  was  made  (Ref.  24). 
Numerical  results  at  M  *  1.3  for  equal  to  either  zero  or  one 
plate  thickness,  or  three  plate  thicknesses,  and  for  experimentally 
determined  values  of  the  flexure  influence  coefficient,  yield  the 
flutter  boundaries  as  shown  in  Figure  15. 

For  the  case  B^  equal  to  zero,  the  panel  thickness  ratio  re¬ 
quirement  to  prevent  flutter,  for  panels  similar  to  the  test  panels, 
is  found  to  be  0.0197.  This  result  compares  with  the  requirements 
at  M  *  1 . 3  of 

^  ~  0'°£/'4  (simply  supported  panels), 


0-  O  II 


(clamped  edge  panels). 


The  requirement  is  therefore  seen  to  be  only  slightly  changed  from 
the  simply  supported  case  and  also  is  intermediate  to  the  simply 
supported  and  clamped  edge  plate  results. 


The  inclusion  of  plate  curvature  in  the  analysis  produces 
very  little  effect  on  the  flutter  boundaries.  When  B^  equals  one 
plate  thickness  the  thickness  ratio  requirement  becomes  0.0195, 
and  when  B^  equals  three  plate  thicknesses  the  requirement  is 
0.0190.  The  effect  of  the  specified  plate  curvature  is  therefore 
seen  to  be  stabilizing;  however,  the  magnitude  of  the  effect  is  so 
small  that  the  curvature  terms  may  be  safely  neglected  from  the 
flutter  analysis  to  be  used  in  comparison  with  the  experimental  data. 
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It  is  of  interest  to  examine  the  energy  transfer  between  the 
alrstream  and  the  plate  to  show  the  relative  importance  of  various 
terms  in  the  aerodynamic  pressure  expression  and  thus  clarify  the 
difference  in  flutter  characteristics  below  and  above  Mach  number 

n. 


The  aerodynamic  pressure  expression  for  supersonic  flows 
may  be  written 


f>  ( x,  t  )  *  (o  U 

JM1-1 


+.  (H-2)  _L  rt*  +  I 
Zx  ( H-t )  U  X 


(l) 


where  Z  (x,t)  denotes  the  deflection  surface  of  the  plate  and  I  de¬ 
notes  a  complicated  integral  term  (see  Eq.  37  of  Ref. ).  The 
rate  at  which  work  is  done  by  the  plate  against  the  aerodynamic 
pressure  i3 


a 


(x,0+,  k  )  Alf  clx 

dt 


(2) 


For  harmnnic  oscillations  it  is  convenient  to  write  the  deflection 
surface  as 


Z,  (x,t)  =  Y(x)  c#  (<*k  -f  ^(x)) 


On  combining  (1),  (2),  (3),  integrating  d/dt  E  over  one  period  T  of 
the  flutter  motion,  we  obtain  the  loss  of  energy  by  the  plate  per 
cycle,  AE.  At  the  flutter  boundary  the  net  exchange  of  energy  be¬ 
tween  the  panel  and  the  flow  must  vanish.  Hence 

AE  ~  0  at  flutter,  (4) 

The  final  form  of  AE  may  be  written  as 

di  E  “  Rx  “i“  fix  (5) 

Corresponding  to  Eq.  (1)  Rr  represents  the  contribution  from  the 
damping  term  8Z  /9t,  Rx  is  that  from  the  static  pressure 
9Za/9x  ,  and  Rj  that  from  the  integral  term.  On  employing  the 
data  from  Reference  6  the  following  table  may  be  constructed  to 
evaluate  the  relative -importance  of  these  three  terms  insofar  as 
the  flutter  process  is  concerned. 
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M 

Rt 

R 

X 

RI 

R1 

R 

X 

1. 1 

-1.56 

0.3 

1.  26 

4.  24 

1.  2 

-0. 657 

0.  07 

0.587 

8.49 

1.3 

-0. 214 

0.  027 

0.187 

6.84 

1.4 

-0. 0062 

0.  0052 

0.  001 

0. 19 

The  values  given  in  the  above  table  clearly  indicate  the  importance 
of  the  integral  term  I  for  the  flutter  process  in  the  low  supersonic 
region  (see  also  Figure  16).  It  is  seen  that  at  Mach  numbers  1.1, 
1.2,  and  1.3,  the  Rj  term  provides  the  major  stabilizing  factor  to 
balance  and  overcome  the  influence  of  the  8Za/9t  term,  which  is 
destabilizing  at  Mach  numbers  less  than  v^27  The  small  contribu¬ 
tion  of  the  dZ a/8x  term  to  the  energy  exchange  lies  in  the  fact  that 
the  phase  shift  along  the  chord,  8^/8x,  in  the  flutter  mode  at  the 
low  supersonic  Mach  numbers,  is  so  small  that  relatively  little  net 
energy  exchange  is  provided.  Herein  lies  the  reason  for  the  failure 
at  low  supersonic  Mach  numbers  of  the  approximate  quasi-steady 
aerodynamic  theory  which  neglects  the  integral  term  and  retains 
the  other  two  contributions.  At  the  low  supersonic  Mach  numbers 
the  neglect  of  Rj  term  cannot  be  justified. 

On  the  other  hand,  at  higher  Mach  numbers,  3ay  at  M  >  1.6, 
the  results  of  Reference  20  reveal  that  the  flutter  mode  exhibits 
a  considerable  amount  of  phase  shift  across  the  chord  (see  Figure 
16).  The  flutter  boundary  is  obtained  when  the  destabilizing  con¬ 
tribution  Rx  balances  the  damping  term  R^.  (Note  the  difference 
in  sign  of  these  terms  from  those  in  the  cases  M  <V2).  Here  the 
Rj  contribution  is  small.  Unlike  the  phenomenon  in  the  low  super¬ 
sonic  region  such  a  flutter  mechanism  is  adequately  described  by 
the  static  or  linear  piston  aerodynamic  theories. 

It  is  also  instructive  to  examine  the  physical  significance  of 
the  various  terms  in  the  aerodynamic  pressure  expression  (1)  now 
that  their  relative  importance  in  the  flutter  process  has  been  as¬ 
sessed.  The  first  two  terms  represent  the  "local"  influence, 
due  to  slope  and  deflection  at  the  local  point  concerned;  but  the  last 
term,  the  integral,  represents  the  influence,  at  a  given  point  along 
the  chord  and  at  a  given  time,  of  the  disturbances  produced  at 
earlier  times  upstream  of  this  point.  These  disturbances  propagate 
as  waves  through  the  fluid  and  are  convected  with  the  supersonic 
stream  over  the  panel.  For  an  "almost  in  phase"  mode  shape  ex¬ 
hibited  in  the  low  supersonic  region  it  appears  that  the  phase 
shifts  between  aerodynamic  pressure  and  plate  displacement  intro¬ 
duced  by  such  a  convection  process  are  of  extreme  importance  in 
the  flutter  phenomenon  at  these  Mach  numbers. 
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3.  COMPARISON  OF  THEORY  AND  EXPERIMENT 
3 . 1  Comparison  of  the  Flutter  Boundaries 

Our  experimental  plate  was  clamped  at  the  leading  edge  and 
partially  restrained  at  the  trailing  edge.  The  predicted  flutter 
boundaries  for  such  panels  are  assumed  to  be  intermediate  between 
the  boundaries  calculated  for  simply  supported  and  clamped  edge 
panels  and  the  experimental  results  are  compared  against  these 
two  limiting  cases.  This  assumption  is  supported  by  the  results 
of  Reference  21  and  by  the  results  of  Section  2  of  the  present  paper. 
The  experimentally  determined  damping  coefficient  g  for  three 
different  test  panels  was  0.0095,  0.010  and  0.012.  The  calcula¬ 
tions  employed  in  our  comparison  were  therefore  taken  for  g  ■  0.  01. 

The  "flat"  panel  flutter  boundary  from  Figure  12  is  replotted 
in  Figure  18  against  the  theoretical  flutter  boundaries  calculated 
from  two  mode  analyses  of  simply  supported  and  clamped  edge 
panels.  It  is  immediately  seen  that  although  the  experimental  and 
predicted  flutter  boundaries  exhibit  the  same  general  trend,  namely 
increased  stiffness  requirements  in  the  low  supersonic  region,  the 
magnitude  of  the  respective  requirements  may  differ  appreciably. 
The  difference  is  particularly  pronounced  at  Mach  numbers  less 
than  about  1.4.  The  theoretical  predictions  are  seen  to  be  con¬ 
servative  in  this  region,  the  maximum  predicted  thickness  require¬ 
ments  being  of  the  order  of  two  to  three  times  the  experimental 
value.  Agreement  between  theory  and  experiment  appears  to  im¬ 
prove  as  the  Mach  number  increases.  This  trend  towards  better 
agreement  at  the  higher  Mach  number  is  further  supported  by  the 
results  of  some  preliminary  flat  panel  flutter  tests  carried  out  at 
a  Mach  number  of  2.81  by  W.  Anderson  at  Caltech.  These  experi¬ 
ments  are  reported  in  Reference  22.  The  pertinent  data  from  these 
experiments  revealed  that  the  experimental  thickness  ratio  re¬ 
quirements  (h/2b)  at  the  two-dimensional  flutter  boundary  are  be- 
twreen  3  per  cent  and  18  per  cent  above  the  theoretically  predicted 
values  for  clamped  edge  panels. 

Can  the  discrepancy  between  the  theory  and  experiment  at 
the  low  supersonic  speeds  be  explained  by  the  neglect  of  mid-plane 
stress  and  plate  curvature  effects  in  the  analysis?  The  answer 
must  be  in  the  negative  because  the  flexure  at  the  trailing  edge  of 
the  panel  model  limits  the  development  of  mid-plane  stresses  to 
less  than  20  psi,  which  is  less  than  4  per  cent  of  the  Euler  buckling 
stress  of  the  panel  even  for  the  smallest  (h/2b)  ratio.  The  inclu¬ 
sion  of  mid-plane  stresses  of  such  a  magnitude  in  the  flutter  analy¬ 
sis  would  produce  very  small  changes  in  the  theoretical  predictions 
from  the  zero  mid-plane  stress  results  and  would  not  explain  the 


223 


Lock  and  Fung 


large  differences  in  question.*  The  same  conclusion  also  applies 
to  the  structural  effect  of  plate  curvature,  which  is  greatly  reduced 
by  the  flexure  support  (see  Section  2). 

3.2  Flutter  Modes 


Although  there  is  considerable  disagreement  between  the 
theoretical  and  experimental  flutter  boundaries  at  supersonic  Mach 
numbers  less  than  1.4  it  is  found  that  certain  other  features  of  the 
flutter  phenomenon  are  predicted  quite  closely  by  the  ideal  theory 
even  at  M  <  1.4.  In  particular,  the  predicted  frequency  ratios  (w/^) 
at  flutter,  obtained  from  Reference  13  and  from  our  analysis  in  Sec¬ 
tion  2,  are  quite  close  to  the  experimental  results:  the  difference 
between  the  predicted  and  experimental  values  being  on  the  order 
of  10  -  15  per  cent.  Furthermore,  the  agreement  between  the  mea¬ 
sured  phase  shift  and  the  predicted  phase  shift  in  the  flutter  modes 
appears  to  be  good.  Measurements  of  the  phase  shift  between  the 
plate  flutter  motion  at  points  located  at  0.  22  and  0.  65  chord  lengths 
aft  of  the  plate  leading  edge  at  Mach  numbers  of  1.  18,  1.  31  and 
1.  34  yielded  val  ue  s  of  2.5  ,  1°,  and  1°  respectively.  These  re¬ 
sults  compare  very  closely  with  values  estimated  from  Reference 
6.  These  findings  indicate  that  the  ideal  theory  can  predict  the  cor¬ 
rect  flutter  mode  in  the  low  supersonic  region  (the  non  appearance 
of  the  critical  "second  mode"  flutter  is  accounted  for  by  the  inclu¬ 
sion  of  realistic  values  of  structural  damping  in  the  analysis)  in 
spite  of  the  disparity  in  the  flutter  boundary. 

3.  3  Effect  of  Panel  Deflection  upon  Flutter 

A  further  source  of  disagreement  between  theory  and  experi¬ 
ment  arises  when  the  effect  of  static  deflection  of  the  test  panels 
upon  the  flutter  speed  is  investigated,  it  was  noticed  during  the 
experiments  that  the  flutter  speed  of  a  given  panel  could  be  altered 
by  causing  the  test  panel  to  deflect  out  into  the  airstream  (ampli¬ 
tudes  of  deflection  of  the  order  of  1.5  to  3  plate  thicknesses).  The 
changes  of  the  flutter  speed  that  were  observed  were  destabilizing 
in  the  sense  that  the  region  of  instability  was  enlarged  from  the 
"flat"  panel  region  of  instability  (see  Figure  12).  It  was  also 
found  that  these  effects  would  be  accompanied  by  an  increase  in  the 
fundamental  plate  frequency  over  the  frequency  that  a  "flat"  plate 
would  exhibit  at  the  same  Mach  number,  as  can  be  expected  from 
the  development  of  mid-plane  tension. 

It  is  most  unlikely  that  the  observed  changes  in  the  flutter 
characteristics  could  arise  from  potential  aerodynamic  effects. 

The  non -uniformity  of  the  main  flow  and  the  perturbations  produced 

*The  order  of  magnitude  of  the  effect  produced  by  such  stresses  may 
be  estimated  from  the  results  of  Reference  13.  It  is  found  that  the 
thickness  ratio  requirements  at  M  *  1.3,  for  panels  similar  to  the 
test  panels,  are  reduced  by  less  than  3  per  cent  by  the  introduction 
of  a  mid-plane  stress  of  20  p.  s .  i 
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by  the  small  static  deflection  are  both  small  and,  on  the  basis  of  the 
linear  theory,  would  not  affect  the  unsteady  phenomenon.  However 
the  flutter  analysis  of  Section  2  indicates  that  the  structural  effect 
of  plate  curvature  and  any  mid-plane  tension  introduced  by  the  pres¬ 
sure  loading  would  be  stabilizing  in  this  Mach  number  region  and 
would  reduce  the  region  of  instability.  It  is  therefore  seen  that  the 
effect  predicted  by  the  ideal  theory  is  directly  opposite  to  the  effect 
observed  in  the  experiments.  This  is  another  failure  of  the  ideal 
theory,  at  the  low  supersonic  Mach  numbers. 

3.4  Transonic  Panel  Flutter 


The  experimental  data  indicates  that  the  two-dimensional  panel 
flutter  phenomenon  is  limited  to  the  supersonic  flow  regime.  No 
subsonic  flutter  was  observed  for  any  of  the  panels  that  were  tested. 
These  findings  support  the  results  of  the  transonic  flutter  analysis 
which  indicated,  to  the  degree  of  approximation  employed  in  the 
analysis,  that  panel  flutter  was  not  possible  at  M*  1.  However, 
the  results  of  the  transonic  analysis  could  not  be  verified  directly 
because  of  the  shock  wave  interference  that  arose  in  the  experi¬ 
ments  at  Mach  numbers  around  unity. 

3 . 5  A  Suggestion  of  the  Cause  of  the  Discrepancy 

The  ideal  theory  appears  to  be  reasonably  accurate  for  the 
higher  Mach  numbers  but  appears  inadequate  for  supersonic  Mach 
numbers  less  than  1.4.  Why?  What  are  the  special  features  of 
the  flutter  phenomenon  in  the  Mach  number  range  1.  0~1.4  that 
may  cause  the  breakdown  of  the  ideal  theory? 

The  dependence  of  the  agreement  between  theory  and  experi¬ 
ment  on  the  Mach  number  indicates  that  the  trouble  arises  from 
the  aerodynamic  side  of  the  problem.  Since  the  aerodynamic 
theory  employed  in  the  analysis  was  the  complete  linearized  theory 
it  appears  that  one  or  more  of  the  assumptions  upon  which  this 
theory  is  based  is  particularly  poor  for  the  accurate  description 
of  the  flutter  phenomenon  at  the  low  supersonic  Mach  numbers. 

One  might  suggest  at  once  that  the  familiar  nonlinear  effect 
of  the  transonic  flow  may  be  the  culprit.  But  one  should  remember 
that  the  disparity  in  flutter  boundary  occurs  at  Mach  numbers  as 
high  as  1.3,  and  that  the  amplitude  to  chord  ratio,  6,  involved 
in  our  flutter  boundary  experiments,  was  of  order  0.005  or  smaller, 
far  smaller  than  in  most  airfoil  experiments. 

Although  the  effect  of  aerodynamic  nonlinearity  remains  to 
be  investigated,  it  seems  to  us  th.-t  the  neglect  of  the  viscosity 
of  the  air--the  boundary  layer  effect,  is  of  more  immediate  concern. 
There  is  a  plausible  reason  why  the  boundary  layer  should  affect 
the  flutter  phenomenon  in  a  pronounced  way  in  the  lower  supersonic 
Mach  number  range  whilst  its  effect  at  higher  Mach  number  is 
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small.  This  is  suggested  by  the  energy  exchange  analysis  of  Section 
•  2  where  it  is  shown  that  the  "non-local"  contribution  to  the  aerody¬ 
namic  pressure  plays  an  important  role  in  flutter  at  the  low  super¬ 
sonic  Mach  numbers,  whereas  at  the  higher  Mach  numbers  the  aero¬ 
dynamic  pressures  of  consequence  are  of  "local"  origin.  Now,  it 
is  conceivable  that  the  boundary  layer  should  influence  more  readily 
the  "non-local"  part  of  the  aerodynamic  pressure,  since  all  signals 
must  propagate  as  waves  through  the  boundary  layer.  The  wave 
refraction  in  the  non-uniform  velocity  field  of  the  boundary  layer 
together  with  the  variable  convection  velocity  may  cause  significant 
differences  in  the  "non-local"  aerodynamic  action  so  that  the  re¬ 
sulting  pressures  are  different  from  those  that  would  be  obtained  in 
a  uniform  flow.  If  the  aerodynamic  pressures  of  the  "local"  origin 
were  only  slightly  affected  by  the  presence  of  the  boundary  layer 
those  changes  in  the  effect  of  the  "non-local"  pressures  could  ac¬ 
count  for  the  inadequacy  of  the  ideal  theory  in  the  low  supersonic 
range  and  the  apparent  success  of  the  theory  at  the  higher  superson¬ 
ic  Mach  numbers. 

The  boundary  layer  effect  may  also  account  for  the  curious 
changes  of  flutter  speed  that  were  due  to  static  deflection  of  the 
test  panels  (see  Figure  12)  and  which  do  not  appear  explainable  by 
the  ideal  theory.  This  is  because  static  deflection  of  the  test  panels 
may  affect  the  velocity  profile  of  the  boundary  layer  and  may  thus 
alter  the  effect  of  the  boundary  layer  upon  the  flutter  phenomenon. 

To  seek  evidence  to  support  this  suggestion  some  measurements 
were  made  of  the  velocity  profiles  of  the  boundary  layer  over  a  sur¬ 
face  of  constant  curvature  (the  radius  of  curvature  was  9.5"). 

Figure  2  shows  that  these  profiles  are  noticeably  different  from  the 
velocity  profiles  measured  over  the  flat  surface. 

The  boundary  layer  effect  has  been  suggested  as  the  cause  of 
the  large  differences  between  theory  and  experiment  that  were  ob¬ 
served  in  the  low  supersonic  region.  To  establish  the  importance 
of  the  boundary  layer  upon  the  panel  flutter  phenomenon  at  these 
Mach  numbers  would  require  the  realistic  inclusion  of  the  boundary 
layer  effects  in  the  actual  prediction  of  the  flutter  boundaries. 

To  date  the  only  theoretical  analysis  of  the  flutter  phenomenon  that 
includes  the  boundary  layer  effect  has  been  done  by  Miles  (Ref. 

23)  for  a  traveling  wave  in  an  infinite  elastic  plate.  No  work  has 
yet  been  done  for  plates  of  finite  dimensions  . 

4.  CONCLUSIONS 

(1)  Theory  and  experiment  both  indicate  that  the  low  super¬ 
sonic  region  (1  <  M  <  1. 5)  is  critical  for  the  flutter  of  two-dimen¬ 
sional  flat  panels.  No  subsonic  flutter  was  found  for  any  of  the 
panels  that  were  tested,  whereas  flutter  was  found  at  supersonic 
Mach  numbers.  In  the  transonic  region,  M»l,  the  linearized 
theory  indicated  that  panel  flutter  was  not  possible,  but  this  result 
could  not  be  verified  experimentally  because  of  shockwave 
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interference  in  the  wind  tunnel. 

(2)  The  ideal  theory  appears  to  be  inadequate  for  the  predic¬ 
tion  of  flutter  boundaries  at  the  lower  supersonic  Mach  numbers. 
The  panel  thickness  ratio  required  for  the  prevention  of  flutter  as 
predicted  by  the  ideal  theory  in  the  low  supersonic  region  is  very 
conservative  compared  to  the  experimental  data  at  Mach  numbers 
less  than  1.4.  The  theoretical  maximum  of  the  minimum  thickness 
ratio  required  for  the  prevention  of  flutter  is  of  the  order  of  two  to 
three  times  the  experimental  value  for  "flat"  panels  in  the  Mach 
range  1.15 '*'1.35. 

(3)  The  agreement  between  the  experimental  and  theoretical 
flutter  boundaries  improves  with  increasing  Mach  number.  This 
trend  is  supported  by  the  experimental  data  presented  in  Reference 
14. 


(4)  The  theory  predicts  with  reasonable  accuracy  the  correct 
flutter  mode  at  all  the  supersonic  Mach  numbers  covered  by  the 
experiments . 

(5)  The  observed  changes  of  flutter  speed  that  were  due  to 
static  deflection  of  the  test  panels  do  not  appear  explainable  by  the 
ideal  theory. 

(6)  There  is  reason  to  believe  that  the  effect  of  the  viscosity 
boundary  layer  is  the  main  cause  of  the  discrepancy  between  the 
theoretical  and  experimental  flutter  boundaries  at  Mach  numbers 
below  1.4. 
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Fig.  3(a)  Nodal  lines  for  panel  mode  (2,0) 


Note:  The  notation  (a,  b)  denotes  the  number  of  nodal  lines 

perpendicular  and  parallel  to  the  free  edges  of  the  plate 
respectively.  The  concentrations  of  salt  crystals  occur 
along  the  nodal  lines  for  the  various  modes  and  are  clearly 
visible  in  the  following  sequence  of  pictures. 
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Fig.  3(b)  Panel  mode  (2,  1) 


Fig.  3(c)  Panel  mode  (2,  2) 
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Fig.  4a.  Panel  response  prior  to  flutter.  The  oscilloscope  trace 
shows  the  pre-flutter  response  of  a  test  panel  exposed  to 
a  supersonic  airstream.  The  major  contribution  to  the 
response  arises  from  the  frequency  band  around  the  funda¬ 
mental  frequency  of  the  panel.  Estimated  sweep  speed 
was  of  the  order  of  0.  0?.2  seconds  per  major  division  of 
the  scale. 
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Fig.  4b.  Panel  response  during  flutter.  The  oscilloscope  trace 

shows  the  response  of  a  test  panel  at  flutter.  Estimated 
sweep  speed  was  0.  0093  seconds  per  major  division  of 
the  scale. 
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FREQUENCY  (CYCLES/ SEC) 

Fig,  S.  A  typical  power  spectrum  of  the  test  panel  response  to  wind 
tunnel  noise.  The  spectrum  was  obtained  using  a  2  cp* 
bandwidth  filter. 
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Fig.  $a.  Variation  of  the  mean  square  plate  response  with  time  in 
the  non-flutter  region. 
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Fig.  6b.  Variation  of  the  filtered  mean  square  response  with  tirne 
in  the  non-flutter  region. 
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Fig.  7  -  Typical  variation  of  the  mean  square  response  of  a  test 
panel  at  the  flutter  boundary 
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MEAN  SQUARE  RESPONSE  (ZQ2) 
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Fig.  8.  Comparison  of  the  mean  square  plate  response  in  the  flutter 
and  non-flutter  region.  The  flutter  response  was  filtered 
at  the  flutter  frequency  using  a  2  cps  bandwidth  filter. 
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Fig.  9.  A  typical  power  spectrum  of  the  test  panel  at  the  flutter 
Mach  number.  The  spectrum  was  obtained  using  a  2  cps 
bandwith  filter. 
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Fig. 


Note: 


Lock  and  Fung 


Time 

10.  Panel  response  during  flutter. 

(a)  Panel  response,  total  signal 

(b)  Panel  response  filtered  at  the  flutter  frequency 

(c)  Panel  response  filtered  at  the  frequency  of  the  second 
two-dimensional  mode 


A  2  cycle  per  sec  bandwidth  filter  was  employed  to  obtain  traces 
(b)  and  (c).  Vertical  scales  are  different  for  all  three  traces. 
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Mach  Number,  M 

Experimental  flutter  boundaries  for  brass  panels  exposed 
with  sea  level  stagnation  conditions 


Lock  and  Fung 


Fig.  14  -  Effect  of  initial  curvature  upon  flutter  boundaries 
of  a  simply  supported  panel  at  M  =  l.  3  according  to 
a  two  mode  analysis 


Mass  Ratio  Parameter,  1/ 


Fig.  15  -  The  effect  of  plate  curvature  upon  the  flutter  boundaries 

of  a  panel  with  a  flexure  support,  according  to  a  two  mode 
analysis 


Fig.  16  -  Phase  shift  present  in  the  flutter  modes  at  various  mach 
numbers.  The  results  for  mach  number  1.1,  1.2,  1.3, 
1.4  are  estimated  from  Ref.  6 


The  Ratio  Rj/RxOf  Energy  Contribution  Per  Cycle  From  The  I  Term  And  The  dZa/^x  Term 


Lock  and  Fung 


Mach  Number 

Fig.  17  -  Ratio  of  the  energy  contribution  per  cycle  at  flutter  originating 
from  the  static  aerodynamic  term  and  the  integral  term  in  the 
aerodynamic  pressure  expression.  The  results  are  estimated 
from  the  flutter  analysis  of  Ref.  6 


THE  EFFECT  OF  SOME  PRACTICAL  COMPLICATIONS  ON  THE 
FLUTTER  OF  RECTANGULAR  PANELS 

H.  M.  Voss 

Boeing  Airplane  Company 
Seattle,  Washington 


Introduction 


Various  authors  over  the  past  decade  have  considered  the 
effect  of  the  many  and  varied  influences  on  panel  flutter.  Perhaps 
due  to  the  unusual  possibility  of  "exact"  statement  of  a  flutter 
problem  in  differential  or  integral  equation  form,  most  authors  have 
chosen  this  more  elegant  approach  in  considering  each  effect.  Thus 
the  literature  has  developed  to  include  the  two-dimensional  panel  with 
varying  fore-and-aft  edge  conditions,  tension  or  compression,  multiple 
spans,  buckling,  and  cross  stream  curvature,  for  rectangular,  circular 
and  elliptical  panels,  for  circular  and  conical  panels  and  shells,  and 
for  infinite  panels.  Work  on  these  problems  is  well  summarized  by 
Fung  in  Ref.  1. 

Experimental  attempts  at  verification  have  largely  parallel¬ 
ed  the  theory  in  that  the  attempt  was  to,  duplicate  an  ideal  situation 
while  ignoring  or  minimizing  all  other  effects.  Unfortunately,  it  is 
very  nearly  impossible  to  identically  reproduce  the  theoretical  con¬ 
figuration  or  environment  in  the  wind  tunnel.  For  example,  Fig.  1, 
taken  from  Ref.  2,  presents  the  results  of  a  number  of  panel  flutter 
tests  with  panel  aspect  ratio  as  the  primary  variable.  The  ordinate 
is  a  dynamic  pressure-stiffness  parameter  appropriate  to  panel 
flutter.  Superimposed  is  the  theoretical  boundary  for  a  simply 
supported  plate  as  determined  by  Hedgepeth( 5) .  Such  results  can 
hardly  be  said  to  substantiate  or  refute  the  analysis. 

Furthermore,  the  same  deviations  from  ideal  occur  in  all 
practical  applications.  It  would  appear  desirable  then,  both  for 
verification  of  prediction  methods  and  for  consideration  of  design 
margins,  to  evaluate  the  effect  of  several  possible  imperfections  and 
design  variations.  In  the  following,  then,  the  panel  flutter  problem 
is  presented  in  terms  of  normalized  coordinates,  both  somewhat  more 
familiar  to  the  aeroelastician  and  suggestive  of  a  means  of  assessing 
the  overall  influence  of  extraneous  effects.  For  illustrative 


252 


Voss 


purposes,  the  simply  supported  rectangular  panel  will  be  used  as  a 
base  point.  Further,  the  two  degree  of  freedom  case  will  be  relied 
upon,  for  the  most  part,  for  numerical  evaluations. 

Formulation 


The  equations  of  motion  of  the  dynamic  system  can  be  charac¬ 
terized  by  the  set  of  simultaneous  equations, 


A4^,n  (cu*- =  Qry,^^  (1) 

where  the  normal  deflection  is  given  by, 

ur<*(  (2) 

The  remaining  definitions  are  (see  Pig.  2), 

Qmr.n  s  =  ^  if  <*.  ^aTM<^Cc/y  (4) 


with  cO  jjjh  the  natural  frequencies  of  the  panel^p  is  the  plate  density 
and  h  the  thickness, and  the  aerodynamic  loading.  The  sub¬ 

scripts  m  and  n  denote  the  streamwise  and  cross-stream  mode  number, 
respectively.  The  functions  mn(x,y) »  are  the  natural  mode  shapes 
which  satisfy  the  appropriate  plate  equations. 

The  adequacy  of  various  aerodynamic  theories  has  been 
considered  elsewherel ? ) .  here  the  static  two-dimensional  approxima¬ 
tion  will  be  used,  equivalent  to  piston  theory^)  without  damping 
for  high  Mach  numbers 


‘Prs  ~ 


*  x 


cxrYS 


(5) 
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Qmr.n-t  ~  7-=~^£  “K*  J j  U.if) 


-2 


w 


*' - 5* 
1  *. 


mv 


(6) 


with  q  the  dynamic  pressure  and  M  the  Mach  number.  Eq.  (l) 
becomes 


This  is  the  basic  form  cf  the  system  of  equations  to  be  considered. 
The  form  of  the  assumed  aerodynamic  loading  eliminates  spanwise 
coupling.  Further,  from  consideration  of  Eq.  (3)  and  (6),  for  the 
case  of  separable  modes. 


X  cx> 


(8) 


spanwise  effects  such  as  stiffness  and  boundary  conditions  will 
only  be  apparent  in  fixing  the  frequency  spectrum-  Alternatively, 
streamwise  conditions  can  affect  the  generalized  mass,  the  frequency 
spectrum  and  the  aerodynamic  loading.  As  a  further  consequence  of 
the  separable  behavior,  for  a  given  streamwise  configuration,  all 
cross-stream  configurations  (finite  span,  edge  support,  etc.)  can 
be  uniquely  related  to  the  two-dimensional  or  infinite  span  case. 
Physically,  spanwise  conditions  contribute  to  fixing  the  stiffness 
level  and  hence  frequency  level;  the  frequency  separation  is 
determined  solely  by  streamwise  configuration.  These  ideas  will 
be  exploited  further  in  the  following  sections;  although  many  of 
the  conclusions  will  be  generally  applicable,  for  simplicity 
attention  will  be  restricted  to  the  panel  with  simple  supports  fore 
and  aft. 

The  Fore-and-Aft  Simply  Supported  Panel 


For  the  simply  supported  panel,  the  normal  modes  are  half- 
sine  waves  and  the  generalized  mass  and  force  can  be  evaluated. 

Eq*  (7)  then  becomes: 

I  4 

P  q  (oJrnn~U3  )ccTir>n  —  ^  =  ^  (9) 
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where 


A  = 


27a 

DJnfc-t 


(10) 


r  m  odd 

r  ♦  m  even 


(id 


and.  D  is  the  plate  stiffness.  For  discussion  purposes  it  will  be 
useful  to  consider  the  form  of  the  two  mode  solution, 


A 


Ka  ~  au J 
O 


h  <x  (ex>  KH 

D  2IW 


Here  the  combined  significance  of  frequency  level  (the  sum)  and 
frequency  separation  (the  difference)  is  quite  apparent.  For  the 
uniform  flat  panel,  the  critical  modes  usually  correspond  to  the 
first  two;  m  =*  1,  r  =  2.  and  the  two-mode  calculation  has  been 
shown  to  be  conservative'^;.  gq.  (12)  will  therefore  be  used  to 
obtain  numerical  estimates  here.  However,  in  the  presence  of 
curvature,  non-homogeneity  or  extreme  dimensions  this  need  not  be 
true. 


Next  consider  the  frequency  equation  for  the  flat,  uniform 
panel,  simply  supported  fore  and  aft: 

ok oVw  _  m«  _ -2 

~Dn 

_  (y_  )  pit j  q f  £  (l')du 

D77+  £■  Y’-dy  n *J?  Y^d£) 

In  this  O'  xx  soil  O’  yy  are  the  compressive  (uniform)  mid-plane 
stresses.  Forming  the  difference  of  the  squares  of  the  frequency 
for  the  first  two  streamwise  modes. 
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For  the  familiar  case  of  simple  support,  for  CT-**  =  0,  this 
becomes, 

(uj\  -  to,1)  f  =3  rr*(£  +2-^?)  (15) 

Since  most  of  the  panel  flutter  effects  are  interrelated,  a  base 
point  of  evaluation  is  necessary.  For  this  purpose,  the  panel 
simply  supported  on  four  edges  will  be  assumed.  For  specific  calcu¬ 
lations,  a  panel  aspect  ratio  a/b  =  2,  length  a  =  20  in.,  and 
thickness  h  =  0.10  in.  are  considered.  For  such  a  panel,  the  approx¬ 
imate  value  of  the  flutter  parameter  from  the  two-mode  solution  is 
A  o  =  732.  The  value  from  an  exact  analysis  is  A  *  893*  Since 
the  evaluation  of  extraneous  influences  will  be  based  on  the  two¬ 
mode  solution,  the  value  of  will  be  used  in  percentage 
evaluations. 

Finally,  the  evaluation  considered  here  is  based  on  the 
experimental  viewpoint,  namely  the  difference  in  the  observed  and 
predicted  dynamic  pressure  at  flutter.  Except  for  the  case  where 
dimensions  are  intentionally  varied,  percentage  changes  in  dynamic 
pressure  correspond  directly  to  the  percentage  change  in  the  flutter 
parameter  A  .  These  can  be  related  to  changes  in  required 
thickness  through  Eq.  (10). 

Pre-Stress 


From  Eq.  (14),  spanwise  pre-stress  will  have  no  effect  on 
the  flutter  speed.  To  give  physical  meaning  to  the  streamwise  pre¬ 
stress  effect,  set 

<T^  ~-E  ^  (l6) 

CL, 

This  would  indicate  the  effect  of  a  slight  misalignment  of  supports. 
Therefore,the  simply-supported  panel 


-a  A  ~  j _  f  ‘aQ- 

A.  IS+ZCclAT]  J  cl 


(17) 


This  deviation  is  plotted  in  Fig.  3  for  several  panel  aspect  ratios. 
For  the  example  panel  mentioned  previously,  and  a  misalignment 

-h  a  =  ±  0.001*  ^A/\,*-15$- 

Dimensions 


* 


In  practical  applications,  there  may  be  some  question  as 
to  manufacturing  tolerance  on  dimensions,  or  effective  dimensions 
due  to  non- ideal  support.  For  the  simply- supported  panel, 
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considering  all  variations  in  dimensions. 


For  the  example  panel  listed  allowing  a  deviation  of  one-tenth  inch 
in  planform  dimensions  and  five-thousandths  in  thickness,  the 
deviation  in  flutter  dynamic  pressure,  -  16$.  It  should  he 

noted  that  this  effect  is  primarily  due  to  thickness  variation. 

Boundary  Conditions 


It  has  previously  been  pointed  out  that  all  panels  with  a 
prescribed  fore-and-aft  boundary  condition,  but  differing  in  side 
edge  conditions  and  aspect  ratio,  are  uniquely  related.  In  practice, 
ideal  edge  conditions  are  seldom  attained.  Here  this  effect  will  be 
considered  by  investigating  all  combinations  of  the  ideal  boundary 
conditions  for  the  side  edges.  Again  the  panel,  simply  supported 
on  all  four  edges  is  used  as  the  reference. 

This  effect  may  be  evaluated  from  Ea.  (12)  and  (14)  as, 


(astfl  . 

(19) 

f  X*Y 

*'row? 

(20) 

Approximate  mode  shapes,  satisfying  the  appropriate  boundary 
conditions,  were  employed  to  evaluate  I,  with  the  follov.-lng  results: 


Condition  I 


Pin-Pin 

1.0 

Pin-Free 

0.30 

Pin-Clamp 

1.14 

Cl amp- Cl  amp 

1-33 

Clamp- Free 

0.60 

Free-Free 

0 

The  results  of  Eq.  (20)  are  shown  in  Fig.  4.  While  a  physical 
case  will  usually  not  correspond  to  any  one  of  these,  it  is 
apparent  that  the  effect  of  side  edge  conditions  is  significant. 


Furthermore,  the  present  example  has  considered  only  pin- 
edged  supports  fore  and  aft.  Variation  of  these  edge  conditions  is 
even  more  important,  as  indicated  by  the  fact  that  for  the  semi¬ 
infinite  clamped  plate  the  flutter  parameter  is  85$.  higher  than  for 
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Recently,  the  corrugation  stiffened  panel  has  gained  con¬ 
siderable  favor  as  a  light-'v  eight  structure  providing  high  strength 
characteristics  in  one  direction.  For  the  corrugation  direction 
aligned  with  the  stream  the  previous  considerations  apply,  although, 
in  general,  spanvise  effects  would  appear  to  be  negligible.  When 
the  corrugations  are  normal  to  the  stream,  the  situation  is  quite 
different.  Although  the  corrugation-stiffened  plate  does  not  fully 
fit  the  description,  the  simply- supported,  homogeneous,  orthotropic 
plate  equations' 5)  will  be  used  to  iiidicate  the  problem.  The  prin¬ 
cipal  axes  are  aligned  with  the  boundaries,  and  it  is  assumed  that 
the  effective  moduli  are  greatly  different,  Exx  <<  Eyy.  Then 
Eq.  (13)  is  replaced,  for  no  pre-stress,  by 


=  m*  +■  4-  ^9  vhV  (Bl\  +-  n4  (21) 

Dr,  Dv*  l  W  '  lr  / 

where  Dxy  is  the  plate  shear  stiffness.  Eq.  (15)  is  replaced, for 
low  m(by: 

(oil  -  Mi )  s  4-n*%*  (sa) 

Then,  combining  with  Eq.  (11)  and  (12), 


ton  CL  cu 

rD^P 


* 


7T*  D^i  / a.  )z 

-2-  mrr  (  J 


(23) 


For  the  combination  of  the  first  two  longitudinal  modes,  by  com¬ 
parison  to  an  isotropic  panel  of  the  same  stiffness  level, 

_K 1  -  4  (D 

+  2  (o./ ir/J 


A  final  comparison  of  interest  is  with  the  plate  with  the  principal 
stiffness  direction  oriented  streamwise: 


Ax  -  4(y*JVu>Xo/(rT _ 

An  [5- +4 
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considering  all  variations  in  dimensions. 


For  the  example  panel  listed  allowing  a  deviation  of  one-tenth  inch 
in  planform  dimensions  and  five-thousandths  in  thickness,  the 
deviation  in  flutter  dynamic  pressure,  A*Ar  *  16$.  It  should  be 
noted  that  this  effect  is  primarily  due  to  thickness  variation. 

Boundary  Conditions 


It  has  previously  been  pointed  out  that  all  panels  with  a 
prescribed  fore-and-aft  boundary  condition,  but  differing  in  side 
edge  conditions  and  aspect  ratio,  are  uniquely  related.  In  practice, 
ideal  edge  conditions  are  seldom  attained.  Here  this  effect  will  be 
considered  by  investigating  all  combinations  of  the  ideal  boundary 
conditions  for  the  side  edges.  Again  the  panel,  simply  supported 
on  all  four  edges  is  used  as  the  reference. 

This  effect  may  be  evaluated  from  Eq.  (12)  and  (14)  as, 


S' -2  (a/<QM 
-S-2  Ca./i.)'- 


£  iLiXliz 

"‘/TiW 


(19) 

(so) 


Approximate  mode  shapes,  satisfying  the  appropriate  boundary 
conditions,  were  employed  to  evaluate  I,  with  the  following  results: 


Condition 

I 

Pin-Pin 

1.0 

Pin-Free 

0.30 

Pin-Clamp 

1.14 

Clamp-Clamp 

1-33 

Clamp- Free 

0.60 

Free-Free 

0 

The  results  of  Eq.  (20)  are  shown  in  Fig.  4.  While  a  physical 
case  will  usually  not  correspond  to  any  one  of  these,  it  is 
apparent  that  the  effect  of  side  edge  conditions  is  significant. 


Furthermore,  the  present  example  has  considered  only  pin- 
edged  supports  fore  and  aft.  Variation  of  these  edge  conditions  is 
even  more  important,  as  indicated  by  the  fact  that  for  the  semi¬ 
infinite  clamped  plate  the  flutter  parameter  is  85$  higher  than  for 
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Recently,  the  corrugation  stiffened  panel  has  gained  con¬ 
siderable  favor  as  a  light-weight  structure  providing  high  strength 
characteristics  in  one  direction.  For  the  corrugation  direction 
aligned  with  the  stream  the  previous  considerations  apply,  although, 
in  general,  spanwise  effects  would  appear  to  be  negligible.  When 
the  corrugations  are  normal  to  the  stream,  the  situation  is  quite 
different.  Although  the  corrugation- stiffened  plate  does  not  fully 
fit  the  description,  the  simply-supported,  homogeneous,  orthotropic 
plate  equations^ 5)  will  be  used  to  indicate  the  problem.  The  prin¬ 
cipal  axes  are  aligned  with  the  boundaries,  and  it  is  assumed  that 
the  effective  moduli  are  greatly  different,  Exx  «  Eyy-  Then 
Eq.  (13)  is  replaced,  for  no  pre-stress,  by 

=  D?,mV  (fT  *  "4  (ST  (21> 

where  D^y  is  the  plate  shear  stiffness.  Eq.  (15)  is  replaced,  for 
low  m,by: 


c>  h  cl* uj 

TD^Va 


(<oi  -  out)  Z4-7T*%* 


'v r  Dyy 

Then,  combining  with  Eq.  (11)  and  (12), 


A  £ 


7T#  Dm  (r*-m)x/a. 

•2-  y  m  r  (  ) 
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For  the  combination  of  the  first  two  longitudinal  mcdes,  by  com¬ 
parison  to  an  isotropic  panel  of  the  same  stiffness  level, 


At  ^  A 

+  Z 


A  final  comparison  of  interest  is  with  the  plate  with  the  principal 
stiffness  direction  oriented  streamwise: 


At  £  A(D^/Vu<Xo/(rT 
A..  ~  [S’+4(CLf/P„Xa/l-r] 
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These  results  illustrate  several  important  points  with 
regard  to  use  and  testing  of  orthotropic  panels.  First  of  all,  no 
orthotropic  panel  is  as  efficient  as  an  isotropic  panel  of  the  same 
stiffness  level.  For  a/b  =  2,  Dxy  =  0.1  Dyy,  12^  A.,  and 

A„  =  50 i°  A,  .  Further,  the  value  of  Ax  will  be  extremely  sensitive 
to  streamwise  effects  such  as  aspect  ratio  and  edge  conditions.  The 
reason  for  this  is  the  fact  that  the  difference  in  the  squares  of  the 
frequencies  varies  almost  linearly  with  mode  number,  rather  than  as 
the  cube  in  the  case  of  the  isotropic  panel.  In  fact,  the  two  mode 
result,  (Eq.  (23)  ),  indicates  a  very  nearly  constant  value  of  flutter 
parameter  for  each  modal  pair.  In  actuality,  for  higher  mode  numbers, 
m,  the  streamwise  stiffness  becomes  apparent,  and  the  frequency 
spectrum  tends  toward  the  isotropic  behavior.  In  combination  these 
indicate  the  need  for  accurate  frequency  prediction  and  a  many-mode 
analysis.  Along  with  the  increased  sensitivity  to  other  influences, 
and  the  unpredictability  of  panel  shear  stiffness,  the  prediction  of 
orthotropic  panel  flutter  is  a  difficult  task,  indeed. 


Slight  Curvature 


In  a  practical  problem  it  may  be  anticipated  that  there 
will  be  some  deviations  from  flatness  in  any  installation,  due  to 
initial  imperfection,  mounting,  etc.  Here  the  situation  will  be 
accounted  for  as  a  plate  with  double  curvature  (see  Fig.  5)«  The 
frequency  spectrum  for  this  case  may  be  determined  from  Reissner 
shallow  shell  theory,  and  the  resulting  effect  on  the  two-mode  solu¬ 
tion  for  the  first  longitudinal  pair  of  modes  may  be  shown  to  be:(°) 

~  r  *  7(«AFJ 

[5"  +  2  (o./(r)X)[4  4.  (a/lffl  I  *  (a/O*] 


(27) 


Here  H  is  the  rise  height  of  the  shell  and  the  radii  of  curvature 
have  been  taken  a3  fixed  by  the  dimensions  such  that  the  mid-point 
of  each  edge  is  co-planar.  The  results  of  evaluating  aA/A»  from 
Eq.  (26)  and  (27)  are  shown  in  Fig.  6  for  H/h  =  1.0.  Using  a  value 
of  half  this  amount  (the  total  deviation  from  flatness  is  2  H/h), 
leads  to  a  1J%  increase  in  the  flutter  parameter  for  the  example 
panel.  Also  shown  are  the  variations  due  to  a  curvature  in  only  one 
direction.  Again,  for  the  case  cited,  cross-stream  curvature  of  the 
same  magnitude  leads  to  a  61%  increase,  while  streamwise  curvature 
results  in  a  7 %  decrease. 


Thus,  even  small  amounts  of  curvature  can  result  in  rather 
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large  changes  in  flutter  dynamic  pressure.  Actually,  since  the  cor¬ 
rections  are  large  and  change  markedly  for  the  higher  streamwise  and 
chordwise  mode  numbers,  a  more  complete  modal  analysis  is  indicated/ '  > 
however,  the  results  here  are  accurate  for  small  curvature. 

Flow  Angle 


Numerical  investigation  of  the  three-dimensional  aero¬ 
dynamic  coupling  indicates  that  the  spanwise  coupling  is  quite  small, 
as  well  as  the  differences  in  the  two-  and  three-dimensional  chord- 
wise  couplings.  For  example,  Ref.  3  indicates  a  maximum  difference 
of  only  6$  in  A  for  aerodynamic  aspect  ratios,  |3fr/a-  0  — oo  . 

Here,  the  coupling  effects  of  a  flow  yawed  to  the  panel  are 
considered.  If  the  velocity  component  approach  is  used,  at  least 
for  small  angles,  A  would  vary  as  (cos  0  )“^.  However,  it  is 
known  that  for  9  =  90*,  the  flutter  speed  must  be  finite.  This 
raises  a  question  as  to  flutter  behavior  at  intermediate  angles.  A 
numerical  investigation  was  therefore  undertaken  for  the  example 
panel,  using  two-dimensional  aerodynamic  theory  but  including  both 
velocity  components.  Whereas  all  previous  calculations  have 
neglected  aerodynamic  damping,  the  sea-level  value  for  an  aluminum 
plate  was  used  here.  The  results  are  shown  in  Fig.  7»  An  eight¬ 
mode  analysis  was  used,  selected  on  the  basis  of  frequency:  the 
first  five  lengthwise  modes  for  the  first  crosswise  mode  and  the 
first  three  lengthwise  modes  for  the  second  crosswise  mode. 

This  result  appears  significant,  particularly  for  design 
purposes,  although  lower  aerodynamic  damping  ratio  cases  and  panel 
aspect  ratios  should  be  considered.  It  would  indicate  that  for  a 
panel  which  may  not  be  aligned  with  the  flow  at  all  times,  the 
lower  of  the  two  cases,  0=0,  90°,  should  be  used  to  obtain  the 
critical  design  condition,  since  the  flutter  dynamic  pressure  is 
nearly  constant  at  the  lower  value  over  most  of  the  yaw-angle 
range.  As  concerns  testing,  for  the  O  =  90°  configuration  it 
would  appear  that  flow  alignment  could  be  quite  important,  but 
difficult  to  evaluate. 

Finally,  although  the  calculations  are  incomplete,  it 
would  appear  that  the  possibility  exists,  for  low  aerodynamic 
damping  (high  altitude),  that  the  A  vs.  &  plot  may  be  triple 
/alued  in  A  for  a  fixed  0  at  high  yaw  angles.  Such  behavior 
would  suggest  the  existence  of  an  unstable-stable-unstable  behavior 
as  dynamic  pressure  is  increased,  and  could  be  the  basis  for 
explaining  the  mild  flutter  -  no  flutter  -  violent  flutter  occurrence 
noted  at  times  in  the  experimental  literature . 

Summary 


In  the  above  evaluation,  a  number  of  effects  have  been 
considered.  While  they  are,  in  fact,  not  independent,  it  is 
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impressive  to  review  the  complete  situation.  To  reiterate,  the 
example  panel  is  flat,  isentropic,  simply-supported  on  all  four 
edges,  with  zero  pres-stress.  The  dimensions  are  (see  Pig.  ?.) 
a  =  20  in.,  b  =  10  in.,  h  =  0.10  in.  The  following  results  are 
obtained: 


Effect  Variation 


Pre-Stress  a  a  =  +  0.001  I  Ijfo 
Dimensions  Ah  =  +  0.005  +  1^ 
Curvature  Cross-Stream  +  61^ 

Compound  H/h  =  1.0  +  IJ^o 
Streamwise  -  jfo 


While  it  is  highly  unlikely  that  all  of  these  deviations  could  occur 
simultaneously  and  independently,  this  summary  indicates  a  maximum 
deviation  in  dynamic  pressure  of  between  -57“»  and.  +  9O0&  for  a  length- 
to-width  ratio  of  two.  These  direct  additions  may  appear  to  be  an 
attempt  to  overprove  a  point;  however,  only  the  estimable  deviations 
considered  above  have  been  included,  and  the  rryriad  of  other  possible 
deviations  have  not  been  exhausted.  The  results  obtained  here  have 
been  translated  to  thickness  required  range  as  a  function  of  length- 
to-width  ratio  in  Fig.  8.  The  data  from  Pig.  1  is  shown  superimposed, 
and  it  would  appear  that  the  experimental  scatter  indicated  is, 
perhaps,  not  without  explanation.  It  should  be  emphasized  that  var¬ 
iations  in  chordwise  boundary  conditions  have  not  been  considered,  a 
factor  of  significance  in  determining  both  the  frequency  spectrum 
and  streamwise  mode  shape  and  hence  the  aerodynamic  coupling. 

Finally,  it  seems  apparent  that  before  satisfactory  com¬ 
parisons  can  be  made,  a  more  adequate  evaluation  of  the  test 
specimen  must  be  made.  As  indicated  in  an  earlier  statement,  this 
should  include  frequency  spectrum,  mode  shape,  and  generalized  mass, 
the  latter  an  influence  which  has  not  been  emphasized  here.  These 
same  influences  suggest  that  complete  correlation  should  not  be 
expected  on  the  basis  of  the  dynamic  pressure-stiffness  parameter, 

A  ,  alone. 
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Fig.  2  Rectangular  Panel  and  Coordinate  System 
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SCALE-MODEL  FLIGHT  DYNAMICS  TESTING 
ON  HIGH-SPEED  TRACKS 


Charles  E.  Woods 

U.  S.  Naval  Ordnance  Test  Station 
China  Lake,  California 


The  history  of  high-speed  track  testing  spans  little  more 
than  10  years,  but  in  this  time  its  importance  in  development  of  ord¬ 
nance  and  aircraft  components  has  increased  tremendously.  Hardly  a 
year  has  passed  in  which  there  have  not  been  several  new  concepts  or 
capabilities  added  to  the  field.  Major  areas  of  track  testing  now 
include  acceleration  and  environmental  testing  of  guidance  systems 
and  associated  equipment,  aircraft  escape  system  testing  and  develop¬ 
ment,  simulated  flight  and  acceleration  of  propulsion  systems,  and 
structural  dynamics  testing  of  aircraft  and  missile  components.  In 
this  latter  group  fall  a  variety  of  tests,  including  complete  air¬ 
craft  and  missile  configurations,  wings,  fins,  and  radomes. 

Tiie  Supersonic  Naval  Ordnance  Research  Truck  (SNORT)  at  the 
U.  S.  Naval  Ordnance  Test  Station,  China  Lake,  provides  4.1  miles  of 
precision-aligned  rails  set  at  standard  railroad  gage.  Speeds  up  to 
Mach  4  have  been  achieved  on  this  track,  and  vehicles  weighing  as 
much  as  40,000  lb  have  been  used.  Several  test  programs  have  been 
conducted  with  scale-model  missiles  to  check  flight  dynamics  during 
launch  and  ether  phases  of  flight.  One  of  these  programs  is  discus¬ 
sed  at  length  in  this  paper. 

Most  scale-model  testing  is  currently  conducted  in  high¬ 
speed  wind  tunnels;  however,  there  are  some  test  objectives  that  are 
difficult  to  achieve  in  the  limited  space  available,  and  these  can  be 
accomplished  more  easily  in  the  free  flight  obtained  from  a  rocket- 
boosted  track  vehicle.  One  of  these  objectives  is  thrust  termination 
and  separation  of  the  stages  or  warhead  of  a  missile.  Testing  of 
this  type  can  be  conducted  satisfactorily  on  a  track,  and  while  it  is 
relatively  expensive,  it  may  be  much  less  expensive  than  conducting 
full-scale  flight  tests,  which  are  much  more  difficult  to  instrument 
adequately. 

In  one  test  program  conducted  at  NGTS  a  one-third  scale- 
model  missile  was  used  to  study  the  dynamics  of  separation  of  the 
missile  from  its  booster  motor.  It  was  possible  to  simulate  not  only 
velocity  but  also  the  Reynolds  number  of  the  full-scale  missile  at 
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operational  altitude.  Since  the  physical  dimensions  were  scaled  by 
one-third,  and  full-scale  density  and  velocity  modeling  were  request¬ 
ed,  the  weight,  CG,  and  moment  of  inertia  were  scaled  accordingly  to 
give  a  correctly  simulated  model.  The  Appendix  gives  a  complete  de¬ 
scription  of  the  simulated  flight  equations  for  motion  and  scaling 
relationships.  The  complete  one-third- scale  missile  and  rocket  motor 
used  in  the  track  tests  is  shown  in  Fig.  1. 

There  are  basically  two  types  of  track  vehicles:  monorail 
and  dual-rail.  Generally,  monorail  vehicles  are  less  expensive  to 
fabricate  and  require  less  propulsive  force  because  of  their  lighter 
weight  and  lower  aerodynamic  drag.  Monorail  vehicles  are  limited, 
however,  in  the  size  and  weight  of  test  item  which  can  be  safely  sup¬ 
ported  on  one  rail.  This  drawback  can  be  overcome,  and  at  the  same 
time  significant  savings  may  be  realized,  by  using  scale  models  on 
monorail  vehicles  rather  than  full-scale  test  items  on  dual-rail  ve¬ 
hicles.  The  savings  become  appreciable  if  a  large  number  of  runs 
with  expendable  vehicles  are  required. 

Figure  2  shows  a  complete  monorail  test  vehicle  used  at 
NOTS  to  boost  a  scale  model  to  a  velocity  of  3,200  fps.  It  is  a 
three-stage  vehicle,  with  the  first  stage  consisting  of  two  11.75- 
ipch  Tiny  Tim  motors  and  the  second  and  third  stages  each  consisting 
of  three  5 -0-inch  NOTS  Model  J2h-C  motors.  The  second  and  third 
stages,  and  the  missile  rocket  motor  and  separation  sequence  timer, 
are  initiated  by  ignition-circuit  knife  blades  mounted  on  the  vehicle 
the  blades  cut  through  electrically-charged  screen  boxes  located 
along  the  track  rail.  There  are  a  number  of  standard  booster- vehicle 
designs  which  utilize  a  variety  of  readily  available  rocket  motors. 
Surplus  or  obsolete  motors  can  often  be  obtained  at  no  cost  to  the 
program . 

Supporting  the  test  item  on  the  vehicle  so  as  to  allow  free 
flight  at  the  end  of  the  track  requires  careful  design.  The  designer 
must  see  that  all  support  points  disengage  simultaneously  so  that 
motion  of  the  vehicle  on  the  track  will  not  introduce  tip-off  forces 
into  the  missile.  In  the  tests  described  here,  the  missile  model  was 
supported  forward  by  an  auxiliary  shoe  or  skid,  shown  in  Fig.  3-  A 
'T'  lug  attached  to  the  missile  was  fitted  into  a  slot  in  the  skid. 
The  aft  end  of  the  missile  was  supported  on  the  third-stage  booster 
by  a  ring  fitting  into  a  sleeve  on  the  missile  motor  fairing.  Both 
the  aft  sleeve  and  'T'  lug  slid  free  simultaneously  as  the  missile 
was  re leas  d.  Figure  3  also  shows  the  clamp  and  explosive  bolts  that 
allowed  se  aration  of  the  missile  from  its  booster  motor. 

In  these  tests  the  missile  rocket  motor  was  not  ignited 
until  after  release  into  free  flight,  hence  the  third-stage  booster 
had  to  be  decelerated  at  the  end  of  the  track  to  allow  the  missile  to 
slide  free.  Momentum-exchange  water  braking  was  used  to  accomplish 
the  separfji  ion.  Approximately  170-g  decele  ’ation  was  applied  to  the 
vehicle  during  the  last  40  feet  of  rail  travel;  this  provided  about 
6  inches  of  separatio  between  the  booster  .nd  the  missile  at  3>200 
fps.  The  water  brake,  shown  in  Fig.  4,  co  listed  of  two  curved  tubes 
on  each  side  of  the  rail,  which  picked  up  ater  from  sheet  metal 
troughs  fastened  to  th-  t\ .  I  undeti on .  The  water  was  turned  90 
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to  produce  a  momentum-exchange  braking  force  of  approximately  42 ,000 
lb  for  the  last  .013  seconds  of  travel.  This  method  of  initiating 
separation  proved  to  be  very  satisfactory  and  was  completely  reliable 
throughout  the  entire  program. 

In  order  to  eliminate  the  possibility  of  the  third-stage 
booster  interfering  with  the  missile  flight  after  separation,  some 
means  of  deflecting  the  booster  away  from  the  flight  path  at  the  end 
of  the  track  had  to  be  found.  This  was  accomplished  by  virtue  of  a 
100-ft  section  of  rail  welded  to  the  end  of  the  track  and  curving 
downward  to  carry  the  vehicle  beneath  the  missile  flight  path.  The 
deflector  rail  is  shown  in  Fig.  5-  To  avoid  the  necessity  of  bending 
this  rail  to  the  proper  curvature ,  the  natural  curve  of  the  rail,  re¬ 
sulting  from  its  own  weight  was  calculated,  and  the  supports  built 
accordingly.  When  the  rail  was  welded  to  the  existing  track  it  rest¬ 
ed  on  each  support  and  assumed  a  smooth  curve  having  a  total  drop  of 
1 6  inches  in  100  feet.  This  curve  was  flat  enough  that  the  vertical 
acceleration  of  the  vehicle  did  not  exceed  its  100-g  design  limit. 

Figure  6  shows  the  missile  in  free  flight  at  the  end  of  the 
track,  with  the  third-stage  booster  below  and  behind  it  on  the  curved 
rail.  The  velocity  here  is  about  3,200  fps.  Figure  7  covers  the 
entire  sequence  of  separation  of  the  missile  from  its  own  booster 
motor  in  free  flight.  The  third-stage  booster  can  be  seen  impacting 
the  ground  behind  the  missile  in  the  lower  half  of  the  sequence. 
Figure  8  shows  the  shock  wave  pattern  from  the  missile  and  booster 
carriage  just  prior  to  water-brake  entrance  and  separation.  The 
reflected  shock  waves  on  the  track  rail  make  it  necessary  to  actuate 
the  missile  functions  beyond  the  influence  of  the  bent  rail,  hence 
the  usual  knife-blade  screen-box  initiation  system  could  not  be 
utilized. 

An  on-board  timer  was  installed  in  the  missile  to  fire  the 
booster  motor  and  separation  bolts  during  free  flight;  the  timer  cir¬ 
cuit  is  shown  in  Fig.  9*  The  timing  cycle  was  initiated  at  water- 
brake  entrance,  and  was  adjusted  for  various  velocities  by  changing 
Resistor  R.  To  insure  safe  handling  during  assembly,  the  capacitors 
which  store  the  energy  for  firing  the  explosive  bolts  and  booster 
motor  were  charged  remotely  five  seconds  before  the  run. 

Camera  coverage  of  the  entire  sequence  was  excellent  and  of 
sufficient  clarity  to  permit  reasonably  accurate  measurement  of  pitch 
angle  vs  time . 

This  program  clearly  illustrated  the  feasibility  of  using 
high-speed  tracks  for  obtaining  dynamic  flight  information  by  means 
of  scale  models .  Although  many  minor  and  some  major  difficulties 
were  encountered  during  this  program,  requiring  development  of  some 
new  techniques,  usable  information  was  obtained  on  this  particular 
missile,  and  much  valuable  experience  in  scale-model  testing  was 
gained.  On  the  basis  of  this  experience  it  is  felt  that  much  better 
results  could  be  obtained  on  similar  missile  test  programs  in  the 
future . 
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SCALING  FACTORS* 


The  full  scale  equations  of  motion  are  as  follows: 
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equations  of  motion  and  scaling  factors  were 
Ankeney . 
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Subscript  m  denotes  missile,  b  denotes  booster  motor 


m 

M 


=  mass  of  the  missile 
=  mass  of  the  booster 

=  Distance  of  missile  C.G.  from  combined  C.G.  at  release 
Combined  C.G.  moves  at  velocity  "V"  after  separation 

=  Distance  of  booster  motor  C.G.  from  combined  C.G. 

=  Aerodynamic  drag  coefficient 

=  reference  area 

=  mass  density  of  air 

=  Release  velocity 

=  Thrust  of  booster  forward 

=  Effective  retro  thrust  of  booster  rearward 

x,fl)  =  Force  of  the  retro  exhaust  gases  on  the  missile  as  a 
function  of  separation  distance  and  angular  motion 


I  =  Moment  of  inertia  about  the  pitch  axis 


0^  =  Angular  rotation  of  missile  about  C.G. 

-  Angular  rotation  of  booster  motor  about  C.G. 

Z  =  Distance  from  missile  C.G.  to  aerodynamic  center  of  pressure 


p  =  Distance  from  booster  motor  C.G.  to  aerodynamic  center  of 
pressure 
dC 

, „  =  Lift  coefficient  relation 

dw 

k(0,x)  =  Geometric  factor  of  retro  effect  on  missile  as  a  function 
of  angular  rotation  and  separation  distances 


p  =  Mass  density  of  retro  exhaust  gases 

Vj  =  Velocity  of  retro  exhaust  gases 

Subscript  "s"  denotes  model  dimension  and  "n"  the  scale  in 
the  following  discussion 

Full  scale  velocity,  "V",  and  overall  model  density  "a"  are 
requested.  Therefore: 

V  =  V 
s 

a  =  a 

XS_*_ 
s  n 
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To  obtain  aerodynamic  similarity,  it  is  necessary  that  the 
relative  angle  of  attack  of  the  models  to  the  airstream  be  cor¬ 
rectly  simulated.  The  relative  angle  of  attack  of  the  model 
consists  of  the  vector  sum  of  the  free  stream  velocity  "V"  and  the 
velocity  created  by  the  angular  rotation  ”0"  of  the  model. 

In  order  to  model  this  correctly: 

V  =  V 
s 

£  0^  =  zb  £  =  Distance  of  fin  from  center  of 

rotation 

0  •  • 

Now  £  =  -;  therefore  0  =  n  0 

s  n’  e 

This  0  scaling  can  only  be  accomplished  by  decreasing  the 

scale  time  "t”  by  "n" ;  t  =  —  .  This  means  that  the  events  of 

s  n 

separation  will  take  place  n  -  times  faster  than  the  full  scale 
action.  In  order  to  balance  the  equations  of  motion  involving 

0"  it  is  necessary  to  scale  the  moments  of  inertia  by  n  .  Since 
" 0"  response  is  sinusoidal,  the  scaling  of  "t"  accomplishes  the 
"3"  match  as  follows: 

0=6  sin  art  0=0  sin  or 

max  s  max 

0=0  or  cos  art  0=0—  cos  05 

max  s  max  m 

n  0  =  0  05  cos  05  (  —  ! 

s  max  \  n  / 

*For  further  discussion  see  Sec.  5:1?  of  Alan  Pope,  "Wind  Tun¬ 
nel  Testing",  2nd  edition.  New  York,  John  Wiley  &  Sons,  Inc.,  1954. 


273 


WOODS 


so,  6  =  6^ 
e  =  n'e 

s 

The  scale  equations  of  motion  are  then: 


T-T 
h  r 

2 

n 


L  d2  0O  dC_,  A,  2 

d  2  p  Lb  a  b  pv 

_  5  /  ,  \2  ~  n  dS  22  2 

“  <l) 


These  equations  contain  the  correct  scaling  factors.  The 
full  scale  parameters  must  he  divided  by  the  correct  power  of 
"n"  as  listed  above  to  obtain  the  correct  model. 
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Fig.  3  -  Forward  auxiliary  support  slipper 


Fig.  4  -  Monorail  momentum  exchange  water  brake 


Curved  rail  vehicle  deflector 
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Fig.  7  -  Complete  separation  and  actuation  sequence 
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LIQUID  DYNAMIC  BEHAVIOR  IN  ROCKET  PROPELLANT  TANKS 


H.  Norman  Abramson 
Southwest  Research  Institute 
San  Antonio,  Texas 

ABSTRACT 

Various  types  of  liquid  dynamic  behavior  occur¬ 
ring  in  rocket  propellant  tanks  are  described  and  discussed. 
These  include  normal  sloshing,  vortexing,  liquid  impact, 
bubble  and  spray  formation,  and  low  gravity  phenomena. 
Attention  is  given  to  the  use  of  suppression  devices  and 
means  of  evaluating  their  effectiveness  by  use  of  labora¬ 
tory  models,  and  to  the  development  of  equivalent  mechan¬ 
ical  models  -for  use  in  analyses  of  the  system  dynamics  of 
the  vehicle. 


INTRODUCTION 

It  is  well  known  to  everyone  that  liquids  in  partially  filled 
containers  have  a  very  strong  propensity  to  "slosh"  about,  under 
even  the  slightest  of  disturbances.  Liquid  propellants  in  rocket  tanks 
also  possess  this  same  predilection  to  move  about  under  slight  accel¬ 
erations,  thereby  leading  to  highly  undesirable  consequences  with 
relation  to  overall  performance  of  the  vehicle  and  even,  in  extreme 
cases,  to  subsequent  catastrophic  events.  The  problem  is  most 
acute,  obviously,  when  one  of  the  liquid  natural  frequencies  is  close 
to  that  of  one  of  the  lower  modes  of  elastic  vibration  of  the  primary 
structure,  say  the  fundamental  body-bending  mode,  or  to  one  of  the 
principal  control  system  frequencies.  In  fact,  consideration  of 
liquid  propellant  sloshing  effects  is  now  generally  accepted  as  a  nec¬ 
essary  ingredient  of  any  dynamic  stability  and  control  analyses  per¬ 
formed  in  conjunction  with  rocket  design(l). 
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Unfortunately  for  the  rocket  engineer  or  designer,  liquid 
propellants  can  exhibit  an  amazing  variety  of  motions  of  varying 
degrees  of  complexity,  none  of  them  really  simple  and  all  of  them 
difficult  to  predict  and  understand;  nevertheless,  much  new  informa¬ 
tion  concerning  these  various  modes  of  liquid  behavior  has  become 
available  over  just  the  past  two  or  three  years  and  therefore  it  is 
perhaps  appropriate,  by  means  of  this  paper,  to  describe  some  of  the 
more  interesting  of  these  problems  of  dynamic  behavior  of  liquid  pro¬ 
pellants  and,  perhaps  even  more  importantly,  to  indicate  the  various 
theoretical  and  laboratory  techniques  employed  to  study  them  and  the 
means  that  are  being  employed  to  ameliorate  their  effects  on  vehicle 
performance. 


NORMAL  SLOSHING 

"Sloshing"  is  the  term  usually  applied  to  the  most  common 
type  of  motion  of  liquid  propellants  in  partially  filled  rocket  tanks. 
This  relatively  simple  type  of  back-and-forth  motion  of  the  liquid, 
resulting  primarily  from  translational  or  pitching  motions  of  the  tank, 
is  now  fairly  well  understood  in  terms  of  its  relation  to  the  general 
dynamical  behavior  of  the  entire  rocket  system  and  its  interactions 
with  other  of  the  system  component s (  1).  The  details  of  the  mathe¬ 
matical  theory  of  such  "normal  sloshing"  modes  of  free  surface  oscil¬ 
lations  of  the  liquid*  have  been  quite  well-developed  so  that  there  is 
now  available  a  relatively  complete  body  of  theoretical  knowledge 
concerning  this  type  of  liquid  behavior  in  tanks  of  various  configura¬ 
tion  ( rectangular,  spherical,  circular,  elliptical,  ring,  etc.),  all  of 
which  is  well- supported  by  experimental  data(2-5)**. 

Figures  1  and  2  show  the  first  and  second  of  such  sloshing 
modes  in  an  upright  cylindrical  tank  and  a  spherical  tank,  respec¬ 
tively,  produced  by  horizontal  translational  excitation  of  the  tanks. 
One  highly  interesting  and  important  feature  of  these  sloshing  modes 
is  the  dependence  of  natural  frequency  upon  depth,  as  shown  in  Fig¬ 
ure  3  for  the  lowest  four  modes  of  liquid  motion  in  an  upright  circu¬ 
lar  cylindrical  tank.  The  frequency  parameter  w^d/a  involves  the 


*  Such  analyses  are  based,  of  course,  on  ideal  potential  flow  theory. 

**  Reference  2  is  a  ”eview  article  containing  an  exhaustive  bibliog¬ 
raphy  on  normal  sloshing;  therefore,  no  attempt  at  completeness 
has  been  made  in  the  list  of  references  for  the  present  paper. 
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FIGURE  1.  FIRST  TWO  FREE  SURFACE  MODES  OF  LIQUID 
MOTION  IN  AN  UPRIGHT  CIRCULAR  CYLINDRICAL 
TANK  (PHOTO  COURTESY  NASA) 
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LIQUID  NATURAL  FREQUENCY  PARAMETER 
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FIGURE  3.  CHANGE  IN  FREQUENCY  WITH  DEPTH  FOR  FIRST 
FOUR  NORMAL  SLOSHING  MODES  IN  A  CIRCULAR 
CYLINDRICAL  TANK  WITH  BOTH  FLAT  AND 
CONICAL  BOTTOMS 
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tank  diameter  d  and  axial  acceleration  a  in  order  to  make  it  nondi- 
mensional,  and  is  plotted  against  the  liquid  depth  h,  in  terms  of  tank 
diameter.  For  such  a  circular  cylindrical  tank  with  a  flat  bottom, the 
frequency  relation  is  given  by 


CJ 


2 

n 


2a£n 

— - —  tanh 


where  £,n  are  the  zeros  of  the  first  derivative  of  the  Bessel  function 
of  the  first  kind.  Most  of  the  change  in  frequency  occurs  for  shallow 
liquid  depths,  i.  e.  ,  less  than  one  tank  diameter  for  the  first  mode, 
and  even  less  for  higher  modes;  therefore,  it  is  anticipated  that  the 
effect  of  a  conical  tank  bottom  shape,  for  example,  would  be  most 
pronounced  at  the  shallow  liquid  depths(4,  6).  Corresponding  fre¬ 
quency  curves  for  a  circular  cylindrical  tank  with  a  conical  bottom 
are  therefore  shown  also  in  Figure  3,  with  the  comparison  made  on 
the  basis  of  the  two  tanks  having  equal  liquid  volumes.  Similar  fre¬ 
quency  curves  for  the  first  three  modes  in  a  spherical  tank(5)  are 
shown  in  Figure  4. 

While  the  mathematical  details  of  the  theory  governing 
liquid  sloshing  m..  ies  produced  by  both  translational  and  pitching 
excitations,  even  to  consideration  of  wall  pressure  distributions^), 
have  been  worked  out  rather  completely,  the  theory  does  not  yield 
required  information  in  at  least  three  important  instances.  One  of 
these  involves  extremely  large  amplitude  liquid  motions  ("breaking" 
waves)  which  occur  near  resonance,  as  shown  in  Figure  5.  Another 
involves  rotational  type  motions  of  the  liquid  about  the  tank  longitud¬ 
inal  axis,  but  induced  by  translational  excitation  and  occurring  very 
near  to  the  resonances  of  the  normal  sloshing  motions,  and  super¬ 
imposed  on  the  normal  sloshing  motion(8,  9)*.  The  third  such 
instance  of  the  inapplicability  of  the  mathematical  theory  arises  from 
the  introduction  of  mechanical  suppression  devices,  or  arrangements 
of  baffles  of  one  type  or  another.,  that  are  now  almost  universally 
employed  in  rocket  liquid  propellant  tanks.  In  all  three  of  these  sit¬ 
uations,  the  complexity  of  the  liquid  flow  behavior,  and  particularly 
in  combination  with  mechanical  suppression  devices,  precludes 
detailed  mathematical  study  and  therefore  recourse  must  be  made  to 
experimental  (laboratory)  investigations. 


*  This  problem  will  be  discussed  in  greater  detail  later  in  this 
paper. 
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LIQUID  DEPTH 


:hange  in  frequency  with  depth  for 

HREE  NORMAL  SLOSHING  MODES  IN  A 
SPHERICAL  TANK 


293 


i 


AMPLITUDE  LIQUID  MOTION  ("BREAKING" 
RING  DURING  TRANSVERSE  SLOSHING 
R  FIRST  MODE  RESONANCE 
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LABORATORY  SIMULATION  OF  NORMAL  SLOSHING 

The  use  of  small  laboratory  models  (1/10  to  1/5  scale,  say) 
to  simulate  liquid  sloshing  behavior  has  been  found  to  be  particularly 
valuable  in  three  important  respects:  (a)  to  obtain  experimental  data 
for  quantitative  evaluation  of  a  particular  theoretical  analysis;  (b)  to 
explore  the  fundamental  flow  mechanisms  involved  in  the  occurrence 
of  a  little-understood  and  particular  type  of  liquid  motion;  and  (c)  to 
obtain  quantitative  data  for  use  in  prototype  design  problems,  partic¬ 
ularly  where  no  mathematical  theory  exists,  as  for  example  when 
mechanical  suppression  devices  are  involved.  Model  tests  have  been 
found  to  be  particularly  successful  for  the  last  of  these,  especially 
when  proper  attention  is  given  to  the  selection  of  the  model  liquids  to 
insure  dynamic  similarity  with  the  liquid  propellants  employed  in  the 
prototype  vehicle  (10,  11)  since  the  damping  provided  by  baffles  and 
other  mechanical  devices  is  usually  a  function  of  both  the  liquid  prop¬ 
erties  and  the  excitation  amplitude  and  frequency.  The  modeling 
relationships  derived  from  a  similitude  analysis  require  that(10) 


where  dr  is  the  geometric  scale  factor  ratio  of  model  to  prototype,  ar 
is  the  ratio  of  longitudinal  acceleration  of  model  to  prototype*,  and 
(p/p)r  is  the  ratio  of  kinematic  viscosity  of  model  to  prototype,  which 
governs  the  selection  of  the  model  fluid.  **  Surface  tension  effects 
have  been  neglected  in  comparison  with  inertial  and  viscous  forces. 

A  series  of  experiments  conducted  in  accordance  with  these  require¬ 
ments  make  it  entirely  feasible  to  determine  not  only  the  total  force 
and  moment  exerted  on  the  tank  by  the  sloshing  liquid  but  the  effec¬ 
tiveness  of  various  suppression  devices  in  terms  of  damping  factor, 
as  well.  An  example  of  such  data  on  damping  factor  is  shown  in  Fig¬ 
ure  6  for  conical  ring  type  baffles,  as  a  function  of  the  dimensionless 
excitation  amplitude  XQ/d  and  at  one  value  of  effective  Reynolds  num¬ 
ber)  10).  The  damping  provided  by  these  baffles  is  very  nearly  the 
same  for  both  translational  and  pitching  motions  of  the  tank,  and 
tends  to  decrease  with  increasing  Reynolds  number  (as  provided  by 
different  model  liquids  and  tank  sizes).  Of  course,  for  suppressors 


*  The  model,  of  course,  is  usually  tested  at  1G. 

#*  For  certain  cryogenic  liquids  (e.  g.  ,  liquid  hydrogen),  it  is  vir¬ 
tually  impossible  to  find  a  model  liquid  that  possesses  the 
required  properties. 
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FIGURE  6.  CONICAL  RING  TYPE  BAFFLES  FOR  SUPPRESSION 
OF  NORMAL  SLOSHING  SHOWING  BAFFLES  MOUNTED  IN 
MODEL  TANK  AND  DAMPING  FACTOR  AS  A  FUNCTION 
OF  EXCITATION  AMPLITUDE 


i 


Abramson 


^  w  * 

such  as  these  conical  rings,  which  are  fixed  in  position  in  the  tank, 
the  amount  of  damping  is  also  a  function  of  the  liquid  depth,  while  for 
other  types  of  devices  (which  may  float  on  the  liquid  surface,  for 
example)  the  effects  of  liquid  depth  are  relatively  unimportant. 

The  integration  of  this  knowledge  into  the  problem  of  anal¬ 
ysis  of  the  overall  dynamic  behavior  of  the  complete  vehicle  system 
is,  however,  still  a  formidable  task. 


EQUIVALENT  MECHANICAL  MODEL  REPRESENTATION 
FOR  NORMAL  SLOSHING 

For  purposes  of  vehicle  dynamic  analyses  it  is  desirable  to 
be  able  to  represent  the  effects  of  the  sloshing  liquid,  at  least  as 
regards  the  force  and  moment  that  the  liquid  transmits  to  the  tank,  in 
as  simple  a  manner  as  possible  because  of  the  great  complexity  of 
the  overall  system.  One  valuable  technique  for  accomplishing  this  is 
to  represent  the  dynamic  effects  of  the  sloshing  liquid  by  an  equiva¬ 
lent  mechanical  model  composed  of  sets  of  simple  spring-mass- 
dashpot  elements.  This  (mathematical)  model  can  then  be  combined 
with  similar  representations  for  other  dynamic  elements  of  the  vehi¬ 
cle  and  thus  the  overall  system  dynamic  behavior  can  be  analyzed  by 
digital  or  analog  techniques. 

Several  different  types  of  such  equivalent  mechanical  sys¬ 
tems  have  been  proposed  (2)  employing  various  arrangements  of 
spring-mass  or  pendulum  elements.  Figure  7  shows  an  arrangement 
involving  a  single  fixed  rigid  mass  and  a  series  of  spring-mass- 
dashpot  elements  located  at  varying  distances  from  the  liquid  center 
of  gravity(12).  This  system  is  based  on  derived  equations  for  small 
damping  with  the  assumption  that  the  parameters  of  the  equivalent 
mechanical  system  are  frequency  independent  and  are  the  same  as 
those  for  zero  damping,  which  then  renders  the  height  of  each  of  the 
spring-mass-dashpot  elements  also  independent  of  frequency.  This 
implies  that  when  large  damping  is  present  the  only  substantial 
change  in  the  characteristics  of  the  system  is  in  the  damping  coeffi¬ 
cient.  The  height  location  of  each  of  the  spring-mass  elements  does, 
however,  depend  upon  the  liquid  depth  being  represented.  Figure  8 
shows  the  height  of  the  spring-mass  elements  corresponding  to  the 
first  two  liquid  natural  resonant  mode-s  (n  =  1,  2)  as  functions  of 
liquid  depth.  In  order  to  insure  that  only  one  mechanical  model  is 
required  for  both  translational  and  pitching  tank  motions,  it  is  nec¬ 
essary  to  establish  a  basis  for  determining  equivalent  excitation 
amplitudes  in  translation  and  pitching  at  which  damping  factors  may 
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FIGURE  7.  EQUIVALENT  MECHANICAL  SYSTEM  FOR 
REPRESENTATION  OF  NORMAL  SLOSHING 


298 


FIGURE  8.  LOCATION  OF  SPRING-MASS-DASHPOT  ELEMENTS  IN  THE 
EQUIVALENT  MECHANICAL  SYSTEM 
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be  correlated.  Figure  9  shows  the  variation  of  the  pitching  amplitude 
required  to  displace  the  n  =  1  mass  by  an  equivalent  translational  dis¬ 
placement,  where  hj/h  is  obtained  from  Figure  8.  Experimentally 
determined  damping  factor  data  for  both  translation  and  pitching  can 
then  be  presented  as  in  Figure  6  for  use  with  the  equivalent  mechan¬ 
ical  system.  Comparisons  of  total  force  response  in  tanks  with  con¬ 
ical  ring  baffles  calculated  by  such  a  mechanical  model  and  measured 
directly  showed  very  good  agreement  in  both  amplitude  and  phase  (12). 


NORMAL  SLOSHING  AND  VEHICLE  DYNAMICS 

Generally  speaking,  it  is  clear  that  large  rockets  must  be 
studied  as  elastic  systems  rather  than  as  rigid  bodies,  primarily 
because  of  the  stringent  requirements  for  light  weight  and  strength 
with  the  consequent  sacrifice  in  stiffness.  And,  of  course,  all  large 
rockets  also  involve  another  important  dynamical  element,  the  con¬ 
trol  system.  Normal  sloshing  of  liquid  propellants  interacts  with 
both  the  control  system  dynamics  and  the  flexible  body  dynamics,  and 
the  latter  two  elements  interact  between  themselves,  thus  greatly 
complicating  the  problem  of  evaluation  of  the  overall  vehicle  dynam¬ 
ics,  including  stability  and  control. 

The  normal  sloshing  frequencies  are  often  closer  to  the 
rigid  body  control  frequencies  than  to  the  flexible  body  frequencies 
and  therefore  might  ordinarily  be  expected  to  be  the  more  important; 
fortunately  adequate  damping  can  be  introduced  into  the  liquid  sys¬ 
tem,  as  discussed  earlier,  or  the  tank  design  can  be  modified  by 
compartmentation  into  sectors  or  concentric  rings(3),  or  clustering, 
so  as  to  increase  the  sloshing  frequencies.  Interaction  between  the 
elastic  structure  and  the  control  system,  with  the  consequent  risk  of 
dynamic  instability,  then  becomes  of  more  importance  because  ofthe 
difficulty  of  providing  adequate  damping(  1). 

The  question  of  modifying  tank  design  so  as  to  raise  the 
sloshing  frequencies  is  an  interesting  one.  In  the  case  of  compart  - 
mented(3)  tanks  (by  sectors  or  concentric  rings,  e.  g.  ),  not  only  are 
the  frequencies  increased  but  phasing  of  the  liquid  motions  in  the 
different  compartments  may  also  result  in  lower  total  force  and 
moment  responses.  Frequencies  are  also  increased  in  the  case  of 
clustered  tank  configurations  (over  that  for  a  single  tank  of  the  same 
capacity),  but  additional  complications  are  introduced  in  two  ways; 
first,  coupling  in  roll,  pitch,  and  yaw  may  be  produced  by  the  liquid 
sloshing  induced  by  axial  accelerations  in  the  tanks  located  at  some 
distance  from  the  axial  centerline  of  the  vehicle  and,  second,  a  new 
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FIGURE  9.  EQUIVALENCE  OF  TRANSLATION  AND  PITCHING 
AMPLITUDES  IN  THE  MECHANICAL  SYSTEM 


301 


Abramson 


low-frequency  sloshing  mode  may  be  present  as  a  result  of  the 
exchange  of  liquid  between  the  interconnected  tanks.  * 

The  problem  of  the  dynamic  interaction  between  liquid 
motions  and  elastic  deformations  of  the  walls  of  the  tank  or  container 
is  of  fundamental  interest  and  importance  with  respect  to  several  dif¬ 
ferent  types  of  questions.  For  example,  there  is  the  problem  of  bend¬ 
ing  oscillations  in  long  tubes  containing  static  or  flowing  liquids  as  is 
encountered  in  many  piping  systems,  the  effect  of  nonrigid  walls  on 
the  transmission  of  acoustic  or  pressure  pulses  in  liquids  or  gases  in 
long  tubes,  and  also  there  is  the  effect  of  a  free  surface  on  the  over¬ 
all  response  of  a  liquid-tank  system,  as  will  be  considered  here.  The 
presence  of  the  free  surface  results  in  additional  liquid  sloshing 
modes  that  would  not  be  present  were  the  liquid  restrained  or  "capped" 
(by  a  movable  lid,  for  example)  so  as  to  remain  in  a  plane  normal  to 
the  tank  wall.  These  additional  sloshing  modes  will  affect  the  total 
response  of  the  structure,  and  hence  the  overall  dynamics  of  the 
vehicle,  so  that  a  determination  of  the  magnitude  of  these  effects 
becomes  important. 

Three  of  the  more  fundamental  and  important  types  of  tank 
vibrations  that  may  occur  are  torsional,  beam  bending,  and  breath¬ 
ing.  Unless  viscous  forces  are  exceedingly  important,  because  of 
the  particular  liquid  involved,  or  unless  the  tank  has  a  noncircular 
cross  section,  the  torsional  vibration  modes  will  be  largely  unaf¬ 
fected  by  the  presence  of  liquid.  Bending  vibrations  of  tanks  may  be 
excited  over  a  wide  range  of  frequencies  and  therefore  forced  bend¬ 
ing  vibrations  at  very  low  frequencies  may  very  well  be  expected  to 
interact  with  the  normal  sloshing  modes  of  the  liquid(13,  14).  Breath¬ 
ing  vibrations  are  largely  influenced  by  the  resistance  of  the  struc¬ 
ture  to  circumferential  expansion,  both  elastically  and  inertially; 
internal  pressurization  is  important  for  the  higher  modes  of  breath¬ 
ing  vibration  (  1 5). 

The  effect  of  forced  low-frequency  bending  of  the  tank  wall 
on  the  resulting  liquid  oscillations  is  similar  to  that  of  the  transla¬ 
tion  of  a  rigid  tank,  except  that  the  total  force  and  moment  produced 
by  the  liquid  sloshing  are  generally  less  for  a  given  maximum  bend¬ 
ing  amplitude  than  for  a  translational  motion  of  the  same  magni¬ 
tude  (  13).  The  maximum  dynamic  effects  are  produced  when  the 
liquid  free  surface  is  coincident  with  the  point  of  maximum  bending 


*  This  sloshing  mode  may  be  fairly  heavily  damped,  however,  if  the 
interconnecting  lines  are  small. 
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displacement.  At  higher  bending  frequencies,  in  the  neighborhood  of 
the  fundamental  bending  frequency  of  the  liquid  filled  tank,  the  effect 
of  the  liquid  free  surface  is  to  increase  the  resonant  bending  fre¬ 
quency  relative  to  that  which  would  occur  if  the  free  surface  were  not 
present,  i.  e.  ,  if  the  sloshing  modes  were  completely  suppressed. 

The  determination  of  this  coupled  liquid-tank  bending  frequency  is 
most  significant  with  respect  to  dynamic  stresses  produced  in  the 
tank  walls.  The  effect  of  the  free  surface  has  been  estimated  to 
increase  the  coupled  bending  frequency  of  a  cantilever  tank,  with  a 
liquid  depth  equal  to  one  diameter,  by  5%  while  the  increase  in  fre¬ 
quency  for  a  free-free  tank  of  the  same  liquid  depth-diameter  ratio  is 
27%(  14).  Normal  sloshing  therefore  has  a  considerable  effect  on 
shifting  the  resonant  bending  frequency  of  partially  filled  tanks  and 
thus  has  important  consequences  with  regard  to  any  study  of  vehicle 
stability  and  control. 


LIQUID  ROTATION  AND  VORTEXING 

Liquid  propellant  behavior  that  involves  rotational  type 
motions  about  the  tank  longitudinal  axis  are  of  special  interest 
because  of  the  torque  exerted  on  the  tank,  changes  in  inertial  distri¬ 
butions,  and  reductions  ir.  flow  rate  during  tank  draining  as  a  result 
of  vortex  formation.  One  interesting  motion  of  this  general  type  can 
be  observed  during  translational  excitation  of  a  partially  filled  tank  at 
frequencies  near  resonances  of  the  free  surface  motions  of  the  liquid 
(normal  sloshing)  and  can  best  be  described  simply  as  an  apparent 
"rotation"  of  the  liquid  about  the  vertical  axis  of  symmetry  of  the 
tank,  superimposed  on  the  normal  sloshing  motion(8,  9).  The  motion 
is  even  more  complicated  as  a  type  of  "beating"  also  seems  to  exist: 
the  first  mode  normal  sloshing  first  begins  to  transform  itself  into  a 
rotational  motion  increasing  in  angular  velocity  in  (say)  the  counter¬ 
clockwise  direction,  which  reaches  a  maximum  and  then  decreases 
essentially  to  zero  and  then  reverses  and  increases  in  angular  veloc¬ 
ity  in  the  clockwise  direction,  and  so  on  alternately.  The  frequency 
of  rotation  is  less  than  that  of  the  surface  wave  motion  and  therefore 
the  liquid  appears  to  undergo  a  vertical  up  and  down  motion  as  it 
rotates  about  the  tank  axis;  the  rotational-frequency  about  this  up  and 
down  axis  is  about  the  same  as  that  of  the  wave  motion.  The  liquid 
free  surface,  at  least  at  relatively  low  excitation  amplitudes,  is 
essentially  plane  and  it  is  the  apparent  rotation  of  this  inclined  plane 
about  a  vertical  axis  that  we  are  attempting  to  describe.  This 
phenomenon  almost  invariably  occurs  in  laboratory  tests  at  frequen¬ 
cies  in  the  immediate  neighborhood  of  one  of  the  resonances  of  the 
normal  sloshing  modes,  as  mentioned  above,  and  occurs  whether  the 
liquid  has  any  initial  gross  rotation  or  not;  the  rotational  mode  can, 


303 


Abramson 

however,  be  initiated  at  any  excitation  frequency  by  introducing  some 
disturbance  which  provides  a  substantial  initial  rotation  to  the  fluid. 
The  phenomenon  is  obviously  quite  complex  and  certainly  involves 
essential  nonlinear  effects.  Some  effort  at  providing  an  analytical 
description  of  this  motion  has  been  made  on  the  basis  of  the  behavior 
of  an  equivalent  conical  pendulum  (8).  Although  the  theory  is  linear 
and  does  not  consider  the  apparent  reversal  of  direction  of  rotation  it 
does  demonstrate  the  general  features  of  the  motion  in  the  neighbor  ¬ 
hood  of  the  normal  sloshing  resonances. 

It  may  be  noted  that  this  type  of  liquid  motion,  i.  e.  ,  rota¬ 
tional  motion  excited  by  translational  excitation  of  the  tank,  is  how¬ 
ever  not  of  great  importance  in  most  practical  applications.  This  is 
so  because  of  the  fact  that  suppression  devices  or  baffles  are  almost 
universally  employed  in  actual  liquid  propellant  tanks  to  suppress 
normal  sloshing,  and  these  same  devices  are  equally  effective  in 
suppressing  the  liquid  rotational  motions.  In  particular,  it  has  been 
found  that  the  conical  ring  baffles  described  earlier  (Fig.  6),  which 
are  very  effective  for  suppression  of  normal  sloshing,  appear  to 
eliminate  the  rotational  motions  completely (9).  Perforated  vertical 
baffles,  mounted  normal  to  the  direction  of  the  translational  motion, 
decrease  the  amplitude  of  normal  sloshing  by  some  50%  -  70%  and 
also  completely  eliminate  rotational  motions;  when  mounted  parallel 
to  the  direction  of  translation,  such  vertical  baffles  have  no  effect  on 
normal  sloshing  but  again  completely  eliminate  the  rotational  motion. 

Another  interesting  and  not  completely  unrelated  problem 
concerns  vortex  formation  as  a  result  of  draining  of  liquid  from  the 
tank  (Fig.  10).  Vortexing  is  undesirable,  of  course,  because  of  the 
consequent  reduction  in  flow  rate  by  reduction  of  the  effective  cross- 
sectional  area  of  the  drain  outlet  and  because  of  deterioration  of 
pumping  efficiency  as  a  result  of  entrained  gas  and  vapor,  particu¬ 
larly  near  burn-out  where  flow  conditions  may  be  quite  critical.  The 
formation  of  a  vortex  during  tank  draining  is  very  dependent  upon  the 
degree  of  initial  rotation  of  the  liquid  and  the  liquid  depth;  thus,  neg¬ 
lecting  other  considerations,  rotational  modes  induced  by  normal 
sloshing  near  a  resonance,  as  discussed  above,  would  tend  to  rein¬ 
force  and  encourage  strong  vortex  formation.  Fortunately,  a  number 
of  factors  are  present  to  assist  in  the  prevention  of  vortex  formation: 
first,  sloshing  itself  tends  to  break  up  the  vortex  as  it  forms;  second, 
the  growth  of  the  rotational  motion  is  largely  suppressed  by  conven¬ 
tional  baffling  employed  for  normal  sloshing;  and  third,  it  is  rela¬ 
tively  simple  to  provide  small  but  effective  antivortexing  baffles  at  or 
near  the  drain  outlet  which  break  up  the  vortex  and  prevent  it  from 
extending  into  the  outlet (9). 
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FIGURE  10.  VORTEX  FORMED  DURING  STEADY  DRAINING  FROM  A 
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Other  interesting  rotational  type  motions  of  the  liquid  occur 
when  the  tank  itself  rotates  about  its  longitudinal  axis  with  some  pre¬ 
scribed  angular  velocity  (  16- 18).  Free  surface  oscillations  (sloshing) 
of  a  liquid  in  a  vertical  and  rotating  circular  cylinder  have  been  inves¬ 
tigated  analytically  (  16)  with  the  interesting  result  that  new  resonant 
frequencies  are  found  that  have  no  counterpart  in  the  nonrotating  tank 
case,  which  obviously  could  have  importance  with  regard  to  stability 
characteristics  of  spin- stabilized  vehicles.  In  fact,  it  has  beennoted 
that  instabilities  do  occur  with  such  spinning  vehicles,  resonance 
between  the  fundamental  mode  of  motion  of  the  liquid  and  natural  nuta- 
tional  frequency  of  the  vehicle  apparently  being  the  principal  cause  of 
instability  (  17).  Another  related  aspect  of  the  problem  of  rotating 
liquid-tank  systems  is  the  role  of  centripetal  acceleration,  as  com¬ 
pared  with  the  effect  of  axial  acceleration  (gravity)  for  normal  slosh¬ 
ing  in  the  nonrotating  tank  (18). 

Some  analytical  consideration  has  also  been  given  to  the 
influence  of  liquid  propellants  on  the  behavior  of  a  vehicle  undergoing 
rolling  oscillations  (  19).  It  appears  that  the  participation  of  the  liquid 
in  the  rolling  motion  is  strongly  dependent  upon  the  roll  frequency; 
the  effective  moment  of  inertia  of  the  liquid  decreases  with  increas¬ 
ing  roll  frequency  while  the  damping  (viscous  forces  between  liquid 
and  tank  wall  only)  increases  with  increasing  roll  frequency. 

It  should  be  emphasized  that  these  problems  involving  tank 
rotation  have  only  been  subject  to  analytical  examination  and,  at  best, 
to  only  very  limited  laboratory  studies  designed  to  confirm  the  theo¬ 
retical  results.  Thus,  there  is  little  or  no  information  available  as 
to  the  practical  consequences  of  these  types  of  liquid  motions  or  as  to 
the  effectiveness  of  the  baffles  or  other  suppression  devices. 


LIQUID  BEHAVIOR  RESULTING  FROM  AXIAL  EXCITATION 

In  addition  to  the  liquid  dynamic  behavior  resulting  from 
translational,  pitching,  and  rolling  motions  of  tanks,  as  discussed  so 
far  in  this  paper,  it  is  of  interest  also  to  observe  liquid  dynamic 
behavior  resulting  from  tank  excitation  or  vibration  in  the  longitud¬ 
inal  direction  ( 20).  At  relatively  low  vibration  frequencies  (less  than 
10  cps,  say)  a  large  amplitude  surface  wave  can  be  generated,  as 
shown  in  the  double  exposure  photograph  of  Figure  11,  with  the  inter¬ 
esting  property  that  the  surface  wave  frequency  is  just  one-half  of 
the  exciting  frequency.  This  type  of  "sub-harmonic"  response  is 
well-known  in  nonlinear  mechanical  and  electrical  systems  and  there¬ 
fore  this  liquid  dynamic  problem  has  been  studied  by  analogy  with  the 
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FIGURE  11.  FRFE  SURFACE  LARGE  AMPLITUDE  WAVE 
PRODUCED  BY  LOW  FREQUENCY  AXIAL  VIBRATION  OF 
TANK  (PHOTO  COURTESY  DR.  M.  I.  YARYMOVYCH) 
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large  amplitude  oscillations  of  a  simple  pendulum  with  a  vertically- 
oscillating  support.  When  the  tank  is  subjected  to  vertical  (axial) 
vibrations  at  much  higher  frequencies,  it  is  found  that  the  surface 
wave  response  is  still  of  very  low  frequency  (and  thus  a  very  low 
order  sub-harmonic)  but  of  essentially  different  nature.  In  this  case, 
the  free  surface  is  characterized  by  the  formation  of  a  spray,  as 
shown  in  Figure  12,  which  occurs  as  the  result  of  an  instability  of 
very  small  ripples  (capillary  waves)  that  form  on  the  liquid  free  sur¬ 
face  under  these  conditions. 


The  axial  vibrations  of  a  partially  filled  tank  also  raise 
interesting  questions  concerning  the  elastic  response  of  the  side  walls 
and  the  impulsive  pressures  imposed  on  the  bottom(21).  It  is  found 
that  the  elasticity  of  the  bottom  is  quite  important  and  must  be  con¬ 
sidered  in  the  dynamic  response  analysis  of  the  upper  portion  of  the 
tank. 


Another  interesting  phenomenon  that  occurs  during  axial 
vibration  of  a  liquid  filled  tank  involves  the  motion  of  small  gas 
bubbles  (22).  These  bubbles  are  formed  in  the  liquid  near  the  bottom 
of  the  tank  as  a  result  of  the  surface  disturbances  but,  contrary  to 
normal  expectation,  do  not  rise  to  the  liquid  surface  but  remain  at  or 
near  the  bottom.  At  certain  frequencies  of  excitation  the  bubbles 
tend  to  cluster  together  in  certain  regions. 


LIQUID  IMPACT 

Certain  flight  profiles  or  engine  restarts  from  coasting  or 
orbital  flight  may  result  in  a  reversal  in  the  direction  of  net  acceler¬ 
ation;  in  such  cases  the  liquid  may  undergo  large  displacement 
motions  and,  in  fact,  may  move  from  one  end  of  the  tank  to  the  other 
and  thus  impact  upon  the  opposing  tank  bulkhead.  Once  again,  math¬ 
ematical  analysis  is  virtually  impossible  because  of  the  complexity  of 
the  liquid  motions  and  therefore  recourse  is  made  to  dynamically 
similar  laboratory  experiments)  23)  in  which  both  the  model  liquid  and 
the  acceleration-time  history  must  be  properly  scaled.  High  speed 
motion  picture  films  (Fig.  13)  of  such  dynamically  scaled  models 
show  that  as  the  net  acceleration  reverses  the  liquid  first  flows  away 
from  the  free  surface  along  the  side  walls  (Fig.  13c);  this  is  followed 
by  a  breaking  up  of  the  free  surface  into  streamers  or  jets  which  pro¬ 
gress  rapidly  down  the  tank  (Fig.  13d)  and  are  followed  closely  by  the 
remaining  bulk  of  the  liquid  (Fig.  13e);  finally,  the  entire  flow 
becomes  very  confused  as  the  front  running  portions  and  streamers 
of  liquid  begin  to  rebound  from  the  impacted  end  of  the  tank(Fig.  13f). 
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FIGURE  12.  FORMATION  OF  SPRAY  FROM  THE  FREE  SURFACE 
PRODUCED  BY  HIGH  FREQUENCY  AXIAL  VIBRATION  OF 
TANK  (PHOTO  COURTESY  DR.  M.  I.  YARYMOVYCH) 
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UPWARD  IN  THESE  PHOTOS) 
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Measurements  of  the  impact  pressures  indicate  that  they 
are  approximately  proportional  to  (net)  acceleration  but  vary  consid¬ 
erably  according  to  the  shape  of  the  impacted  bulkhead.  Almost  any 
type  of  fixed  baffling,  or  even  small  tank  ring  stiffeners,  are  effec¬ 
tive  in  reducing  the  impact  pressures.  ‘ 

In  the  case  of  engine  restarts  from  coasting  or  orbital 
flight  the  problem  is  further  complicated  by  the  initial  state  of  the 
liquid;  this  is  governed  by  the  reduced  or  zero  gravity  conditions,  as 
discussed  in  the  following  section. 


LIQUID  BEHAVIOR  AT  REDUCED  GRAVITY 

The  behavior  of  liquids  under  conditions  of  reduced  or  zero 
gravity  offers  an  entirely  new  host  of  phenomena  of  great  interest. 
Foremost  among  these  is  that,  during  near  zero  gravity  conditions, 
wetting  liquids  (conventional  fuel,  water,  etc.  )  will  tend  to  flow  along 
the  tank  walls,  while  nonwetting  liquids  (such  as  mercury,  e.  g.  )  will 
tend  to  globulate  and  float  free  (Fig.  14)  inside  of  the  tank (24,  25). 
These  two  types  of  stable  configuration  for  liquids  in  a  zero  G  field 
have  also  been  predicted  theoretically  ( 26).  This  configurational 
change  forms  the  basis  for  almost  all  other  problems  engendered  by 
the  reduced  gravity  environment. 

A  dimensional  and  order-of-magnitude  analysis  ( 27)  leads 
to  a  number  of  interesting  results.  The  first  of  these  is  that  the  vis¬ 
cous  forces  are  negligible  in  comparison  with  surface  tension  forces, 
because  of  the  low  velocities  of  liquid  motion  involved,  so  that  the 
governing  dimensionless  parameter  becomes  tr/pad^,  where  <r  is  the 
surface  tension.  This  then  indicates  that  capillary  phenomena  are 
governing  and  (for  typical  liquids  in  a  small  tank)  an  acceleration  of 
something  less  than  lO-^G  is  required  before  essential  configura¬ 
tional  changes  can  occurl  Second,  the  time  for  the  configurational 
change  to  take  place  is  governed  by  the  relation 
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which  (for  typical  liquids  in  a  small  tank,  again)  leads  to  values  on 
the  order  of  twenty  seconds.'  Thus  it  is  seen  that  any  attempt  to 
undertake  experimental  work  must  be  made  with  the  realization  that 
two  rather  stringent  requirements  must  be  met:  a  virtually  zero  G 
field  and  a  relatively  long  test  time.  These  considerations  now  lead 
directly  to  the  question  of  experimental  techniques  and  facilities. 
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FIGURE  14.  LIQUID  BEHAVIOR  IN  FREE  FALL  (PHOTO  COURTESY 
PROF.  W.  C.  REYNOLDS  AND  THE  IAS) 
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A  zero  G  field  can  be  produced,  at  present,  only  by  free 
fall  (drop  test)  or  by  vehicle  flight  along  a  specific  trajectory  (air¬ 
plane,  missile,  or  satellite).  In  order  to  provide  adequate  instru¬ 
mentation  and  controlled  conditions,  free  fall  experiments  in  a 
laboratory  ( 24)  appear  quite  attractive,  and  by  careful  design  of  the 
test  capsule  it  is  possible  to  achieve  accelerations  at  least  as  low  as 
10"  ^  or  10'3q_  However,  it  must  be  noted  that  the  test  time  is  pro¬ 
portional  to  the  square  root  of  the  drop  height  so  that  it  is  exceedingly 
difficult  to  obtain  sufficiently  long  test  durations.  Some  advantage 
may  be  gained  by  imparting  a  slight  negative  acceleration  to  the  test 
liquid  just  at  the  instant  of  dropping.  Aircraft  flights  have  been  used 
relatively  successfully  as  a  means  of  obtaining  test  periods  of  the 
order  of  45  seconds  (25);  however,  this  is  still  too  brief  a  time  for 
any  degree  of  sophisticated  experimentation  and  is  relatively  expen¬ 
sive;  missile  and  satellite  flights  offer  long  test  times,  but  only  at 
extreme  cost  and  with  attendant  difficulties  in  installation  and 
recovery  of  appropriate  instrumentation. 

Consider  now  some  of  the  problems  that  may  be  of  concern 
with  relation  to  liquid  behavior  in  a  reduced  gravity  field,  all  ofwhich 
arise  from  the  configurational  changes.  For  example,  the  problem 
of  restarting  an  engine  from  coasting  or  orbital  flight  raises  the 
question  of  how  to  move  the  liquid,  which  may  be  located  arbitrarily 
within  the  tank,  to  the  proper  location  for  pumping  into  the  engine. 
Ways  of  accomplishing  this  might  involve  such  techniques  as  briefly 
applying  low-level  thrust  by  compressed  gas  or  solid  propellants,  or 
such  devices  as  expulsion  pistons  or  bladders.  The  first  of  these 
gives  rise  to  the  related  problem  of  liquid  impact  as  the  tank  bulk¬ 
head  encounters  the  liquid  mass,  while  the  other  two  give  rise  to 
mechanical  problems.  Expulsion  bladders  may  offer  even  other 
problems  because  many  of  the  liquid  propellants  of  primary  concern 
are  cryogenic  and  thus  the  bladder  materials  must  retain  their  flex¬ 
ibility  at  extremely  low  temperatures.  In  fact,  fluid  transfer  in  a 
zero  G  field,  in  general,  is  a  potential  problem  because  similar  sit¬ 
uations  exist  with  respect  to  all  pumps  and  pressurization  devices 
employed  within  the  vehicle  for  accomplishing  such  transfers.  Fur¬ 
ther,  cryogenic  liquids  impose  additional  problems  in  that  conven¬ 
tional  means  of  venting  cannot  be  employed  because  an  excessive 
amount  of  liquid,  rather  than  vapor,  may  be  lost. 

The  behavior  of  boiling  liquids  and  problems  of  heat  trans¬ 
fer  are  also  of  considerable  interest  under  low  gravity  conditions. 
When  heat  transfer  in  a  liquid  is  so  great  that  vaporization  (boiling) 
takes  place  in  a  system  under  normal  conditions,  the  vapor  will  rise 
to  the  liquid  free  surface  in  the  form  of  bubbles.  Under  zero  G  con¬ 
ditions,  however,  this  vapor  will  not  rise  but  will  remain  near  the 


313 


Abramson 


heat  transfer  surface  as  a  vapor  front,  because  of  the  absence  of 
natural  convection.  This  vapor  front  may  then  serve  as  an  insulation 
region  and  thus  govern  heat  dissipation  from  the  heating  surface(25). 
Again,  some  time  is  required  in  these  heat  transfer  problems  before 
equilibrium  is  attained.  For  example,  Figure  15  shows  pool  boiling 
from  the  bottom  of  a  cylindrical  tank  during  free  fall (28).  At  the 
beginning  of  free  fall  the  bubbles  continue  to  move  upward  through  the 
liquid  as  in  normal  boiling,  but  then  remain  suspended  in  the  liquid 
as  the  free  fall  continues  and  increasing  quantities  of  vapor  become 
entrained  within  the  liquid.  Clearly,  a  much  more  desirable  experi¬ 
ment,  and  one  which  might  reveal  more  important  data  on  the  funda¬ 
mental  heat  transfer  mechanisms  at  zero  G,  would  be  one  in  which 
the  heat  to  the  fluid  is  applied  only  after  zero  G  conditions  have  pre¬ 
vailed  for  some  time;  unfortunately,  sufficiently  long  test  times  for 
such  an  experiment  arc  not  yet  available. 


ACKNOWLEDGEMENTS 

The  author  is  grateful  for  this  opportunity  to  express  his 
indebtedness  to  his  colleagues  at  SwRI  who  have  contributed  so  effec¬ 
tively  to  our  research  programs  on  liquid  dynamic  behavior  over  the 
past  few  years,  and  to  the  former  Army  Ballistic  Missile  Agency, 
and  now  NASA,  for  continued  sponsorship  of  our  work. 


314 


Time,  sec. 


0.7 


FIGURE  15.  POOL  BOILING  DURING  FREE  FALL 
(PHOTO  COURTESY  NASA) 


Abramson 


REFERENCES 


1.  Geissler,  E.  D.  ,  "Problems  of  Attitude  Stabilization  of  Large 
Guided  Missiles,  "  Aero/Space  Engineering,  19,  pp  24-29, 
68-71,  October  I960. 

2.  Cooper,  R.  M.  ,  "Dynamics  of  Liquids  in  Moving  Containers,  " 
ARS  Journal,  30,  8,  pp  725-729,  August  I960. 

3.  Bauer,  H.  ,  "Theory  of  the  ^Fluid  Oscillations  in  a  Circular 
Cylindrical  Ring  Tank  Partially  Filled  With  Liquid,  "  NASA 
Tech.  Note  D-557,  December  I960. 

4.  Lawrence,  H.  R.  ,  Wang,  C.  J.  ,  and  Reddy,  R.  B.  ,  "Varia¬ 
tional  Solutions  of  Fuel  Sloshing  Modes,  "  Jet  Propulsion,  28, 
pp  729-736,  November  1958. 

5.  Budiansky,  B.  ,  "Sloshing  of  Liquids  in  Circular  Canals  and 
Spherical  Tanks,  "  Jour.  Aero/Space  Sciences,  27,  3,  pp 
161-173,  March  I960. 

6.  Abramson,  H.  N.  and  Ransleben,  G.  E.  ,  Jr.,  "Some  Com¬ 
parisons  of  Sloshing  Behavior  in  Cylindrical  Tanks  with  Flat 
and  Conical  Bottoms,  "  ARS  Journal,  to  appear  April  1961. 

7.  Abramson,  H.  N.  and  Ransleben,  G.  E.  ,  Jr.,  "A  Note  on 
Wall  Pressure  Distributions  During  Sloshing  in  Rigid  Tanks,  " 
ARS  Journal,  to  appear  April  1961. 

8.  Berlot,  R.  R.  ,  "Production  of  Rotation  in  a  Confined  Liquid 
Through  Translational  Motions  of  the  Boundaries,  "  Jour.  App. 
Mechs.  (Trans.  ASME,  Ser.  E),  26,  4,  pp  5 13-5 16,  December 

1959,  (also,  discussion  by  Ransleben  and  Abramson,  same 
source,  p  365,  June  I960). 

9.  Abramson,  H.  N.  ,  Chu,  W.  H.  ,  Garza,  L.  R.  ,  and  Ransleben, 
G.  E.  ,  Jr.  ,  "Some  Studies  of  Liquid  Rotation  and  Vortexing 
in  Rocket  Propellant  Tanks,  "  Tech.  Rept.  No.  1,  NASA  Con¬ 
tract  NASw-  146,  Southwest  Research  Institute,  December 

1960. 

10.  Abramson,  H.  N.  and  Ransleben,  G.  E.  ,  Jr.,  "Simulation  of 
Fuel  Sloshing  Characteristics  in  Missile  Tanks  by  Use  of 
Small  Models,  "  ARS  Journal,  30,  7,  pp  603-6 12,  July  I960. 


316 


Abramson 


11.  Sandorff,  P.  E.  ,  "Principles  of  Design  of  Dynamically 
Similar  Models  for  Large  Propellant  Tanks,  "  NASA  Tech. 

Note  D-99,  January  I960. 

12.  Abramson,  H.  N.  ,  Chu,  W.  H.  ,  and  Ransleben,  G.  E.  ,  Jr., 
"Representation  of  Fuel  Sloshing  in  Cylindrical  Tanks  by  an 
Equivalent  Mechanical  Model,  "  Tech.  Rept.  No.  8,  Contract 
DA- 23-072- ORD-  125  1,  Southwest  Research  Institute,  June 
I960. 

13.  Bauer,  H.  ,  "Fluid  Oscillations  in  a  Circular  Cylindrical  Tank 
Due  to  Bending  of  the  Tank  Wall,  "  ABMA  Tech.  Rept.  DA- 
TR-3158,  April  1958. 

14.  Miles,  J.  W.  ,  "On  the  Sloshing  of  Liquid  in  a  Flexible  Tank,  " 
Jour,  Appl.  Mechs.  ,  25,  pp  277-283,  June  1958. 

15.  Reissner,  E.  ,  "Notes  on  Forced  and  Free  Vibrations  of 
Pressurized  Cylindrical  Shells  Which  Contain  a  Heavy  Liquid 
with  a  Free  Surface,  "  STL  Rept.  AM  No.  6-15,  GM  TR  87, 
November  1956. 

16.  Miles,  J.  W.  ,  "Free  Surface  Oscillations  in  a  Rotating 
Liquid,  "  Jour,  of  Physics  of  Fluids,  Z,  3,  pp  297-305,  May- 
June  1959. 

17.  Ash,  J.  E.  and  Gunderson,  R.  M.  ,  "Investigation  in  the 
Exterior  Ballistics  of  Shell  with  Nonsolid  Fillers,  "  U.  S.  Air 
Force,  APGC-TR-60-23,  March  1960. 

18.  Knopp,  M.  and  Troesch,  B.  ,  "Centrifugal  Sloshing,  "  STL 
Memo  PA- 2297-02/  1,  July  1959. 

19.  Reismann,  H.  ,  "Liquid  Propellant  Inertia  and  Damping  Due  to 
Airframe  Roll,  "  Jet  Propulsion,  28,  11,  pp  746-747, 

November  1958. 

20.  Yarymovych,  M.  I.  ,  "Forced  Large  Amplitude  Surface 
Waves,  "  D.  Sc.  Thesis,  Columbia  University,  December  1959. 

21.  Bleich,  H.  H.  ,  "Longitudinal  Forced  Vibrations  of  Cylindrical 

Fuel  Tanks,  "  Jet  Propulsion,  26,  2,  pp  109-111,  February 
1956.  ' 


317 


Abramson 


22.  Bleich,  H.  H.  ,  "Effect  of  Vibrations  on  the  Motion  of  Small 
Gas  Bubbles  in  a  Liquid,  "  Jet  Propulsion,  26,  11,  pp  958-978, 
November  1956. 

23.  Epperson,  T.  B.  ,  Brown,  R.  B.  and  Abramson,  H.  N.  , 
"Dynamic  Loads  Resulting  from  Fuel  Motion  in  Missile 
Tanks,  "  PROCEEDINGS  OF  THE  FOURTH  SYMPOSIUM  ON 
BALLISTIC  MISSILE  AND  SPACE  TECHNOLOGY,  Vol  II, 
Pergamon  Press,  New  York,  1961. 

24.  Reynolds,  W.  C.  ,  "Behavior  of  Liquids  in  Free  Fall,  "  Jour. 
Aero/Space  Sci.  ,  26,  12,  pp  847-849,  December  1959. 

25.  Neiner,  J.  J.  ,  "The  Effect  of  Zero  Gravity  on  Fluid  Behavior 
and  System  Design,  "  WADC  Tech.  Note.  59-149,  AD  No. 
215428,  April  1958. 

26.  Li,  T.  ,  "Liquid  Behavior  in  a  Zero-G  Field,  "  IAS  paper 
61-20,  January  1961. 

27.  Benedikt,  E.  T.  ,  "Scale  of  Separation  Phenomena  in  Liquids 
Under  Conditions  of  Nearly  Free  Fall,  "  ARS  Journal,  29,  2, 
pp  150-151,  February  1959. 

28.  Siegal,  R.  and  Usiskin,  C.  ,  "A  Photographic  Study  of  Boiling 
in  the  Absence  of  Gravity,  "  Jour.  Heat  Transfer  (Trans. 
ASME,  Ser.  C),  8 1,  3,  pp  230-236,  August  1959. 


318 


DYNAMICS  OF  LIQUID  PROPELLANT  VEHICLES 


Helmut  F.  Bauer 
Marshall  Space  Flight  Center 
Huntsville,  Alabama 


ABSTRACT 

The  paper  presents  the  results  of  theoretical  investigations  of 
the  response  of  the  liquid  in  annular  cylindrical  tanks  and  circular 
quarter-tanks.  The  equivalent  mechanical  model  which  leads  the  way 
to  the  introduction  of  damping  into  the  theoretical  nonviscous  results 
and  which  is  used  in  the  stability  analysis  of  the  spacecraft  will  be 
described. 

The  basic  requirements  for  the  stability  with  respect  to  the 
location  of  tanks,  their  configuration,  and  control  sensor  character¬ 
istics  will  be  presented. 


INTRODUCTION 


The  danger  of  instability  resulting  from  propellant  sloshing  for 
rigid  or  elastic  spacecrafts  is  well  known.  While  the  exact  treatment 
of  these  phenomena,  especially  in  the  latter  case,  leads  to  rather 
unwieldy  equations,  very  useful  general  results  can  be  obtained  from 
a  simplified  stability  investigation.  The  elastic  behavior  of  the 
structure  of  the  craft  influences  the  stability,  especially  if  its 
lowest  bending  frequency  is  close  to  the  sloshing  and  control  frequen¬ 
cy.  A  parametric  study  investigates  the  possibility  of  eliminating 
instabilities  due  to  propellant  sloshing  in  the  tanks  of  a  space 
vehicle  by  proper  choice  of  the  tank  form,  tank  location,  gain  values 
of  the  control  system,  and  by  proper  choice  of  the  vibrational 
characteristics  of  additional  control  sensors  (accelerometer). 

Finally,  as  a  last  resort,  the  amount  of  damping  necessary  in  the 
tanks  to  maintain  stability  is  indicated.  The  stability  boundary  was 
determined  in  terms  of  the  amount  of  damping  of  the  propellant  in  the 
tank  required  for  various  tank  locations  along  the  vehicle. 
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For  simplification  in  the  treatment  of  the  equations  of  motion 
of  space  vehicles,  an  equivalent  mechanical  model  which  describes  the 
motion  of  the  propellant  in  the  tanks  is  derived.  This  model  consists 
of  masses,  springs,  and  dampers,  and  a  massless  disc  with  a  moment  of 
inertia  and  is  chosen  such  that  it  exerts  the  same  forces  and  moments 
and  has  the  same  natural  frequencies  as  the  propellant  in  the  con¬ 
tainers.  The  motion  of  this  mechanical  model,  however,  must  fall  into 
the  scope  of  linearization  processes  as  used  in  the  derivation  of  the 
fluid  dynamics  analysis.  The  results  of  the  ideal  fluid  dynamics 
analysis  are  only  applicable  for  frequencies  which  are  not  too  close 
to  one  of  the  natural  frequencies  of  the  liquid.  Therefore,  damping 

has  to  be  introduced  to  obtain  values  at  or  near  resonances.  Espe¬ 

cially  around  the  lower  resonances  very  high  values  may  occur  which 
can  be  dangerous  to  the  stability  behavior  of  a  vehicle.  The  intro¬ 
duction  of  damping  is  performed  in  the  equivalent  mechanical  model  in 
form  of  velocity  proportional  damping  forces.  The  results  of  the 
theoretical  fluid  dynamics  investigations  are  then  transformed  into 
forms  as  represented  in  the  mechanical  model.  In  the  resonance  terms 
an  imaginary  value  is  introduced  and  the  damping  factor  is  obtained 
by  experiments. 

For  pitching  oscillation  of  the  tank,  the  moment  of  the  liquid 
has  an  additional  damping  term  besides  the  resonance  terms.  This  is 

due  to  the  fact  that  only  part  of  the  liquid  is  participating  in  the 

rotation,  as  can  be  seen  if  the  free  fluid  surface  is  considered 
solidified. 


I.  FLUID  DYNAMICS  THEORY  AND  MECHANICAL  MODEL 


To  determine  the  response  of  the  liquid  with  a  free  surface  in 
a  circular  cylindrical  tank  (of  circular  annular  or  quarter  circular 
cross  section)  with  a  flat  bottom  due  to  forced  translational  and 
pitching  oscillations,  the  Laplace  equationV2  $  =  0  has  to  be  solved 
with  certain  time-  and  space-wise  dependent  boundary  conditions. 

The  linearized  boundary  conditions  are: 

=  iu)  (x0  -  0O  z)  cos  tp  e*1011  at  the  tank  walls  r  =  a,  b 

at  the  tank  bottom 


0  at  the  radial  wall  cp  =  0 

iojeltot  ^0O  z  -  x0J  at  the  radial  wall  cp  =  ^ 


SS  "  ° 

1_  d<t 
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§  ST  =  ° 


at  the  free  fluid  surface 


From  the  velocity  potential  3>,  the  wave  form  of  the  free  fluid  surface, 
the  pressure  and  velocity  distribution  in  the  tank,  the  fluid  force  on 
the  tank  wall,  and  the  moment  of  the  liquid  about  the  center  of  gravity 
of  the  undisturbed  fluid  can  be  obtained. 

1 .  Cylindrical  Tank  with  Circular  Annular  Cross  Section 

The  natural  frequencies  of  the  liquid  are  (Ref.  1  and  2) 


f"  ’  T„  <\|f  (5»  l) 

where  the  |n  (Table  1)  are  the  roots  of 

(5)  = 


n  =  1,  2,  3. . . 


n  a) 

Yk  U) 

J'x  (k§) 

Yk  (kD 

g  is  the  longitudinal  acceleration,  h  the  fluid  height  and  a  the  outer 
tank  radius. 

The  diameter  ratio  of  inner  to  outer  tank  is  k  =  —  . 


With  Cx  (k£)  = 


and  ^  =  2 


Jk  (1)  Yk  (1) 

Jk  (kO  Yk  (k  |) 

-  k  C1  <k!> 

<^n2  -  D  +  Cl2  <k&n)  (1  - 


the  fluid  forces  and  moments  are: 

a.  For  translational  oscillations  x  =  xn  eltJt 


I  !  +  y  Zii  uz  tanh  (|n  ~  kci  (k  gn)] 

‘  1  +  ^  (in  l)  <^2  -  (1  -  k"> 


n=  1 


where  the  first  term  in  the  parenthesis  is  due  to  the  inertial  force. 
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The  first  term  is  the  moment  due  to  the  lateral  displacement  of 
the  center  of  gravity  for  a  plane  free  fluid  surface  of  the  form 
r  cos  cp. 

b.  For  pitching  oscillations  0  =  0o  e10Jt  (about  the  center 
of  gravity  of  the  undisturbed  liquid). 


The  first  term  is,  in  tank-fixed  coordinates,  the  component  due  to 
gravitation  force. 


The  first  term  is  the  moment  due  to  the  lateral  displacement  of  the 
center  of  gravity  for  a  plane  free  fluid  surface,  which  is  obtained 
for  very  slow  oscillations. 

For  an  inner  radius  b  =  0  (k  =  0) 

(I)  =  0  has  to  be  substituted  by  (en)  =  0 
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and  the  zeros  -*  en 
ex  ~  1.84 
e2  «  5.33 
e3  »  8.53 

The  value  Ajj  -  kCx  (k|n) 

Thus  the  forces  and  moments  of  the  liquid  for  a  circular 
cylindrical  tank  with  circular  cross  section  can  be  obtained. 

2.  Cylindrical  Quarter  Tank  (Ref.  3) 

The  natural  frequencies  are 


will  be  substituted  by 


(en  -  1) 


f 


nm 


±_ 

2« 


tanh 


h 

a 


where  the  enm  are  roots  of  (e^)  =  0 

elo  3-83 
€u  *  3.05 
e12  «  5.32 
e2i  ~  6. 71 

The  fluid  forces  and  moments  are: 

a.  For  translational  oscillations: 


n  =  1,  2,  3.... 

m  =  0,  1 ,  2.  .  .  . 


nw2elwtxn 


1  + 


64 


zi 

n=i  m=o 


tanh  (enm 
(enm  a) 


(e  ) 

l v  nm' 


(4n?-l) 


+  L  c 


The  first  term  is  due  to  the  inertial  force. 


(enm)  f 
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where 
^run  = 


Km2'  w2K£nm2-  V>  JgnT  (£  nm> 
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(It  may  be  noted  that  for  m  =  0  a  factor  %  has  to  be  included  in  the 
A ' s  and  B ' s . ) 

b.  For  pitching  oscillations  similar  formulas  can  be 

obtained. 


II.  THE  EQUIVALENT  MECHANICAL  MODEL 


The  sloshing  mass  points  are  attached  with  a  spring  at  a 
height  hn,  while  the  fixed  mass  has  a  distance  hD  from  the  center 
of  gravity  of  the  undisturbed  liquid  (Fig.  1).  The  spring  constants 
of  the  model  slosh  vibrator  are  chosen  in  such  a  way  that  the  ratio 
to  the  sloshing  mass  represents  the  square  of  the  natural  circular 
frequency  of  a  liquid  mode. 


^n 

% 


1,  2,  3. 


(1) 
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FIG.  I 

The  mass  points  have  frictionless  guidance  in  the  horizontal 
plane  for  translational  oscillations. 

The  fluid  mass  m  is 
00 

m  =  ^ +  z  ^  ^ 

n=i 


and  since  second  order  terms  are  neglected,  the  center  of  mass  law  is 


n=l 


(3) 


Introducing  damping  forces  proportional  to  velocity  in  the  form  of 
dampers  results  in 


cn  -  un  7 n 


(4) 


where  yn  is  a  constant  damping  factor.  It  is  twice  the  critical 
damping. 


Considering  the  motion  of  translation  along  the  x-axis  and 
rotation  about  the  y-axis  in  a  space-fixed  coordinate  system,  we 
obtain  the  kinetic  energy,  T,  of  the  mechanical  model: 


mo 

—  (x 


+  hQ  0)2  +  1/2 


Io 


+  1/2 


00 

I 


n=i 


*»n  (In  +  *  *  hn  9r 


+  1/2  iD  (s  +  i)2 


(5) 
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ln  being  the  coordinate  of  the  mass  point  (displacement  of 
relative  to  the  center  line). 

The  dissipation  function  D  is 


D  =  1/2  £  cn  in2  +  1/2  c0f  =  1/2  ^  ^  7n  ^  +  1/2  c0  ¥  (?) 

n=i  n=i 

The  potential  energy  is 

CO  00  00 

V  =  1/2  gG2  mo  ho  -  1/2  ge2  hn  +  g0  ^  %  In  +  1/2  ^  1%  (,n2  O) 


n=i 


n=i 


n=i 


The  first  term  in  the  kinetic  energy  is  due  to  the  translation  and 
rotation  of  the  fixed  mass  mc ;  the  second  term  in  the  kinetic  energy 
is  due  to  the  rotation  about  the  center  of  gravity  of  the  fixed  mass 
m,-, ;  the  third  term  is  due  to  the  translation  and  rotation  of  the  slosh 
mass  points,  while  the  last  term  is  due  to  the  massless  disc. 

The  first  term  in  the  potential  energy  is  due  to  the  lifting  of 
the  fixed  mass  hIq  during  rotation,  the  second  and  third  terms  represent 
the  same  fact  for  the  sloshing  mass  points,  while  the  last  term  is  the 
potential  energy  stored  in  the  springs  with  stiffness  kn.  In  the 
dissipation  function  D,  the  terms  can  be  identified  as  the  damping  of 
the  sloshing  masses  and  the  damping  of  the  disc. 

The  generalized  coordinates  are  here,  x,  0,  t,  and  £n  and  the 
generalized  forces  are 


Qx  = 

-FX 

Qe  = 

% 

Q|  = 

bn 

0 

% 

0 

(8) 

With  the  Lagrange  equation 


-  r1  +  r2  +  <n  ■ «.  <>.  ».  t„> 


(9) 


we  obtain  with  Equations  5,  6,  and  7 


%i  (x  +  In  '  hn  +  kn  ?n  +  g0  “ki  +  wn  ™n  7n  In  =  0  Slosh  Equation 

(10) 
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FLUID  HEIGHT  RATIO 
FIG. 4  for  cylindrical  tank 


2.  Cylindrical  Tank  with  Annular  Cross  Section 
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FLUID  HEIGHT  RATIO 
K  =0  5 


FLUID  HEIGHT  RATIO 
FOR  CYLINDRICAL  TANK  WITH  ANNULAR 
CROSS  SECTION 
k  =  0. 5 


1_ 

1  - 

4 

—  tanh  1 

2 

_ 

h  ' 

a 

^  2  a  / 

(Fig.  7) 


(17) 


329 


K  =  0.5 


Four  Quarter  Tanks 
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8  and  9)  (18) 


FLUID  HEIGHT  RATIO 
for  four  cylindrical  quarter 

TANKS 


vs. 

FLUID  HEIGHT  RATIO 
FOR  FOUR  CYLINDRICAL  QUARTER  TANKS 


It  can  be  seen  that  the  tank  geometry  plays  an  important  role  in 
the  amount  of  sloshing  mass.  For  long  tanks,  i.e.,  large  fineness 

ratio  ^  ,  the  slosh  mass  ratio  due  to  the  first  liquid  mode  is  small 
while  for  short  tanks  a  large  percentage  of  the  mass  is  sloshing. 

This  indicates  that  tanks  with  small  fineness  ratios  <  3^  exhibit 

considerable  liquid  motion  and,  therefore,  need  to  be  considered  with 
special  care  (pressurization).  It  should  be  mentioned  that  the  actual 

sloshing  mass  has  a  constant  value  for  decreasing  fineness  ratio  — 

3 

to  about  h/a  «=  1.  It  furthermore  can  be  concluded  that  the  mass  of 
the  second  sloshing  mode  in  a  circular  cylindrical  tank  is  usually 
smaller  than  3%  of  the  sloshing  mass  of  the  first  mode.  The  second 
mode  can  reach  about  8.4%  of  the  first  mode  only  for  very  low  values 

—  «  1-  In  most  practical  cases,  therefore,  all  higher  sloshing 

modes  (n  >  1)  can  be  neglected.  The  location  of  the  sloshing  mass 
points  is  for  large  fineness  ratio  close  to  the  free  fluid  surface 
and  shifts  with  decreasing  fluid  height  ratio  towards  the  center  of 

gravity  of  the  liquid  in  the  tank.  For  short  tanks  ~  2^,  the 

sloshing  mass  (first  mode)  is  located  near  the  center  of  gravity  of 
the  liquid.  For  increasing  mode  number  the  sloshing  mass  is  approach¬ 
ing  the  free  fluid  surface,  i.e.,  the  mass  points  of  higher  modes  are 
closer  to  the  free  liquid  surface.  With  decreasing  fineness  ratio 
h/a  the  mass  points  approach  the  center  of  gravity  of  the  liquid 

slowly  (|  «  1/2).  For  very  small  values  h/a,  they  are  located  below 

the  center  of  gravity  of  the  liquid  and  approach  the  tank  bottom  with 
decreasing  fluid  height  ratio  h/a.  The  nonsloshing  mass  can  be 
considered  to  be  located  slightly  below  the  center  of  gravity  of  the 
1 iquid . 

The  liquid  in  a  circular  cylindrical  tank  with  annular  cross 
section  exhibits  features  similar  to  that  in  a  tank  of  circular  cross 
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section.  The  first  sloshing  mass  is  decreasing  with  increasing  tank 

diameter  ratio  k  =  —  where  b  is  the  inner  tank  radius  and  a  the  outer 

a  —  — 

tank  radius.  The  sloshing  masses  of  the  liquid  decrease  with  increas¬ 
ing  mode  number,  but  not  as  rapidly  as  in  a  cylindrical  tank  with 
circular  cross  section.  Depending  on  the  tank  diameter  ratio,  values 
of  the  second  to  the  first  sloshing  mass  of  about  12%  can  be  obtained. 
With  decreasing  tank  diameter  ratio,  the  location  of  the  first  slosh¬ 
ing  mass  point  approaches  the  free  fluid  surface.  Higher  ?nodes  show 
a  similar  behavior  for  the  location  of  their  slosh  masses  as  in  the 
cylindrical  tank  with  circular  cross  section.  For  decreasing  fluid 
height  ratio,  the  first  sloshing  mass  location  shifts  fasten  towards 
the  bottom  for  increasing  diameter  ratio  k,  while  the  masses  of 
higher  slosh  modes  remain  very  close  to  the  free  liquid  surface.  The 
larger  the  diameter  ratio  1c,  the  closer  they  stay  to  the  free  fluid 
surface.  The  nonsloshing  mass  stays  very  close  to  the  center  of 
gravity  of  the  liquid  and  exhibits  essentially  the  same  behavior  as 
in  a  tank  with  circular  cross  section. 

In  four  quarter  tanks  the  trends  are  essentially  the  same  except 
for  the  fact  that  the  sloshing  masses  are  considerably  smaller  and 
that  additional  modes  appear  which  cannot  be  neglected  any  more.  The 
next  pronounced  sloshing  mode  is  about  43%  of  the  lowest  one  and  has, 
therefore,  to  be  included  in  a  stability  analysis.  The  total  sloshing 
mass  in  four  quarter  tanks,  however,  is  less  than  half  of  that  of  a 
tank  with  circular  cross  section. 


II.  STABILITY  INVESTIGATIONS 


The  stability  of  a  liquid  propellant  spacecraft  is  affected  by 
the  motion  of  the  propellants  in  the  tanks.  It  is  influenced  by  the 
tank  form,  which  determines  the  amount  of  sloshing  propellant  and  its 
location  in  the  tank,  and  by  the  tank  location,  i.e.,  the  slosh  mass 
location  with  respect  to  the  total  vehicle.  Proper  choice  of  the  tank 
form,  thus  decreasing  the  sloshing  propellant  mass  and  increasing  the 
natural  sloshing  frequency  will  enhance  the  stability  of  a  vehicle. 
These,  however,  are  not  the  only  means  to  suppress  the  hazard  in  control 
due  to  propellant  sloshing.  Proper  selection  of  type,  location,  gain 
values,  and  vibrational  characteristics  of  the  control  sensors  can 
enhance  the  stability  considerably.  Since  baffles  mean  additional 
weight  penalty,  they  shall  be  employed  only  as  a  last  resort. 

Some  simplified  stability  investigations  have  been  performed 
which  exhibit  the  influence  of  the  various  parameters.  The  stability 
boundary  was  determined  in  terms  of  the  amount  of  damping  of  the 
propellant  in  the  tank  required  for  various  tank  locations  (slosh  mass 
location).  The  parameters  considered  are: 
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1. 

n  =  — 

m 

the 

the 

ratio  of  the  sloshing  inass  to  the  total  mass  of 
vehicle 

2. 

lo 

c 

the 

natural  circular  control  frequency 

3. 

^c 

the 

control  damping  factor 

4. 

CO 

s 

the 

natural  circular  sloshing  frequency 

5. 

a 

o 

the 

gain  value  of  the  attitude  control  system 

6. 

WB 

the 

first  natural  circular  bending  frequency 

7. 

wa 

the 

circular  accelerometer  frequency 

8. 

^a 

the 

accelerometer  damping  factor 

9. 

xa 

the 

accelerometer  location 

10. 

g2 

the 

accelerometer  gain  value. 

For  reasons  of  simplification,  only  the  first  bending  mode  was 
considered.  The  propellant  sloshing  of  only  one  tank  was  included. 
All  effects  due  to  aerodynamics,  inertia  and  compliance  of  the  swivel 
engines  are  neglected.  It  is  furthermore  assumed  that  only  half  of 
the  thrust  is  available  for  control  purpose. 

The  equations  of  motion  are:  (Fig.  10) 


FIG.  10  MISSILE  COORDINATE  SYSTEM 
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1 .  Equation  of  Lateral  Translation 

my  +  mg  i’s  -  Ftp  -  ^  P  +  Ft)  Yg  =  0  (19) 

where  m  represents  the  total  mass  of  the  space  vehicle,  mg  the  sloshing 
mass  of  the  first  propellant  mode,  and  F  the  total  thrust.  The  factor 
1/2  on  the  right  hand  side  of  Equation  19  is  due  to  the  availability 
of  only  half  of  the  thrust  to  be  gimballed.  i  is  the  displacement 
of  the  sloshing  mass  ms  relative  to  the  center  line  of  the  tank,  p  is 
the  engine  deflection.  The  last  term  represents  the  generalized 
translational  force  of  the  thrust  due  to  bending,  where  q  is  the 
generalized  bending  coordinate  and  Yg  is  the  bending  mode  slope  at 
the  swivel  point  of  the  engine. 

2.  Equation  of  Pitching  Motion 

-  ms  xs  *S  '  ms  ^s  +  I  XE  P  '  F(xE  YE  "  V  71  =  °  (20) 

I  represents  the  effective  moment  of  inertia  of  the  vehicle  about  its 
center  of  gravity.  It  can  be  written  as 


I 


I'dx+m  x2  +  I  +m 
o  o  o  o  s 


x2  =  m  k2 
s 


is  the  distance  of  the  swivel  point  of  the  gimbal  engine  from  the 
origin,  m^  is  the  mass  per  unit  length  of  the  air  frame,  1^  its 
geometric  moment  of  inertia,  m0  the  fixed  (non-sloshing)  mass  of  the 
propellant,  which  is  located  at  the  station  xQ,  IQ  is  its  moment  of 
inertia  about  its  center  of  gravity  and  xs  is  the  location,  at  which 
the  sloshing  propellant  mass  point  is  placed.  The  symbol  k  is  the 
radius  of  gyration  of  the  vehicle.  The  last  term  of  Equation  20 
represents  the  generalized  rotational  force  of  the  thrust  due  to 
bending.  Yg  is  the  lateral  displacement  of  the  bending  mode  at  the 
swivel  point  of  the  engines. 


3 .  Equation  of  Bending  Vibration 

As  already  mentioned,  only  one  bending  mode  is  considered 
for  simplification.  Because  the  sloshing  and  control  frequencies  are 
below  the  lowest  bending  mode,  the  first  bending  mode  was  chosen  in 
this  analysis.  It  is  designated  by  the  letter  q.  The  equation  of 
the  bending  vibration  is  then 

b  +  “B  gB  q  +  u>§  q  +  Ys  •  is  +  ^  g  Ys  K 

B  B 


* 


(21) 
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where  Ug  is  the  circular  bending  mode  frequency  (first  bending  mode) 
and  gg  is  the  structural  damping.  The  dissipation  of  the  structural 
damping,  which  usually  is  considered  as  being  proportional  to  the 
amplitude  (restoring  force)  of  the  elastic  system  and  in  phase  with 
the  velocity  of  the  vibration,  is  treated  here  as  an  equivalent  linear 
viscous  damping  proportional  to  the  velocity  and  opposing  the  oscillation. 
This  was  preferred  to  avoid  complex  coefficients  in  the  stability 
polynomial,  thus  making  the  treatment  less  complicated.  It  is  justified 
as  long  as  the  damping  forces  are  small,  and  it  is  only  of  importance 
in  the  neighborhood  of  the  bending  frequency. 

The  generalized  mass  Mg  is 

Mg  =  '  m^  Y2  dx  +  f  I'  Y’2  dx  +  Y2  +  I„  Y^2  +  mg  Y2 

where  Y0,  Y^  is  the  displacement  and  slope  of  the  bending  mode  at  the 
non-sloshing  mass  location,  Yg ,  Yg  is  the  bending  mode  displacement 
and  slope  at  the  sloshing  mass  location.  The  last  term  in  Equation  21 
represents  the  generalized  bending  force  of  the  thrust  due  to  bending. 

The  longitudinal  acceleration  of  the  spacecraft  is  represented  by 


4.  Equation  of  Propellant  Motion 

ms  5s  +  ws  ys  ms  +  ks  |g  -  ms  xg  cp  -  g  mg  cp  +  mg  9 

+  ms  q  Y^  +  ms  g  q  Y’  =  °  (22) 

wg  is  the  natural  circular  frequency  of  the  first  propellant  mode, 

7 g  is  the  damping  factor  of  the  propellant  and  k  is  the  spring 
constant  of  the  equivalent  mechanical  model  describing  the  fluid 
motion  in  the  tank. 


5 .  Control  Equation 

A  simplified  control  equation  of  the  form 

P  =  cpi  +  ax  ii  +  g2  (23) 

is  used.  Derivatives  of  P  which  produce  increasing  phase  lags  with 
increasing  frequency  are  neglected.  They  are  not  a  basic  argument  in 
low  frequency  ranges.  The  gimbal  angle  is  called  p  and  cpj_  is  the 
indicated  attitude  deviation  from  a  space  fixed  reference  (as  measured 
from  a  position  gyro).  Gain  values  of  the  attitude  control  system  are 
represented  by  aQ  and  ax .  The  gain  value  of  the  accelerometer  control 
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channel  Is  g2,  and  represents  the  indicated  acceleration.  For  an 
elastic  spacecraft,  the  indicated  attitude  deviation  cpi  is  composed  of 
the  attitude  deviation  cp  of  the  rigid  vehicle  and  the  bending  deviation. 
It  is 

cpi  =  cp  -  t]Y'g 

where  Yg  is  the  slope  of  the  bending  mode  at  the  gyro  location. 

6 .  Accelerometer  Equation 

-%  +  —  Ai  +  A±  =  y  +  xa  cp  +  gcp  +  TiYa  +  gqY'a  (24) 

ua  wa 

where  wa  is  the  natural  circular  frequency  of  the  acceleromecer ,  £a  is 
the  damping  of  the  accelerometer  and  xa  is  its  location.  The  slope 
and  displacement  at  the  accelerometer  location  due  to  bending  is 
represented  by  Y'a  and  Ya.  If  the  accelerometer  is  considered  ideal 
(wa  »  1)  the  equation  reads 

Ai  =  y  +  xacp  +  gcp  +  ijYa  +  gTjYa 

Four  special  cases  are  treated  here:  (Ref.  5  and  6) 

1.  Rigid  spacecraft  with  attitude  control  system  (differentiating 
network) 

2.  Rigid  spacecraft  with  attitude  control  system  and  ideal 
accelerometer  control 

3.  Rigid  spacecraft  with  attitude  control  system  and  "real" 
accelerometer  control 

4.  Elastic  spacecraft  with  attitude  control  system. 

Assuming  solutions  of  the  previous  differential  equations  with 
the  time  dependency  est,  where  s  is  the  complex  frequency,  s  =  a  +  ioo, 
the  stability  polynomial  can  be  obtained.  The  stability  boundaries 
will  be  determined  in  the  (xs ,  ys)  plane.  The  coefficients  of  the 

n: 

stability  polynomials  ^  A^  s^  =  0  are  real.  The  boundary  of  the 

A=i 

stability  region  is 

An  =  0  and  =  0 

where  H^-j^  is  the  Hurwitz  determinant. 

Stability  is  achieved  for  all  points  (xs ,  7S)  above  the  boundary 
curve.  The  stability  boundary  breaks  off  at  the  left  and  right  due  to 
the  results  of  An  =  0.  Therefore,  stability  is  only  exhibited  inside 
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these  boundaries,  that  is,  above  the  stability  curve,  left  of  the  right 
boundary  of  An  0  and  right  of  its  left  boundary.  Sometimes  these 
latter  boundaries  are  outside  the  spacecraft  and  are,  therefore,  not 
indicated. 


A.  Rigid  Spacecraft  with  Attitude  Control  System 


It  can  be  seen  in  Figure  11  that  the  danger  zone  where  baffling 
has  to  be  employed  for  a  rigid  spacecraft  with  small  values  of 

uc 

-  is  approximately  between  the  center  of  gravity  and  center  of 
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FIG.  II  STABILITY  BOUNDARY  FOR  RIGID 
SPACECRAFT 
(NO  ADDITIONAL  CONTROL) 


instantaneous  rotation.  With  increasing  slosh  mass  ratio  p,  the 
stability  is  decreasing  in  this  region,  that  is,  more  damping  has  to 
be  employed  in  a  tank  in  which  the  slosh  mass  is  located  in  the  danger 
zone.  Considering  a  damping  factor  of  the  magnitude  of  7S  =  0.02  for 
an  unbaffled  tank,  the  vehicle  is  always  stable  for  a  slosh  mass  ratio 
P  <  0.15. 

In  Figure  12  the  influence  of  an  increase  in  the  circular  control 
frequency  indicates  a  rather  strong  increase  of  the  danger  zone  toward 
the  base  of  the  craft.  The  sloshing  mass  ratio  was  considered  to  be 
p  =  0.1.  The  increase  in  the  control  frequency  also  demands  more 
baffling  in  the  danger  zone.  For  a  control  frequency  of  approximately 
double  the  magnitude  of  the  nominal  control  frequency  of  0.3  cycle/sec, 
approximately  three  times  as  much  damping  has  to  be  introduced  in  the 
tank  to  obtain  stability.  The  case  of  coc  >  is  very  unfavorable 
because  it  demands  more  baffling  and  exhibits  a  larger  danger  zone. 
Keeping  the  control  frequency  somewhat  below  the  first  sloshing  mode 
frequency  in  the  danger  zone  can,  with  relatively  low  baffling,  avoid 
instability  and  keep  the  danger  zone  rastricted  to  the  approximate 
region  between  the  center  of  gravity  and  the  center  of  instantaneous 
rotation.  For  a  sloshing  mass  ratio  p  of  10%,  the  wall  friction  is 
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FIG.  12  STABILITY  BOUNDARY  FOR  RIGID 
SPACECRAFT 

(NO  ADDITIONAL  CONTROL) 


sufficient  to  maintain  stability  as  long  as  the  control  frequency  is 
below  0.3  cycle/sec.  The  change  of  the  control  damping  can  be  seen 
in  Figure  13.  It  exhibits  the  following  trend:  For  increasing 
subcritical  control  damping  (^c  <  1),  the  stability  is  decreasing  in 
the  danger  zone;  that  is,  more  damping  has  to  be  introduced  to  main¬ 
tain  stability.  The  danger  zone  is  unchanged  by  the  change  of  the 


FIG.  13  STABILITY  BOUNDARY  FOR  RIGID 
SPACECRAFT 

(NO  ADDITIONAL  CONTROL) 
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control  damping.  For  increasing  supercritical  control  damping 
(Cc  >  1)  the  stability  increases;  that  is,  less  damping  is  required 
in  tank  locations  in  the  danger  zone.  No  baffling  is  required  for 
a  sloshing  mass  of  n  =0,1  in  the  danger  zone  if  the  control 
damping  ?c  <0.5  or  if  >  2.  This  means  that  for  the  parameters 
considered  (u>g  =  5.0,  ojc  =  2,  Sq  =  3.5,  simple  attitude  control 
system  with  lead  network),  the  wall  friction  in  the  tank  is  sufficient 
to  maintain  stability  for  a  rigid  space  vehicle  of  the  Saturn  type. 


Bauer 


A  further  question  that  always  presents  itself  to  the  design 
engineer  is  the  problem  of  tank  design.  Tanks  with  large  diameters 
exhibit  low  sloshing  frequencies  which  are  in  many  cases  too  close  to 
the  control  frequency  of  the  vehicle.  Partitions  in  the  tank  or 
clustering  the  tanks  increases  not  only  the  cashing  frequency  but 
also  reduces  the  sloshing  mass  considerably.  The  effect  of  the  change 
of  the  sloshing  frequency  is  shown  in  Figure  14.  The  danger  zone 
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FIG.  14  STABILITY  BOUNDARY  FOR  RIGID 
SPACECRAFT 


(NO  ADDITIONAL  CONTROL) 


increases  toward  the  aft  of  the  craft  with  decreasing  slosh  frequency, 
and  the  stability  is  considerably  decreased.  An  increase  of  the  slosh 
frequency  enhances  the  stability,  that  is,  decreases  the  danger  zone 
and  reduces  the  amount  of  baffling  necessary  to  maintain  stability. 

For  the  treated  case  of  a  rigid  spacecraft  with  a  sloshing  mass  ratio 
of  M-  =  0.1,  the  wall  friction  will  be  sufficient  to  maintain  stability 
at  any  tank  location  if  the  natural  sloshing  frequency  is  above  3.0 
cycle/sec. 

The  control  factor  aQ  of  the  attitude  control  system  exhibits  a 
slight  increase  of  the  danger  zone  toward  the  base  of  the  craft  and  a 
■slight  decrease  in  stability  for  decreasing  values  (Fig.  15). 

B.  Kigid  Spacecraft  with  Attitude  Control  System  and  Ideal  Acceler¬ 
ometer  Control 


The  stability  boundaries  with  respect  to  propellant  sloshing  are 
treated  for  an  accelerometer  controlled  spacecraft  employing  an  ideal 
accelerometer  (“a  »  1)  in  addition  to  the  control  system  of  the 
previous  Case. 

Figure  16  exhibits  the  influence  of  increasing  slosh  mass  ratio, 
the  most  favorable  gain  value  A  =  1.0  (A  =  g2  g  where  g  is  the 
longitudinal  acceleration)  for  an  ideal  accelerometer  controlled 
space  vehicle  was  employed.  The  danger  area  is  considerably  decreased 
to  a  very  short  zone  below  the  center  of  instantaneous  rotation 
where  wall  friction  for  the  liquid  in  the  tanks  already  is  sufficient 
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Figure  20  shows  that  no  appreciable  stability  is  encountered  by  change 
of  the  attitude  control  value  aQ.  The  accelerometer  gain  value  A  =  gag 
has  a  very  pronounced  influence  on  the  stability  behavior  of  the 
vehicle.  In  Figure  21  it  can  be  seen  that,  for  A  <  1  the  danger  zone 


FIG.  20  STABILITY  BOUNDARY  FOR  RIGID 


SPACECRAFT 


(WITH  ACCELEROMETER  CONTROL) 


FIG.  21  STABILITY  BOUNDARY  FOR  RIGID 
SPACECRAFT 

(WITH  ACCELEROMETER  CONTROL) 


is  behind  the  center  of  instantaneous  rotation  and  increases  towards 
a  value  of  slightly  behind  the  center  of  gravity  as  A  approaches  the 
value  zero.  A  loss  in  stability  takes  place  in  the  danger  zone  while 
A  is  decreasing.  For  increasing  A  >  1,  the  danger  zone  shifts  forward 
of  the  center  of  instantaneous  rotation  and  increases  the  magnitude  of 
the  zone  and  the  required  damping  for  tanks  in  this  location.  From 
a  certain  value  A  >  1.5  on,  propellant  motion  in  all  tanks  in 
front  of  the  center  of  instantaneous  rotations  leads  to  instabilities 
while,  for  tanks  behind  the  center  of  instantaneous  rotation,  the 
motion  of  the  propellant  is  stable.  The  value  A  *  1  is  the  most 
favorable  gain  value  for  which  all  other  parameter  changes  were 
performed.  In  Figure  22,  the  influence  of  the  location  of  the 
accelerometer  upon  the  stability  can  be  seen.  For  the  most  favorable 
gain  value  A  =  1,  the  change  of  the  location  of  the  accelerometer 
did  not  lead  to  instabilities.  For  other  gain  values,  however,  the 
location  of  the  accelerometer  definitely  has  an  influence  on  the 
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SPACECRAFT 

(WITH  ACCELEROMETER  CONTROL) 

stability.  For  gain  values  A  larger  than  1.5,  the  fluid  motion  in 
all  tanks  behind  the  center  of  instantaneous  rotation  exhibits  strong 
instabilities  for  accelerometer  locations  behind  the  center  of  gravity. 
The  propellant  motion  in  tanks  in  front  of  the  center  of  instantaneous 
rotation  shows  instabilities  if  the  accelerometer  is  located  in  front 
of  the  center  of  gravity.  For  gain  values  A  smaller  than  unity,  the 
behavior  of  the  stability  boundary  is  similar  to  the  one  without 
accelerometer  control.  The  previous  results  are  only  valid  for  an 
ideal  accelerometer,  which  means  for  an  accelerometer  frequency  of 
large  value  (u)fl  »  1).  For  an  accelerometer  with  vibrational 
characteristics  and  £a  (noted  as  a  real  accelerometer),  the  stabil¬ 
ity  behavior  is  quite  different  from  that  of  an  ideal  accelerometer 
depending,  of  course,  mainly  on  the  value  of  its  natural  frequency. 

C.  Rigid  Spacecraft  with  Attitude  Control  System  and  Real  Accelerom¬ 
eter  Control 


Two  circular  frequencies  for  the  accelerometer  were  treated; 
u)a  =  12  and  55  radians/sec.  In  Figure  23,  the  influence  of  increasing 
slosh  mass  ratio  can  be  seen  for  a  spacecraft  with  additional 
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(WITH  REAL  ACCELEROMETER  CONTROL) 
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accelerometer  control,  where  the  accelerometer  has  a  circular  natural 
frequency  of  =  55  radians/sec  and  a  subcritical  damping  of 

£a  =  0. 7.  With  increasing  slosh  mass  ratio,  the  danger  zone  increases 
aft  of  the  center  of  instantaneous  rotation  and  the  stability  decreases 
That  is,  in  the  danger  zone  more  damning  is  needed  to  maintain  stabil¬ 
ity.  It  can  be  noted,  however,  that  for  wall  friction  only, 

(y  =  0.02),  the  vehicle  is  stable  for  sloshing  mass  ratio  p.  <  0.30 
Increasing  the  gain  value  to  A  =  1.5  (an  optimal  value  for  stability) 
with  an  accelerometer  of  circular  natural  frequency  of  wa  =  55 
radians/sec,  no  instabilities  are  obtained  for  slosh  mass  ratios  of 
H  <  0.21  (Fig.  24).  For  larger  slosh  mass,  ratios,  the  vehicle  becomes 
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('.V!TM  REAL  ACCELEROMETER  CONTROL) 

very  strongly  instable.  It  nay  be  noted  that  the  stability  curve 
breaks  off  at  the  left  at  the  indicated  values,  thus  pointing  out  the 
instability  beyond  this  point.  For  low  accelerometer  frequency 
(ioa  -  12  radians/sec) ,  the  stability  situation  is  becoming  very 
hope! ess  iron  the  standpoint  of  slosning  (Fig.  25).  Sloshing  is 


(WITH  REAL  ACCELEROMETER  CONTROL) 

even  excited  by  ttie  accelerometer  control  and  creates  a  situation 
which  is  worse  than  in  a  craft  with  simple  attitude  control  only.  The 
danger  zone  is  increased  and  increases  with  increasing  slosh  mass 
ratio.  Very  high  baffling  would  be  necessary  in  order  to  maintain 
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stability.  The  damping  required  in  this  case  is  about  three  to  four 
times  larger  than  in  the  case  without  accelerometer  control.  From 
this  we  can  conclude  that  the  accelerometer  frequency  should  be  well 
apart  from  the  slosh  and  control  frequency.  With  increasing  gain 
value  A,  this  situation  is  even  becoming  more  unfavorable,  i.e., 
the  danger  zone  increases  over  almost  the  entire  vehicle  and  stability 
requires  tremendous  damping  values.  Figure  26  exhibits  the  effect 
of  the  change  of  the  control  frequency  for  a  vehicle  with  an 
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accelerometer  frequency  of  lj  =  55  radians/sec.-  An  increase  of  the 
control  frequency  below  the  slosh  frequency  decreases  the  danger  zone 
slightly,  while  an  increase  of  the  control  frequency  above  the  slosh 
frequency  increases  the  danger  zone  towards  the  aft  of  the  craft. 

The  dai  ping  during  the  increase  of  the  control  frequency  remains 
comparatively  small  (7  =  0.01  and  less).  For  an  accelerometer 

frequency  of  ojfl  =  12  radians/sec  the  stability  behavior  can  be  seen 
in  Figure  27.  Increase  of  the  control  frequency  results  in  a  decrease 
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of  the  danger  zone  and  an  increased  stability.  The  effect  is  more 
pronounced  than  in  the  previous  case  and  the  vehicle  is  less  stable 
for  equal  control  frequencies  in  comparison  with  the  case  of 

=  55  radians/sec.  Figure  28  exhibits  the  influence  of  control 
damping.  Increasing  control  damping  decreases  the  danger  zone,  and 
increases  the  stability.  For  the  use  of  the  low  accelerometer 
frequency  wa  =  12  radians/sec,  the  stability  behavior  can  be  seen  in 
Figure  29,  which  exhibits,  for  increasing  subcritical  damping. 
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FIG.  29  STABILITY  BOUNDARY  FOR  RIGID 
SPACECRAFT 

(WITH  REAL  ACCELEROMETER  CONTROL) 

decreasing  danger  zone  and  increasing  stability,  while  for  increasing 
supercritical  damping  increase  of  the  danger  zone  and  loss  of  stability 
area  are  encountered.  Low  subcritical -ds^nping,  however,  seems  in 
both  accelerometer  frequency  cases  unfavorable;  especially  in  the  low 
accelerometer  frequency  case,  more  baffling  has  to  be  applied  in  order 
to  maintain  stability.  The  effect  of  changes  in  the  sloshing  frequency 
is  shown  in  Figures  30  and  31.  Slosh  frequencies  below  the  control 
frequency  exhibit  a  large  danger  zone  from  a  value  slightly  in  front 
of  the  center  of  instantaneous  rotation  almost  to  the  base  of  the 
spacecraft.  For  low  accelerometer  frequency  (u>a  =  12  radians/sec), 
this  is  even  more  pronounced.  Increasing  slosh  frequency  shows  a 
decrease  in  the  danger  zone  and  an  increase  in  stability.  Increasing 
slosh  frequency  above  the  control  frequency  u  >  u>c  decreases  the 
stability  and  increases  the  danger  zone  towards  the  base  of  the  craft 
again.  For  low  accelerometer  frequencies,  these  effects  are  more 
magnified.  For  a  slosh  frequency  in  the  vicinity  of  the  accelerometer 
frequency,  the  stability  is  decreased  and  the  danger  zone  is  increased. 
The  gain  value  aQ  of  the  attitude  control  system  has  only  very  small 
influence  upon  the  stability  boundary  for  an  accelerometer  frequency 
ma  =  55  radians/sec,  which  is  large  compared  to  the  control  frequency 
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SPACECRAFT 

(WITH  REAL  ACCELEROMETER  CONTROL) 


ojc  =  2  radians/sec  (Fig.  32).  The  danger  zone  is  only  a  short  length 
behind  the  center  of  instantaneous  rotation.  With  the  wall  friction 
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FIG. 32  STABILITY  BOUNDARY  FOR  RIGID 
SPACECRAFT 

(WITH  ACCELEROMETER  CONTROL) 

damping  value  (ys  =  0.02),  the  vehicle  is  already  stable  for  the  given 
parameters.  For  small  accelerometer  frequency  (coa  =  12  radians/sec)  , 

a  small  effect  can  be  observed.  The  danger  zone  and  stability  region, 
however,  are  unfavorable  (Fig.  33). 


Figures  34  and  35  exhibit  the  influence  of  the  change  of  the 
accelerometer  gain  value  A  =  g2  g.  For  an  accelerometer  frequency  of 
wa  =  55  radians/sec,  an  increase  of  the  gain  value  to  about  A  =  1.5 
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enhances  the  stability  and  decreases  the  danger  acne  to  a  very  small 
region  between  center  of  instantaneous  rotation  and  the  rente’*  of 
gravity.  Further  increase  of  A  extends  the  danger  zone  in  front  o 
the  center  of  instantaneous  rotation.  The  larger  A  becomes  the  more 
baffling  is  required.  If  the  accelerometer  frequency  is  only 
wa  “  12  radians/sec,  the  situation  is  quite  dii  "  ent  For  increas¬ 
ing  gain  value  the  danger  zone  increases  from  the  center  of  ins  tapir » 
neons  rotation  to  the  aft  of  the  craft.  Very  strong  damning  in  t-s- 
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tanks  has  tc  be  introduced  m  order  to  maintain  stability.  Further 
increases  decrease  the  stability  region  again,  but  still  require  a 
large  zone  to  be  baffled  very  strongly,  while  in  the  case  of  a  large 
accelerometer,  low  damping  is  already  sufficient  for  stability.  A 
damping  twenty  to  thirty  ti.ues  larger  is  required  for  the  case  of  low 
accelerometer  frequency.  Again  we.  can  conclude  that  large  accelerometer 
frequency  eliminates  the  greatest  part  of  the  problem.  To  obtain  the 
influence  of  the  very  important  parameter,  the  natural  frequency  of 
the  accelerometer.  Figure  36  shows  that  for  increasing  accelerometer 
frequency  the  danger  zone  enlarges  and  requires  more  damping.  Above 
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the  olosd  frequency  for  — -  -  2,  a  decrease  of  the  danger  zone  and  an 

^3  COa 

increase  in  the  stability  area  are  noticed.  The  larger  the  ratio  , 
the  less  damping  is  requited  in  order  to  obtain  stability. 


The  increase  of  the  damping  ot  the  accelerometer  exhibits  an 
increase  of  the  danger  rone  and  requires  more  damping  in  the  tanks 
This  etiecr  is  more  magnified  tor  small  accelerometer  frequencies 
vFig.  3  7  and  3S).  it  cut.  U  noticed  that  for  twice  the  critical 
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damping  on,  small  accelerometer  frequency  ma  =  12  radians/sec,  a 
further  increase  of  the  accelerometer  damping  slightly  decreases  the 
danger  zone  and  slightly  enhances  the  stability.  A  very  important 
parameter  in  the  design  of,  a  control  system  is  the  location  of  an 
accelerometer  as  indicated  in  Figures  39  and  40.  A  location  of  the 
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accelerometer  behind  the  center  of  gravity  must  be  avoided.  For  a 
natural  frequency  of  =  55  radians/sec  of  the  accelerometer  any 
location  in  front  of  the  center  of  gravity  requires  low  damping  only 
for  stability  in  a  small  danger  zone.  For  an  accelerometer  frequency 
wa  =  12  radians/sec,  a  location  of  an  accelerometer  behind  the  center 
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of  gravity  requires  high  baffling  in  the  tanks  between  the  base  and 
the  center  of  instantaneous  rotation.  Further  shifting  of  the  accel¬ 
erometer  towards  the  nose  of  the  vehicle  enhances  the  stability  and 
decreases  the  danger  zone.  All  these  results  are  valid  for  a  rigid 
spacecraft.  It  should,  however,  be  noted  that  bending  in  an  acceler¬ 
ometer-controlled  craft  plays  an  important  role.  Gain  factor  A 
location  of  the  accelerometer  and  the  ratio  of  the  bending  frequency 
to  the  accelerometer  frequency  as  well  as  to  the  control  frequency 
are  having  some  definite  influence.  If  the  bending  and  control 
frequencies  are  sufficiently  apart,  only  negative  bending  mode  dis¬ 
placements  are  permissible.  This  indicates  that  for  the  control  of 
the  first  two  bending  modes  a  location  in  front  of  the  center  of 
gravity,  where  both  bending  modes  exhibit  negative  deflection,  is 
favorable.  This  location  also  would  remedy  the  sloshing  problems 
with  little  baffling  but  must  be  treated  with  care  with  respect  to 
the  gain  value  A  of  the  accelerometer,  since  it  exhibits  limitations 
in  magnitude  due  to  rigid  body  control. 

D.  Elastic  Spacecraft  with  Attitude  Control 

All  previous  statements  were  only  valid  for  rigid  space  vehicles 
or  such  crafts  where  the  bending  frequency  is  considerably  higher  than 
the  control  and  sloshing  frequency.  (Only  the  first  sloshing  frequency 
need  be  considered  because,  for  higher  sloshing  frequencies,  the 
sloshing  mass  is  of  insignificant  magnitude;  thus  it  is  unable  to 
affect  the  stability.)  However,  for  spacecraft  with  considerably 
lower  bending  frequencies,  the  influence  of  the  elastic  behavior  on 
the  stability  definitely  has  a  very  pronounced  effect  which  needs  to 
be  considered.  Baffling  based  on  a  rigid  vehicle  would  be  inadequate 
and  could  result  in  a  detrimental  situation,  such  as  the  saturation 
of  the  control  system  and  even  destruction  of  the  craft.  With  increas¬ 
ing  size  of  vehicles,  the  elastic  effect  of  the  structure  can  no 
longer  be  neglected  in  a  sloshing  stability  analysis. 

From  Figure  41,  it  is  seen  that  for  an  elastic  space  vehicle  the 
danger  zone  is  enlarged  to  both  sides,  especially  toward  the  aft  of 
the  craft.  Furthermore,  about  three  times  as  much  damping  is  needed 
compared  with  a  rigid  craft  to  maintain  stability.  Considering  only 
the  friction  of  the  liquid  at  the  tank  wall  would  guarantee  stability 
as  long  as  p  <  0.05.  Increasing  sloshing  mass  ratio  decreases  the 
stability. 

In  Figure  42,  the  influence  of  an  increase  in  the  circular 
control  frequency  exhibits  a  rather  strong  increase  of  the  danger  zone 
and  required  damping  for  stability.  A  small  increase  of  the  control 
frequency  from  0.3  cycle/sec  to  0.5  cycle/sec  indicates  a  tremendous 
baffling  requirement  of  more  than  three  times  as  much  as  at  0.3 
cycle/sec  and  for  nearly  the  complete  vehicle  length.  Further 
increases  of  the  control  frequency  toward  the  bending  frequency 
eliminate  stability  completely  and  a  change  in  the  control  system 
must  be  performed  by  attenuation  and  phase  changes.  This  has  not 
been  executed  here  because,  from  the  view  of  sloshing  stability,  it 
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FIG.  42  STABILITY  BOUNDARY  FOR  ELASTIC 
SPACECRAFT 
(NO  ADDITIONAL  CONTROL) 

is  no  basic  argument.  With  no  baffles  in  the  tanks  and  a  107.  sloshing 
mass  ratio,  the  vehicle  is  only  stable  for  a  control  frequency  smaller 
than  0.15  cycle/sec..  The  case  of  ioc  >  tog  is  very  unfavorable  not  only 
from  the  standpoint  of  sloshing  but  also  from  the  bending  mode 
stability  standpoint. 


The  influence  of  the  control  damping  can  be  seen  in  Figure  43. 

The  trend  is  similar  to  the  rigid  space  vehicle  case:  For  increasing 
subcritical  control  damping  (^c  <  1),  the  stability  decreases.  The 
danger  zone,  however,  decreases  with  increasing  control  damping.  For 
increasing  supercritical  control  damping  (£c  >  1)  the  stability 
increases.  This  means  that  less  damping  in  the  tanks  is  required 
to  maintain  stability.  No  baffling  would  be  require!  for  a  super¬ 
critical  control  damping  of  larger  than  5.0  if  ten  percent  of  the  mass 
of  the  vehicle  is  considered  to  be  sloshing  (to  =  5.0,  to  =  2.0, 
aQ  =  3.5,  tog  =  9.0).  Comparison  with  the  rigit  vehicle  exhibits  again 
a  two  to  three  times  larger  damping  requirement  for  stability. 
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FIG.  43  STABILITY  BOUNDARY  FOR  ELASTIC 
SPACECRAFT 
(NO  ADDITIONAL  CONTROL) 


The  effect  of  the  slosh  frequency  can  be  seen  in  Figure  44. 
increase  in  the  sloshing  frequency  increases  the  stability  and 
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FIG. 44  STABILITY  BOUNDARY  FOR  ELASTIC 
SPACECRAFT 
(NO  ADDITIONAL  CONTROL) 


decreases  the  danger  zone.  Especially  if  the  sloshing  frequency  is 
above  the  bending  frequency,  the  danger  zone  is  considerably  decreased 
and  the  damping  necessary  to  maintain  stability  is  rather  small  For 
a  slosh  frequency  to  bending  frequency  ratio  of  larger  than 

3/2  ( —  >  l.sV  the  wall  friction  in  the  tank  is  already  sufficient  to 
h  <‘;b  • 

maintain  stability.  The  damping  necessary  for  an  elastic  vehicle  is 
about  two  to  three  times  that  necessary  f  >r  a  rigid  spacecraft. 


The  influence  of  the  control  factor  a0  of  the  attitude  contrc. 
system  is  considerably  more  pronoxmeed  than  in  the  case  of  a  rigid 
craft.  With  decreasing  gain  values,  the  danger  zone  increases 
tremendously  over  almost  the  complete  vehicle  length  and  demands 
considerable  damping  in  the  tanks  to  maintain  stability  (Fig.  45). 

For  low  gain  values  =1)  a  darnr  tag  factor  is  needed  in  an  elastic 
vehicle  which  is  five  times  larger  than  that  of  a  rigid  spacecraft 
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FIG.  45  STABILITY  BOUNDARY  FOR  ELASTIC 
SPACECRAFT 
(NO  ADDITIONAL  CONTROL) 


One  strong  effect  in  the  stability  of  elastic  spacecraft  is  the 
influence  of  the  bending  frequency  (Fig.  46).  For  large  bending 
frequencies,  of  course,  the  stability  is  enhanced  and  approaches  with 
increasing  bending  frequency  the  values  of  a  rigid  vehicle.  Also  the 
danger  zone  shrinks  to  the  one  of  the  rigid  craft.  With  decreasing 
bending  frequency  the  stability  decreases  and  stronger  baffling  is 
required. 
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FIG.  46  STABILITY  BOUNDARY  FOR  ELASTIC 
SPACECRAFT 
(NO  ADDITIONAL  CONTROL) 


III.  CONCLUSION 


For  spacecraft  of  increasing  size,  the  influence  of  propellant 
sloshing  upon  the  stability  becomes  more  pronounced.  Aerodynamical ly 
instable  spacecraft  create  loads  and  require  control  torques,  which 
can  be  a  potential  hazard  to  the  flight  performance  of  the  vehicle. 
Therefore,  artificial  stabilization  such  as  angle-of -attack  meter 
and/or  accelerometer  control  is  employed.  This  helps  alleviate  the 
required  control  deflections  of  the  gimbal  engines,  jet  vanes  or  air 
vanes.  For  a  given  configuration  the  control  requirements  are 


354 


Bauer 


strongly  dependent  upon  the  gain  settings  of  the  control  system 
(attitude  and  Ct-control)  .  Sloshing  propellant  requires  additional 
control  torques.  To  minimize  this  effect  proper  choice  of  the  control 
values,  tank  geometry  and  tank  location  and,  as  a  last  resort,  baffles 
will  enhance  the  stability  situation.  The  amount  of  sloshing  mass  is 
determined  by  the  tank  geometry,  the  mass  density  of  the  propellant 
and  the  liquid  height.  The  tank  location,  i.e. ,  slosh  mass  location, 
plays  an  important  role.  The  conclusions  drawn  from  the  results  of  a 
rigid  space  vehicle  even  with  additional  ideal  accelerometer  control 
lead  to  optimisitc  results  concerning  the  baffling  of  the  tanks  to 
maintain  stability.  An  actual  accelerometer  has  its  own  natural 
frequency;  therefore,  the  relation  of  control,  sloshing  and  accelerometer 
frequency  are  of  utmost  importance.  Furthermore,  low  bending  frequen¬ 
cies  of  the  vehicle  have  a  very  pronounced  effect  and  require  much  more 
damping  along  an  enlarged  danger  zone  as  anticipated  by  the  results  of 
a  rigid  spacecraft. 


REFERENCES 


1.  Helmut  F.  Bauer,  "Fluid  Oscillations  in  a  Circular  Cylindrical 
Tank",  ABMA  Report  DA-TR-1-58. 

2.  Helmut  F.  Bauer,  "Theory  of  the  Fluid  Oscillations  in  a  Circular 
Cylindrical  Ring  Tank  Partially  Filled  with  Liquid",  NASA  TN  D-557, 
I960. 

3.  Helmut  F.  Bauer,  "Theory  of  Fluid  Oscillations  in  a  Partially 
Filled  Cylindrical  Quartertank" ,  (not  yet  published),  (Excerpt 
from  "Fluid  Oscillations  in  Cylindrical  Tanks",  unpublished). 

4.  Helmut  F.  Bauer,  "Mechanical  Analogy  of  Fluid  Oscillations  in 
Circular  Cylindrical  Tanks  with  Circular  and  Annular  Cross  Section", 
MSFC  Report  MTP-AERO-61-4. 

5.  Helmut  F.  Bauer,  "Stability  Boundaries  of  a  Liquid  Propelled 
Elastic  Spacecraft",  MSFC  Report  MTP-AERO-61-7. 

6.  Helmut  F.  Bauer,  "The  Effect  of  Propellant  Sloshing  on  the  Stability 
of  an  Accelerometer  Controlled  Rigid  Space  Vehicle",  MSFC  Report 
MTP-AERO-61-16,  1961. 

7.  D.  R.  Fuller,  "Stability  Criteria  for  Linear  Systems  and 
Realizability  Criteria  for  RC  Networks",  Proc.  of  Camb.  Phil.  Soc. , 
Vol .  53  (1957). 


3C  5 


DISCUSSION  OF  AN  AERO-INERTIAL  CONTROL  SYSTEM 


Robert  M.  Hunt 

NASA,  Marshall  Space  Flight  Center 
Huntsville,  Alabama 


SUMMARY 

Current  production  and  transportation  facilities  set  a  prac¬ 
tical  limit  on  the  diameter  of  today's  space  flight  vehicles. 
Hydrogen  fuel  and  more  powerful  engines  are  making  these  vehicles 
longer.  Long-slender  vehicles  with  conventional  engine  gimbal 
control  develop  large  bending  moments  when  traversing  their  design 
wind  profiles. 

Recognizing  the  fact  that  serious  loads  problems  are  upon  the 
structural  engineer,  a  method  is  proposed  which  can  reduce  and  by 
proper  selection  of  control  may  eliminate  the  problem  in  one  spe¬ 
cific  locality  of  the  vehicle  almost  entirely  or  minimize  the  over¬ 
all  moment  distribution. 

This  method  is  called  an  aero- inert ial  control  system.  The 
basic  concept  is  to  hinge  the  nose  similarly  to  current  engine 
gimbal  practice.  This  produces  an  eccentric  mass  relative  to  the 
thrust  vector,  and  reduces  the  angle  of  attack  locally  at  the  nose 
section.  The  predominant  mass  of  the  system  experiences  lower 
loads  both  in  terms  of  lift  forces  on  the  nose  and  control  forces 
or.  the  rear,  thus  reducing  the  bending  moment. 

INTRODUCTI ON 

A  review  of  the  simplified  loads  produced  when  placing  a 
rigid  body  in  static  equilibrium,  using  the  current  practice  of 
engine  control  is  shown  in  Fig.  1. 

The  aerodynamic  lift  for  the  configuration  shown  might  be 
distributed  as  depicted  in  Fig.  1  (a) .  Particularly  notice  that 
the  distributed  area  is  greatest  along  the  forward  portion  of  the 
vehicle.  Fig.  1  (b)  shows  this  integrated  lift  as  vector  Az  at  the 
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center  of  pressure.  Fig.  1  (c)  shows  the  location  of  the  center  of 
gravity  and  the  stabilizing  control  vector  F/^  .  The  static  equi¬ 

librium  conditions  are  completed  by  addition  to  Fig.  1  (d)  of  the 
inertial  vector  Mz'. 

Now  the  shear  diagram  can  be  drawn  in  as  shown  in  Fig.  1  (e) 
and  the  bending  moment  diagram  as  Fig.  1  (f) . 

There  are  two  significant  facts  which  should  be  remembered 
from  Fig.  1  and  these  are:  (1)  the  lift  distribution  is  greatest 
along  the  conical  nose  segment,  and  (2)  the  vector  F/fl  exists  only 
to  place  the  lift  vector  in  rotational  equilibrium. 

The  lift  vector  and  the  control  vector  F /5  are  in  the  same 
direction  and  add  to  produce  the  large  inertial  vector  MZ .  This 
inertial  vector  creates  a  high  bending  moment  at  the  vehicle  center 
of  gravity. 

It  can  be  rationalized  that  should  the  lift  vector  Aj,  be  nulled 
the  stabilizing  control  vector  would  vanish  and  the  ideal  case  of 
zero  shear  and  zero  bending  moment  couj.d  be  realized.  A  search  for 
this  utopian  condition  for  launch  vehicle  design  is  the  basis  of 
this  paper. 

DISCUSSION 

The  hypothesis  is  made  that  by  placing  a  gimbals  on  the  nose 
section  as  indicated  in  Fig.  2  and  by  appropriate  control  of  the 
motion  between  the  two  segments  a  desirable  regulation  of  the 
aerodynamic  forces  could  be  achieved.  Fig.  2  (a)  shows  a  cut-away 
section  of  a  possible  scheme  for  gimbals.  The  point  S  represents 
the  swivel  point  and  C  the  actuator  or  control  mechanism.  Figures 
2  (b)  and  (c)  show  the  vehicle  in  the  uncanted  and  canted  position 
respectively . 

The  aerodynamists  will  recognize  that  this  is  no  panacea  since 
a  large  lift  will  now  occur  aft  of  the  junction  of  the  two  bodies, 
however,  the  center  of  pressure  has  moved  rearward.  No  further 
discussion  of  the  aerodynamics  will  be  attempted  since  that  subject 
would  be  lengthy.  However,  it  will  be  assumed  that  the  aerodynamic 
forces  on  any  segmented  portion  are  known  linear  springs  in  terms 
of  the;  attitude  of  the  system  they  are  connected  to. 

In  Fig.  3  (a)  it  may  be  seen  that  the  inertial  force  has  an 
eccentricity  to  the  force  vector  produced  by  its  cant.  This 
results  in  a  rotational  moment  on  the  system  in  the  direction  the 
nose  is  pointing.  It  appears  that  this  is  advantageous  to  the 
attitude  control. 

It  is  the  aerodynamic  force  regulation  feature  and  the  iner¬ 
tial  force  eccentricity  gained  in  such  a  system  which  leads  to  the 
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name  "Aero-Inertial  Control  System". 

From  Fig.  3  (b)  and  equation  (1)  underneath  it,  a  condition 
may  be  placed  on  the  cant  angle, £  ,  which  would  result  in  static 
rotational  equilibrium  for  the  system. 

If  ideal  conditions  existed,  adequate  control  could  be  main¬ 
tained  throughout  the  powered  flight  regime  for  such  a  vehicle. 
Thrust  vector  misalignment  and  uncertainties  which  may  not  be.  deter¬ 
minable  within  acceptable  limits  make  it  questionable  whether  this 
Aero-Inertial  Control  System  should  be  attempted  as  a  sole  means  of 
controlling.  Also  for  multi-engine  vehicles,  the  directional  shift 
of  thrust  vector  as  well  as  the  change  in  magnitude  produced  by  an 
engine  out  may  make  it  desirable  to  maintain  the  engine-gimbal 
capabil ity . 

DESCRIPTION  OF  MODEL 

Consideration  of  the  principles  previously  mentioned  lead  to 
the  establishment  of  the  model  depicted  in  Fig.  4  with  the  symbols 
as  defined  within  the  paper. 

It  will  be  seen  that  this  is  a  three  mass  system  coupled  to¬ 
gether  with  pin  connections.  The  three  masses,  as  the  subscripts 
imply,  represent  the  engine,  body  (or  booster),  and  the  nose.  The 
pin  connections  are  designated  G  for  gimbals  of  the  engine  and  S 
for  swivel  of  the  no*e.  While  the  latter  is  recognized  as  being 
misleading  nomenclature  in  tnat  the  action  of  both  joints  are  about 
parallel  axis,  perpendicular  to  plane  of  the  figure,  it  does  allow 
a  separate  name  for  each.  There  is  an  aerodynamic-spr ing-toi.c 
(Azi)  attached  to  each  segment  at  its  center  of  pressure  P^  for  that, 
segment  plus  an  assumed  steady  drag  force  (Aj.j)  at  this  location 
acting  axial  to  its  segment.  In  addition  there  is  a  thrust  vecto 
acting  through  the  engine  mass  and  axial  to  that  segment. 

DISCUSSION  OF  DYNAM  ICS 

This  will  be  seen  to  be  a  5-degree-cf - freedom  system.  Namely 
translation  in  the  x  and  z  direction  of  some  mass,  say  Mjj,  rotation 
of  the  same  relative  to  the  fixed  references,  rotation  of  Mg 
relative  to  MN,  and  rotation  of  Mg  relative  to  Mg.  By  neglecting 
relative  motion  between  the  masses  in  the  x  direction  and  by  retain¬ 
ing  the  acceleration  in  the  x  direction  for  inertial  effects,  the 
problem  is  set  up  as  a  4  degree  of  freedom  system. 

The  equations  are  as  follows: 
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The  force  equation  is 
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The  force  equation  (2)  may  be  re-written  in  the  following  form  by 
assuming  steady  state  conditions  (zero  translation  and  zero  rotation) 
and  by  making  some  equation  substitutions,  namely  geometric  relations. 
These  equations  with  expressions  for  the  angle  coefficients  will  be 
found  in  tne  appendix  of  the  paper.  The  steady  state  condition 
allows  the  ejection  of  all  derivatives  including  the  aerodynamic 
damping  terms  from  this  force  equation. 


Thus  ; 


Cp^N  +  CpgS  +  Cp^  -  Cp 


(4) 


By  making  similar  substitutions  of  geometry  and  again  by 
neglecting  the  aerodynamic  damping  terras  (since  the  immediate  goal 
is  to  solve  for  the  undamped  natural  frequency  of  the  system) ,  the 
moment  equation  is; 
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would  be  the  expression  for  including  the  induced  angles  of  attack. 

The  force  equation  (4)  is,  as  previously  stated,  in  the  steady 
state  condition.  By  dropping  the  derivative  terms,  equation  (5)  is 
set  in  the  steady  state;  i.e.,  no  rotation  (or  translation  in  Z 
direction) .  Now  adding  a  control  equation  which  slaves  to  §  , 

there  are  three  equations  with  three  unknowns  in  terms  of  the  wind 
angle  .  Thus  : 


B  -  co5 


(8) 
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$  and  S  are  the  engine  "gimbal-angle"  and  nose  "swivel-angle" 
respectively.  The  gain  cQ  is  the  slaving  factor  between  the  systems. 
This  cQ  is  an  interesting  number  and  more  will  be  said  about  it 
later . 

Solving  these  three  equations  results  in  the  following  transfer 
functions : 
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The  basic  control  equation  is: 

5  =  (11) 

Substituting  equation  (6)  into  (li)  and  dropping  the  term  for 

steady  state  gives. 
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Solving  equations  9,  10  and  12  results  in 
ao^MSCF5-  CFa.CW6)  +  col  CM0cCF/fl  "  cFgCM/S^ 

+  b°E(CM0CFS  +  CF«tCMS-  CF0CMS  CM  +  CFS)  +  co(CM0CF/S_  CF«CM£ 
'  CF0CM,9  “  CM«CF>«  ^  1  CF*  CM0”  CMaCF0 

(13) 


Another  relationship  involving  aQ  and  bQ  is  required  to  determine 
these  gain  constants.  This  is  given  in  the  equation  for  the  undamped 
natural  frequency  of  the  system  and  is  obtained  from  equations  5,  7, 

8  and  12  under  the  assumption  that  (X\^  vanishes  allowing  the 
attitude  to  be  the  angle  of  attack. 
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It  should  be  noted  that  the  rotation  mode  shapes  are  fixed  by  the  two 
control  conditions  and  that  translation  affects  only  the  damping  of 
this  frequency. 

Equations  13  and  16  establishes  the  relationship  between  the 
two  gains  aQ  and  b  in  terms  of  known  structural  and  aerodynamic 
parameters,  the  undamped  natural  frequency  in  rotation  of  the 
system,  and  the  gain  cQ. 

Since  the  rotational  natural  frequency  is  a  problem  common  to 
all  flight  vehicles  and  since  it  is  influenced  by  wind  profile 
criteria,  design  philosophy,  et  cetera,  it  is  assumed  that  this  is 
a  known  parameter  for  solving  these  equations. 

DISCUSSION  OF  GAIN  cQ 

The  heuristic  approach  of  determining  cQ  revealed  some  very 
interesting  facts. 

By  making  cQ  infinitely  large,  S  would  become  zero  and  con¬ 
ventional  engine  control  would  exist.  Conversely  when  c  is  zero, 

/&  vanishes  and  only  nose  control  exists.  As  might  be  expected 
several  intermediate,  but  arbitrary,  values  were  selected. 

In  order  to  study  variations  in  the  gain  c  ,  a  configuration 
was  used  which  had  the  gimbals  at  about  7%  of  tRe  length  and  the 
swivel  at  about  7(77. .  The  swiveled  nose  had  a  slightly  smaller 
diameter  than  the  booster  with  the  usual  nose  taper  to  the  base  of 
a  winged  vehicle. 

The  aerodynamic  forces  of  the  uncanted  vehicle  were  applied 
according  to  the  angle  of  attack  of  the  segment  it  was  acting  on. 

The  vehicle  was  placed  in  steady  state  drift  minimum  equilibri¬ 
um  with  oCw  .  constant .  This  drift  minimum  is  defined  by  Dr.  Hoelker 
(Ref.  1)  as  Z  =  0.  Keeping  cCw  constant  while  varying  cQ  amounts  to 
shifting  the  attitude  to  allow  all  the  external  forces  to  balance 
out  for  this  condition  of  wind  and  velocity. 

It  is  important  to  keep  in  mind  that  this  represents  a  study 
of  the  same  system  varying  only  cQ. 

Fig.  5  shows  the  results  of  the  investigation  under  the 
stated  conditions.  The  cQ  =  -oo  curve  shows  engine  control.  The 
cQ  =  0  curve  shows  nose  control. 

The  segment  from  about  80%  of  the  length  forward  did  not 
change  sign  in  bending  moments  but  even  here  the  minimum  value  is 
about  177»  of  the  maximum  at  that  station. 

With  such  a  system  this  cQ  term  can  be  a  powerful  tool.  By 
proper  selection  of  its  value  the  bendirg  moment  (or  shear)  can  be 
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minimized  for  any  station.  Should  angle  of  attack  on  the  payload  be 
a  problem,  this  could  also  be  minimized. 

There  are  numerous  "gain"  terms  in  common  usage  today,  such  as, 
attitude  gain  aQ  and  aerodynamic  gain  bQ  for  the  control  equations. 
Conceding  that  what  is  to  be  mentioned  is  abstract  from  the  previous 
terminology,  the  structural  engineers  that  generated  this  paper  have 
dubbed  cQ  the  "structures  gain". 

Originally  it  was  intended  to  discuss  strictly  Aero-Inertial 
Control,  the  case  where  cQ  =  0.  However,  this  set  of  curves  show 
that  there  would  be  advantages  to  a  combined  control  system,  there¬ 
fore,  a  more  general  study  was  made.  A  more  descriptive  title  would 
have  been  "Aero-Inertial-Engine  Control"  or  even  oQ  -  S-/Q  control. 

The  second  from  the  bottom  curve  represents  what  is  considered 
the  minimum  overall  bending  moment.  After  the  five  previous  curves 
were  generated,  a  scheme  was  devised  to  locate  this  c  value.  A 
cross  plot  of  the  moment  diagram  for  four  key  points  m  bending 
moment  versus  cQ  resulted  in  the  curves  shown  in  Fig  6.  The  dashed 
line  is  the  arithmetical  mean  of  the  curves  and  where  it  crossed  the 
zero  moment  gave  a  cQ  value  for  minimum  moments  on  the  system 

FUTURE  STUDIES 

A  similar  study  is  underway  to  investigate  the  influence  of  the 
dynamic  response  for  each  of  these  cases  on  the  bending  moment. 

The  effects  of  sloshing,  bending  mode  coupling,  torsional  mode 
coupling  and  roil  control  with  a  variable  roll  moment  of  inertia,  all 
should  be  given  careful  consideration.  Time  permitting  these  will 
be  investigated. 

Before  any  serious  consideration  could  be  given  to  actual 
application  of  such  a  system,  extensive  investigation  of  the  aero¬ 
dynamics  would  be  required. 

CONCLUSIONS 

The  purpose  of  this  paper  has  been  to  establish  a  concept  of 
Aero-Inertial  Control,  to  show  trends  in  terms  of  structural  loads 
which  might  be  expected  from  such  a  concept,  and  to  provide  an  out¬ 
line  of  procedure  which  might  be  followed  in  arriving  at  an  end 
product . 

Should  bending  moments  be  a  problem  on  a  particular  vehicle, 
nose  control  alone  is  good,  adding  engine  control  to  this  is  better 
and  proper  selection  of  the  ratio  between  these  two  controls  is 
best . 
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DEFINITION  OF  SYMBOLS 
aerodynamic  force 
control  gain  factor 
damping  gain  factor 

station  of  booster  body  center  of  gravity 

control  gain  factor 

slaving  factor 

eg  center  of  gravity 

force  coefficient 

pitching  moment  coefficient 

station  of  center  of  gravity  of  the  engine 

eccentricity  distance  of  the  inertial  force 
vector  of  the  swiveled  nose  to  the  thrust 
vector 

thrust 

station  of  engine  gimbals 
moment  of  inertia 
arbitrary  point 
mass 

station  of  nose  center  of  gravity 

station  of  the  center  of  pressure  of 

segment  i 

swi  •■’<?  1  pr. '.lit  of  the  nose 

velocity 

relative  wind 

distance  along  the  abscissa 
distance  along  the-  ordinate 


in  6 


lb 

non-dimensional 
non-dimens ional 
inches 

non-dimens ional 
non-dimensional 
non-dimensional 

lb/deg 

in-lb 

deg 

inches 

inches 

lbs 

non-dimensional 

slug  ft^ 

non-dimensional 

slugs 

inches 

inches 

non-dimensional 
f t/sec 

non-dimensional 

inch 

inch 
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OC 

relative  wind  angle 

degree 

0 

engine  gimbal  angle  relative  to  longitudinal 
axis  of  engine  and  body 

degree 

5 

angle  of  nose  deflection  relative  to 
longitudinal  axis  of  nose  and  body 

degree 

<8 

angle  of  longitudinal  axis  relative  to 
velocity  vector 

degree 

angular  frequency 

rad/sec 

Examples  of  the  use  of  the  subscripts 

Ajjjj  aerodynamic  lift  force  in  the  Z  direction  on  the  nose 

Pjjg  distance  from  the  center  of  pressure  on  the  nose  to  the 
eg  of  the  body.  This  would  be  a  negative  distance 
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APPENDIX 

The  following  are  auxiliary  equations  an^  ''oef ficient 
definitions  for  both  the  force  and  moment  equations,  (4)  and 
(5)  respectively. 


0s  ■  <S 
0£  =  -S-£ 

ZN  ~  Zp  —  8^  0p  — 

Zt  •  Zp  -  0b  -  LqP 


-I-  f  ~  &  ~/S  J  ~  A  2t  -  0  N  t 

O  "t"  f" 

)  +  A  yE(0N-S-£ 

T  A'zB  (^W  “  0N  + 

s; 

+  AyB  (0.N  "S’/ 

+  A^tq  (^-W  “  "m) 

+  A  VNJ  0M  -  0 

FORCE  EQUATION  (4) 

A,-'?  0n  4  Cpg  S  +  C p-ui. 

~  v> 

Cf#  -  A  c  +  A  2- £  +  Az e  +  /,  >, -  A 

:  -A,p 

Axn  j 

,  !  ,  / 

'  -  r  f  ~  "  i  A  +  A  7  ^  +  /\  z  p  •  e-  -  / 

'■  N*  ' 

■Fie'  ~  {F  +  Aze  -  A\/e  j 

(+Aze  +  Azg  +  Ay,Nj 

3  6  a 
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MOMENT  EQUATION  (5) 

&MQ0N  +  Cms  ^  "  CM£>Z?  +  J-M0  0N  +  ImsS+ Tm^  =  Cf/jPC^w 


r  )A$  -  +  A2e.  Peog  ~  k'<E  Bee  +  Azbpbcg  -A^bBcg 

+  Az^Pmcg  ~  A/mBcq  -  M^VEg  +Mm^Bn] 

C m 6 =  +  (' fBcg  "  Az.ePecg  +  Ayg  BCl,  -  A^ePeGs  +  AxNBcG 


*  Ay\PcG  “  AxnScg  •+  MtVEB -- MnVB3^ 
=  +  i~  EGcg  -  AzePf.cg  +  Ay£  Gcg  +  Me  J 
Iw#  -  "  [Ie"IvV.  £-cg  —  b  +  Is  '*■  In  +  ‘An  Ncg  Bn  _v 


Im  s  "  ~  le  ■*•  Me  Ecg-8  '  Is-  MnNcG  Bs  ] 

-rvi?  “  -  i  le  •*  Me^cg^g} 

'-M=<  -  J.  AZu  PtC.G  +  A/:3  peC6  +  AzjvjPnCg] 


(  ZB  -  Z  j(  -  F  +  A  y-  +  A"5  +  A yn  +  M  £  V  +  M gV  M V  -  O 
•  e  ("  (^cg  *  F-e  )  Me  "(-'cg  "  Bb)^b  +Mn(£n  +  ?cg)  }s& 
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SKETCH  OF  POSSIBLE  NOSE  GIMBAL  SCHEME 

FIG.  2 
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NORMALIZED  BENDING  MOMENT 
V.S. 

BODY  STATION  AS  FUNCTION  OF 
ENGINE  ACTUATOR  GAIN 


FIGURE  5 
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A  DYNAMIC  LOADS  COMPARISON  FOR  A  RANGE  OF  MISSILE 
CONFIGURATIONS  UTILIZING  TWO  CONTROL  SYSTEM  CONCEPTS 


R.  T.  Wagner 
Boeing  Airplane  Company 
Aero-Space  Division 
Seattle,  Washington 


SUMMARY 


Boost  phase  dynamic  loads  due  to  wind  shear  are  analyz 
ed  for  a  range  of  vehicle  sizes  and  thrust-to-weight  ratios. 
Bending  moment  comparisons  are  shown  for  each  configuration  ini 
tially  using  an  attitude  referencing  control  system  and  subse¬ 
quently  utilizing  a  control  system  which  references  angle  of 
attack  and  attitude. 

Configurations  consist  of  winged  payloads  ranging  from 
80  to  1666  square  feet  of  lifting  area.  Thrust-to-weight  ratio 
varies  from  1.2  to  2.5.  Payload  weights  range  from  1000  pounds 
to  100,000  pounds.  Each  vehicle  was  specifically  designed  to 
place  its  payload  in  a  200  nautical  mile  polar  orbit.  The  ve¬ 
hicles  are  launched  from  a  vertical  position  and  fly  a  gravity 
turn  trajectory  through  a  single  Vandenberg  AFB  wind  sounding 
estimated  at  less  than  1%  probability.  The  entire  group  of 
hypothetical  study  vehicles  was  designed  to  a  consistent  set  of 
ground  rules. 

Loads  analyses  were  carried  out  utilizing  two  rigid 
and  one  flexible  degree  of  freedom.  Time  varying  parameters 
were  used  in  a  digital  program  which  applies  a  finite  differ¬ 
ence  technique  to  solve  the  differential  equations. 

For  the  Vandenberg  wind  sounding,  the  results  of  the 
comparison  study  show  a  substantial  decrease  in  bending  loads 
for  the  attitude  plus  angle  of  attack  referencing  control  sys¬ 
tem;, 

INTRODUCTION 

The  preliminary  design  dynamic  loads  specialist  is 


376 


Wagner 


sometimes  desirous  of  quick  estimates  of  loads  magnitudes  for 
typical  but  unanalyzed  configurations.  Due  to  the  many  couplings 
which  exist  and  the  general  complexity  associated  with  several 
time  varying  parameters,  loads  generalization  from  one  configura¬ 
tion  to  another  is  risky.  It  was  therefore  desired  that  a 
large  range  of  configurations  be  selected  so  that  results  could 
be  of  wide  use.  While  a  handbook  approach  to  dynamic  loads  is 
impossible  for  optimum  design,  a  "feel"  for  loads  magnitudes  is 
helpful  in  preliminary  structural  design  and  in  assessing  re¬ 
sults  of  more  detailed  loads  analyses.  The  study  results  per¬ 
mit  a  look  at  dynamic  loads  for  a  broad  range  of  booster  sizes, 
payload  sizes,  and  thrust-to-weight  ratios  and  a  choice  of  two 
control  systems.  The  mission,  firing  site,  type  of  payload,  and 
environment  are  arbitrary  but  selected  to  be  of  interest. 

In  addition  to  covering  a  wide  range  of  vehicles,  it 
was  an  objective  of  this  paper  to  completely  redesign  each  con¬ 
figuration  to  carry  out  its  orbital  mission  such  that  each 
changing  parameter  reflects  the  influence  of  it  upon  the  other 
major  parameters.  As  an  example,  the  increase  of  thrust-to- 
weight  ratio  results  in  a  resized  booster  due  to  decreased  pro¬ 
pellant  requirement  and  different  engine  size.  New  trajectory, 
new  skin  gage  sizing,  and  new  mode  shapes  a?  utilized.  This 
approach  is  in  contrast  to  the  type  of  trade  udy  which  changes 
a  parameter,  and  assumes  all  other  parameters  stay  constant. 

Each  approach  has  its  limitations  but  both  are  useful  tools  in 
developing  design  trends.  Much  of  the  usefulness  of  the 
approach  taken  here  depends  upon  the  soundness  of  the  design 
ground  rules.  They  must  be  typical  of  systems  for  which  they 
are  used.  The  ground  rules  selected  for  this  study  are  consi¬ 
dered  typical  of  current  systems  with  some  favoritism  in  the 
designs  towards  keeping  loads  as  low  as  possible. 

THE  STUDY  VEHICLES 

Nine  study  vehicles  were  utilized  with  two  control 
systems,  making  a  total  of  eighteen  vehicles  analyzed.  The 
overall  configurations  are  shown  in  Figures  1,  2  and  3°  Summary 
weights  are  given  in  Table  1.  Three  payload  weights  of  1000, 
10,000,  and  100,000  pounds  and  three  thrust-to-weight  ratios  of 
1.2,  1.85,  and  2.5  comprise  the  matrix  of  nine  vehicles.  A  re¬ 
lative  comparison  of  vehicle  size  is  shown  in  Figure  4  for  a 
thrust-to-weight  ratio  of  1.2. 

The  ground  rules  which  designed  all  vehicles  were 
selected  to  be  typical  of  current  systems.  Payloads  are  boost¬ 
ed  into  a  200  nautical  mile  circular  polar  orbit,  using  liquid 
rocket  boosters.  First  stages  utilize  a  liquid  oxygen  and 
RP-1  propellant  combination  and  all  upper  stages  use  liquid 
oxygen  and  liquid  hydrogen.  Engines  are  "ruboerized"  to  pro¬ 
vide  the  desired  thrust-to-weight  ratio.  A  gravity  turn,  non- 
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rotating  earth  trajectory  is  used  with  the  total  required  velo¬ 
city  increment  equally  divided  between  the  number  of  stages. 
Velocity  losses  were  assumed  to  vary  from  35%  for  a  thrust-to- 
weight  ratio  of  1.2  to  25%  for  a  thrust-to-weight  ratio  of  2.5. 

Delta  winged  lifting  payloads  were  selected  with  a  75° 
sweepback  angle.  The  fuselage  consists  of  a  simple  right  circu¬ 
lar  cylinder  with  diameter  equal  to  one  fourth  of  the  wing  span. 
Lifting  areas  were  arrived  at  by  the  payload  weight,  geometry, 
and  a  constant  density  of  14  pounds  per  cubic  foot  within  the 
fuselage.  Structural  weight  of  the  payload  vehicle  is  assumed 
.4  of  the  total  payload  weight. 


Tandem  booster  design  is  used  with  two  stages  for  the 
1000  and  10,000  pound  payloads  and  a  three  stage  booster  for 
the  100,000  pound  payload.  Stage  values  assumed  are  shown 
in  Table  2.  Tanks  are  pressurized  monocoque  construction  using 
301  stainless  steel.  Oxidizer  tanks  are  located  forward  of  fuel 
tanks  except  for  the  third  stage.  Tank  heads  have  a  height  to 
diameter  ratio  of  .35°  Tank  diameters  selected  are  shown  in 
Figures  1,  2,  and  3*  Interstages  are  aluminum  alloy  stringer 
stiffened  Construction.  The  distance  between  tank  heads  is 
equal  to  engine  nozzle  length  +  Lp  +  10  inches  where  Lp  =  6.38 x 
(T/1000) °-4o _  gee  Reference  (1).  A  20°  semivertex  angle  is 
used  for  the  forward  interstage.  Aft  skirt  lengths  are  equal 
to  the  aft  tank  head  height  +  Lp  +  .75  (engine  nozzle  length)  . 
All  tanks  are  designed  to  accommodate  3%  excess  propellant  by 
weight  and  allow  for  ullage  space  equal  to  1%  of  the  useable 
propellant  volume. 


Skin  gages  are  designed  on  the  basis  of  tank  pressure 
necessary  to  satisfy  elastic  stability  and  subsequent  stress¬ 
ing  for  hoop  tension.  A  safety  factor  of  1.4  is  applied  to 
limit  combined  load.  The  preliminary  loads  for  sizing  struc¬ 
ture  and  determining  overall  bending  stiffness  consider  ground 
wind,  axial  load,  and  bending  moments  at  maximum  dynamic  press¬ 
ure  obtained  by  static  pitch  trim  analysis. 


Control  systems  are  assumed  perfect  with  no  time  lags. 
Sensors  do  not  sense  bending,  thus  eliminating  flexibility  from 
the  control  laws.  Gains  are  adjusted  to  provide  constant  pitch 
frequencies  of  .5  'cps,  .3  cps,  and  .2  cps  for  the  1000  pound, 
10,000  pound,  and  100,000  pound  payload  vehicles  respectively. 
This  is  a  convenience  for  obtaining  a  consistent  loads  compari¬ 
son.  Ordinarily  gains  are  determined  Dy  stability  and  guidance 
requirements  and  the  vehicle  short  period  characteristics  are 
a  result  of  these  gains. 


CONTROL  SYSTEM  CONCEPTS 


Two  control  system  concepts  were  applied  to  each 
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missile  configuration  to  illustrate  the  effect  of  control  sys¬ 
tem  concept  on  the  dynamic  loads  for  a  wide  range  of  configura¬ 
tions.  Each  system  depends  upon  gimballing  of  all  first  stage 
rocket  thrust  to  provide  a  control  moment.  The  basic  difference 
is  the  feed-back  input  sensed  and  the  resulting  response  of  the 
vehicle . 


The  attitude  sensing  system  used  has  £ 
law  as  follows:  _  .  _ 

St  =  K®  +  Ki 

where :  St  =  gimbal  angle 

K*  =  attitude  gain 
K*  =  rate  gain 


simpxe  control 


©5  =  sensed  pitch  displacement 

or  attitude  error  (  ©j=  ©  ) 


In  our  simple  case  the  rigid  pitch  only  is  sensed  when 
the  lift  due  to  the  wind  induced  angle  of  attack  causes  the 
missile  to  rotate  out  of  the  wind  flow.  The  thrust  vector  re¬ 
quired  to  rotate  the  missile  back  to  the  flight  path  is  in  the 
same  direction  as  the  lift  force  and  hence  the  missile  trans¬ 
lates  freely. 


The  angle  of  attack  and  attitude  sensing  control  sys¬ 
tem  is  outlined  in  (2).  The  simple  control  law  for  this  system 
is  as  follows:  _  ,  .  .  ... 

s-r  *  Ke  es  K* 


where :  K~  =  angle  of  attack  control  gain 

• 

*<9  =  sensed  angle  of  attack  = 
h  =  translational  velocity 
Ws  =  wind  speed  (normal  component) 

U  =  flight  velocity 
©  =  rigid  pitch 


Here  again  only  rigid  responses  are  sensed  with  flexi¬ 
bility  omitted  from  the  control  law.  With  this  control  system 
the  angle  of  attack  and  attitude  gains  are  programmed  in  such 
a  fashion  as  to  rotate  the  perturbed  missile  back  through  the 
flight  path  and  into  the  wind  flow.  An  equilibrium  of  lateral 
forces  is  achieved  through  a  proper  ratio  of  gain  magnitudes 
such  that  the  drift  or  lateral  translation  velocity  of  the  ve¬ 
hicle  with  respect  to  the  flight  path  is  kept  to  a  minimum. 

The  steps  leading  to  derivation  of  gain  values  are  given  in 
Reference  (2).  The  rigidly  derived  expressions  used  here  are 
as  follows: 
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In  order  to  keep  a  constant  pitch  frequency,  both  gains 
must  be  programmed  throughout  the  trajectory.  While  zero  drift 
is  not  attained  when  inserting  the  rigidly  derived  gains  in  a 
flexible  system,  the  drift  is  considerably  minimized. 

METHOD  OF  ANALYSIS 

A  lumped  mass  three  degree  of  freedom  representation 
of  the  system  was  utilized  with  rigid  pitch  and  translation 
modes  and  the  first  bending  mode  included.  Mode  shapes  were 
obtained  by  use  of  a  digital  program  based  upon  a  Myklestad 
type  of  solution.  (3) 

The  trajectories  used  are  characterized  by  a  vertical 
rise  to  a  velocity  of  350  feet  per  second,  an  instantaneous 
tilt,  gravity  turn  through  first  stage  burnout,  and  upper  stage 
programming  to  arrive  at  the  desired  burnout  velocity,  altitude 
and  attitude.  Since  the  vehicles  were  launched  into  a  polar 
orbit,  a  non-rotating  earth  trajectory  was  used.  Trajectories 
were  based  on  the  1959  ARDC  model  atmosphere.  (4) 

Lift  curve  slopes  for  the  winged  payloads  are  shown  in 
Figure  5.  Momentum  theory  was  utilized  for  the  conical  inter¬ 
stages  with  the  center  of  pressures  moved  aft  to  correspond  with 
a  typical  distribution  obtained  by  second  order  shock  expansion 
theory.  (5)  The  resulting  modal,  aerodynamic,  vehicle  geometry, 
and  trajectory  data  were  inserted  into  a  digital  computer  pro¬ 
gram  which  calculates  the  required  control  gains  (6),  the  equa¬ 
tions  of  motion,  and  the  loads  equations.  (7).  The  program 
calculates  these  equations  at  a  specified  number  of  time  points 
throughout  the  flight  trajectory,  stores  the  data,  and  auto¬ 
matically  feeds  it  into  the  final  portion  of  the  program  which 
solves  the  variable  coefficient  equations  of  motion  with  the 
desired  forcing  function  and  uses  the  time  history  of  the  ve¬ 
hicle  responses  to  solve  the  loads  equations.  Since  the  maxi¬ 
mum  bending  moment  occurs  prior  to  first  stage  burnout  the  pro¬ 
gram  was  terminated  at  five  seconds  beyond  the  peak  wind  speed. 
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Six  time  points  were  used  for  the  equations  of  motion  and  loads 
coefficients,  and  15  time  points  were  used  in  th-  forcing  func¬ 
tion  .  Linear  interpolation  was  used  throughout,  and  the  time 
varying  systems  of  differential  equations  were  solved  at  .01 
second  intervals  to  form  the  "continuous"  simulation  solution. 
The  numerical  finite  difference  solution  uses  the  Adams-Moulton 
formulas  and  is  based  upon  a  method  outlined  in  Reference  (8), 

The  forcing  function  is  shown  in  Figure  6,  A  1?  Febru¬ 
ary  1959  wind  soundir^  for  Vandenberg  AFB  was  selected.  (  9  )  °  It 
is  estimated  at  less  than  1%  probability  and  is  one  of  two  such 
profiles  recommended  for  design  of  vehicles  launched  from  this 
particular  site.  It  is  unique  in  its  lack  of  a  sharp  nosed  wind 
shear  spike . 

RESULTS 


In  the  interpretation  of  the  results  of  this  study  it 
is  important  to  keep  in  mind  that  our  variation  in  range  of  pay- 
loads  implies  a  range  of  different  size  boosters  each  of  which 
is  designed  according  to  the  study  ground  rules  to  specifically 
put  this  payload  into  a  200  nautical  mile  polar  orbit.  Hence, 
the  mode  shapes,  frequencies,  flight  parameters,  vehicle  res¬ 
ponses,  and  the  wind  shear  loads  reflect  the  combined  effect  of 
all  the  contributing  parameters  and  we  cannot  isolate  the  effect 
of  a  single  parameter.  The  sole  exception  to  this  is  in  the 
comparison  of  the  two  control  systems.  The  vehicles  undergo  no 
design  modification  in  the  interchange  of  control  systems. 

Modal  Results 

Typical  mode  shapes  are  shown  in  Figure  7  for  vehicles 
with  1,000,  10,000  and  100,000  pound  payloads.  The  vehicles 
are  designed  quite  stubby,  particularly  at  the  extremes  of  t>e 
payload  range.  This  is  shown  in  Figure  8  which  plots  a  fineness 
parameter.  Hence,  the  vehicles  possess  good  rigidity,  with  the 
largest  vehicle  having  a  minimum  first  bending  mode  frequency 
of  1.6  cycles  per  second.  The  range  of  first  bending  mode  fre¬ 
quencies  is  shown  in  Figure  9«  One  can  refer  back  to  Figure  8 
to  find  the  fineness  parameter  which  is  associated  with  these 
frequencies. 

Trajectory  Results 

The  equations  of  motion  and  the  loads  equations  are 
heavily  dependent  upon  the  time  histories  of  dynamic  pressure 
and  the  dynamic  pressure  divided  by  the  flight  velocity,  A 
feel  for  the  maximum  values  of  these  flight  parameters  as  a 
function  of  vehicle  size  and  thrust  to  weight  ratio  is  shown 
in  Figures  10  and  11.  They  are  primarily  influenced  by  thrust- 
to-weight  ratio,  but  vary  somewhat  with  the  size  of  the  missile. 
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Vehicle  Responses 

The  variation  in  vehicle  responses  as  a  function  of 
control  system  concept  is  illustrated  for  a  10,000  pound  pay- 
load  vehicle  with  a  thrust- to-weight  ratio  of  1.85.  Figure  12 
shows  the  two  pitch  responses  as  the  vehicle  is  flown  through 
the  wind  sounding.  With  an  aerodynamically  unstable  vehicle 
and  attitude  referencing  control  the  vehicle  tends  to  rotate 
out  of  the  wind  flow.  With  angle  of  attack  plus  attitude  feed¬ 
back  and  a  proper  ratio  of  gains  the  missile  rotates  into  the 
wind  flow.  The  gains  are  ratioed  in  such  a  fashion  that  drift 
velocity  is  minimized.  The  drift  velocities  for  the  two  control 
schemes  are  shown  in  Figure  13.  The  drift  velocity  for  the 
attitude  plus  angle  of  attack  control  reaches  a  sizeable  magni¬ 
tude  since  these  gains  were  not  optimized.  However,  there  is 
considerable  lag  and  for  a  given  time  in  the  trajectory  the 
drift  velocities  are  quite  different.  The  effect  of  thrust-to- 
weight  ratio  on  the  drift  velocity  responses  is  shown  by  com¬ 
paring  Figures  13  and  14.  The  comparison  shows  that  drift  velo¬ 
cities  are  decreased  for  a  lower  thrust-to-weight  ratio,  and 
that  the  greater  reduction  occurs  with  the  attitude  plus  angle 
of  attack  control  system.  Typical  time  histories  of  the  control 
gains  for  the  two  control  systems  are  given  in  Figure  15.  Angle 
of  attack  gain  must  be  set  zero  at  launch  due  to  the  large 
angles  of  attack  which  are  possible  immediately  following  the 
launch. 

Wind  Shear  Bending  Moments 

The  loads  results  are  summarized  in  plots  of  the  peak 
bending  moment  obtained  versus  the  size  of  payload  boosted  into 
orbit.  Size  of  payload  is  plotted  in  terms  of  weight  in  Figures 
16  and  17.  Figure  l6  illustrates  the  attitude  control  concept 
and  Figure  17  shows  the  loads  for  the  attitude  plus  angle  of 
attack  control  system.  Figures  18  and  19  repeat  the  loads  for 
each  control  system  with  the  payload  size  plotted  in  terms  of 
lifting  area  instead  of  weight. 

Figures  20,  21  and  22  illustrate  typical  bending  moment 
distribution  over  the  entire  length  of  the  missile.  Control 
system  comparisons  are  shown  in  each  figure.  Figures  20  and  21 
are  similar  in  shape  since  both  are  two  stage  vehicles.  Figure 
22  shows  the  load  distribution  for  the  three  stage  design  with 
the  second  stage  oxidizer  tank  located  forward  of  the  fuel0  The 
result  is  a  flat  peak  since  the  bending  moment  built  up  by  the 
glider  aerodynamics  is  leveled  off  by  the  inertia  force  of  the 
heavy  second  stage  oxidizer  tank  located  well  forward. 

Figure  23  is  a  plot  of  peak  bending  moments  versus 
thrust-to-weight  ratio  for  payload  sizes  of  1,000,  10,000  aud 
100,000  pounds.  The  control  system  comparison  is  shown  here 
also . 
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Figure  24  illustrates  a  typical  time  history  plot  of 
the  maximum  bending  moment  on  the  vehicle  as  it  flies  through 
the  Vandenberg  wind  sounding.  Each  control  concept  is  illustrat¬ 
ed.  For  the  attitude  control  the  loads  peak  at  the  maximum 
q/U  point  of  the  trajectory.  The  attitude  plus  angle  of  attack 
control  scheme  causes  the  loads  to  typically  peak  a  few  seconds 
later  than  the  maximum  q/0  time  point. 

It  is  of  interest  to  note  the  results  of  a  comparison 
between  the  three  degree  of  freedom  IBM-704  solution  which  in¬ 
cludes  all  unsteady  responses,  and  a  hand  solution  which  assumes 
that  the  unsteady  responses  in  pitch  and  bending  can  be  neg¬ 
lected  (10).  Setting  these  terms  equal  to  zero  allows  one  to 
reduce  the  three  degree  of  freedom  system  to  a  single  differen¬ 
tial  equation  in  which  translational  velocity  is  the  dependent 
variable.  The  hand  solution  employed  five  time  increments  in 
which  the  forcing  function  is  considered  linear  and  the  varia¬ 
ble  parameters  are  taken  at  the  midpoint  of  each  increment.  The 
response  at  the  end  of  each  time  increment  serves  as  initial 
conditions  for  each  successive  time  increment.  Results  are  com¬ 
pared  in  Table  3  for  a  single  vehicle  using  both  control  system 
concepts.  The  technique  has  proven  remarkably  accurate  for 
vehicles  with  high  rigidity  and  forcing  functions  without  high 
frequency  disturbances  likely  to  cause  large  dynamic  magnifica¬ 
tion. 

CONCLUSIONS 

From  the  loads  comparison  between  the  two  control  sys¬ 
tem  concepts,  the  major  conclusion  is  that  bending  moments  are 
substantially  reduced  by  the  attitude  plus  angle  of  attack  con¬ 
trol  system  when  the  flight  environment  contains  no  high  fre¬ 
quency  disturbances.  It  is  of  interest  to  note  here  that  for 
gusts  and  sharp  shear  reversals  previous  analyses  comparing  the 
attitude  control  with  the  attitude  plus  angle  of  attack  control 
show  that  the  loads  are  not  changed  significantly  using  a  wind 
profile  with  a  50  feet  per  second  per  1000  feet  shear  reversal, 
and  that  a  (1-cosine)  critically  phased  gust  could  produce 
larger  loads  with  this  control  system.  (11). 

The  results  also  show  that  the  major  loads  increase  for 
a  given  size  winged  payload  occurs  in  the  thrust- to-weight 
range  of  1.2  to  1.85.  Increasing  the  thrust- to-weight  ratio 
from  1.85  to  2.5  produced  a  substantially  smaller  increase  for 
the  larger  size  vehicles.  For  small  vehicles  the  increase  in 
bending  moment  was  nearly  linear  for  the  range  of  thrust-to- 
weight  ratios  from  1.2  to  2,5.  The  increase  of  translational 
velocity  with  thrust- to-weight  ratio  appears  to  be  an  important 
factor.  The  effect  of  increased  drift  is  to  alleviate  the  wind 
induced  angle  of  attack,  and  increase  the  inertia  forces  which 
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tend  to  cancel  loads  built  up  by  the  glider  aerodynamics.  This 
effect  becomes  less  important  as  the  payload  aerodynamics  be¬ 
come  smaller.  Ballistic  payloads  would  probably  show  a  more 
linear  increase  in  loads  with  increasing  thrust  to  weight  ratio. 
Another  effect  of  importance  is  the  shorter  length  of  the  miss¬ 
ile  as  thrust-to-weight  ratio  is  increased.  This  is  due  to  low¬ 
er  velocity  losses  in  boost  and  hence  less  propellant  is  re¬ 
quired  to  boost  the  same  weight  into  the  same  orbit. 
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LIST  OF  SYMBOLS 

Summation  of  lifting  area  increments  times  their 
lift  curve  slopes 

Total  drag 

First  stage  diameter 

Translation  or  drift  velocity 

Pitch  inertia  about  the  missile  c.g. 

Attitude  control  gain 
Attitude  rate  control  gain 
Angle  of  attack  control  gain 
Total  length  of  the  missile 

Distance  from  missile  c.g.  to  the  thrust  center 

Distance  from  missile  c.g.  to  the  aerodynamic 
center  of  pressure 

Distance  from  aft  end  of  tank  head  to  throat  area 
of  engine 

Dynamic  pressure 

Lifting  area  of  winged  payload 

Trajectory  burn  time 

Sea  level  thrust 

Sea  level  thrust-to-weight  ratio 
Flight  velocity 

Gross  weight  of  missile  at  launch 
Payload  weight 

Normal  component  of  wind  speed 
Sensed  angle  of  attack 

Propellant  weight  to  stage  weight  ratio 
Sensed  pitch  displacement  or  attitude  error 
Rigid  pitch  displacement 
First  bending  mode  frequency 
Pitch  or  short  period  frequency 
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WpL  =  1,000  lbs.  T/w= 

1.2 

1.85 

2.50 

Payload  Weight 

1,000 

1,000 

1,000 

Second  Stage  Propellant 

3,852 

3,465 

3,196 

Second  Stage  Inerts 

525 

473 

436 

First  Stage  Propellant 

60,508 

5^,325 

47,618 

First  Stage  Inerts 

4,55*+ 

4,724 

4,710 

Launch  Gross  Weight  = 

70,439 

63,987 

56,960 

(lbs. ) 

W„T  =  10,000  lbs. 

PL  T/W= 

1.2 

1.85 

2.50 

Payload  Weight 

10,000 

10,000 

10,000 

Second  Stage  Propellant 

38,520 

36,300 

34,811 

Second  Stage  Inerts 

5,253 

5,424 

5,667 

First  Stage  Propellant 

606,333 

568,416 

521,624 

First  Stage  Inerts 

1 

45,638 

49,427 

51,589 

Launch  Gross  Weight  = 

705,744 

669,567 

623,691 

(lbs. ) 

WPL  =  100,000  lbs.  T/W=  1.2  1.85  2.50 


Payload  Weight 

Third  Stage  Propellant 

Third  Stage  Inerts 

Second  Stage  Propellant 

Second  Stage  Inerts 

First  Stage  Propellant 

First  Stage  Inerts 

100,000 

180,059 

36,880 

518,920 

77,5^0 

3,209,864 

279,119 

100,000 

171,229 

37,587 

481,972 

78,461 

2,913,124 

288,111 

100,000 

162,352 

38,082 

445,718 

78,656 

2,624,409 

291,601 

Launch 

Gross  Weight  = 

4,402,382 

4,070,484 

3,740,818 

(lbs.) 

SUMMARY  WEIGHT  STATEMENTS 
TABLE  1 
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T/W 

1st  Stage 
2nd  Stage 
3rd  Stage 


1.2 

1.85 

2.50 

1.2 

1.85 

2.50  1.2 

1.85 

2.50 

.93 

.92 

.91 

.93 

.92 

.91  1  .92 

.91 

•90. 

.88 

.88 

.88 

.88 

.87 

.86  H  .87 

.86 

.85. 

— 

_ 

_ 

_ 

_ 

_ -  1  .83 

_i82_ 

.  -.  81, 

W_T  =  1000  lbs.  W  =  10,000  lbs.  W_ _ =  100,000  lbs 
PJLj  Pi-i  P1j 

PROPELLANT  WEIGHT  TO  STAGE  WEIGHT  RATIOS 

TABLE  2 


Inches  Bending  Moments~10  in-lb 


Body  IBM  Hand  IBM  Hand 

Station  Solution  Solution  Solution  Solution 


0 

.00 

.00 

.00 

.00 

208 

.38 

.38 

.23 

.23 

252.5 

.62 

.64 

.37 

.37 

352 

1.26 

1.27 

.74 

.74 

477 

1.81 

1.82 

1.07 

1.08 

547.5 

2.15 

2.16 

1.27 

1.30 

622.5 

1.42 

1.43 

.84 

.85 

672 

.83 

.84 

.49 

.49 

722 

.00 

.00 

.00 

.00 

t.  Attitude  Control  J  L  Attitude  Plus  _ I 

Angle  of  Attack 
Control 

W  =  1000  lbs.,  T/W  =  1.2 
P  Ij 

SOLUTION  COMPARISON 
TABLE  3 
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FIGURE  6 
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FIGURE  8  -  FINENESS  PARAMETER 
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FIGURE  11  -  MAXIMUM  DYNAMIC  PRESSURE /FLIGHT  VELOCITY 
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FIGURE  12.  -  PITCH  RESPONSES 


FIGURE  13  -  DRIFT  VELOCITY 
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FIGURE  16  -  WIND  SHEAR  BENDING  MOMENTS 
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FIGURE  17  -  WIND  SHEAR  BENDING  MOMENTS 


FIGURE  18  -  WIND  SHEAR  BENDING  MOMENTS 


FIGURE  !9  -  WIND  SHEAR  BENDING  MOMENTS 
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FIGURE  2.0  -  WIND  SHEAR  BENDING  MOMENTS 
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FIGURE  -  WIND  SHEAR  BENDING  MOMENTS 
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FIGURE  22  -  WIND  SHEAR  BENDING  MOMENTS 
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FIGURE  2.4  -  WIND  SHEAR  LOADS  TIME  HISTORIES 
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SUMMARY 


An  analytical  investi  <-"c>ii on  of  the  loads  and  responses  of  a 
simplified  elastic  rocket  vehicle  frying  a  vertical  trajectory  has 
been  conducted.  The  external  forces  assumed  acting  on  the  rocket  were 
produced  by  a  series  of  wind  shear  reversals  and  several  measured  wind 
profiles.  The  system  was  described  by  three  rigid-body  modes  and 
three  elastic  modes,  and  was  stabilized  by  a  simplified  control  func¬ 
tion.  The  differential  equations  had  time-dependent  coefficients  and 
were  solved  on  an  analog  computer. 

Time- dependent  coefficients  of  the  differential  equations 
were  found  to  be  necessary  to  predict  loads  when  the  wave  length  of 
the  wind  shear  reversal  became  sufficiently  long.  Errors  which  would 
result  from  using  time-fixed  coefficients  were  shown  to  depend  on, 
among  other  factors,  the  ratio  of  bending  frequency  to  control  fre¬ 
quency,  the  thrust- to- weight  ratio,  and  the  control  system  of  the 
rocket . 


Detailed  wind  profiles  measured  by  a  smoke-trail  technique 
were  generally  found  to  produce  larger  loads  on  the  rocket  than  wind 
profiles  measured  by  balloon- sounding  techniques.  These  differences 
were  as  large  as  15  to  20  percent,  depending  on  the  parameters  of  the 
system.  It  was  noted  that  the  character  of  the  bending-moment 
response  to  these  profiles,  whether  primarily  inertial  or  aerodynamic, 
and  the  magnitude  of  bending  mode  excitation,  depended  on  the  type  of 
control  system  as  well  as  the  rocket's  thrust- to- weight  ratio  and 
bending-mode  frequency  to  control  frequency  ratio. 

*The  information  presented  herein  will  be  offered  as  a 
thesis  in  partial  fulfillment  of  the  requirements  for  the  degree  of 
Master  of  Science,  The  College  of  William  and  Mary,  Williamsburg,  Va., 
by  Sheldon  Baron. 
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INTRODUCTION 


The  critical  loads  vhich  design  the  structure  of  a  missile 
or  booster  vehicle  usually  occur  along  the  launch  trajectory  during 
ascent  through  the  atmosphere.  These  loads  result  from  response  to 
guidance  and  control  commands,  buffeting,  noise,  engine  transients, 
atmospheric  disturbances,  and  the  response  of  the  vehicle  to  these 
loads  and  disturbances .  This  paper  is  concerned  with  those  loads 
vhich  result  from  atmospheric  disturbances  such  as  wind  shears  and 
gusts.  Usually  the  critical  loading  condition  from  this  source  is 
associated  with  the  "maximum  q"  or  "maximum  aq"  point  in  the  launch 
trajectory,  where  the  aerodynamic  forces  are  greatest  and  where  loads 
from  the  other  sources  are  often  critical  as  well. 

An  exact  analytical  description  of  a  rocket  in  itB  launch 
trajectory  would  necessarily  require  a  set  of  differential  equations 
having  time-dependent  coefficients  and  representing  both  the  rigid  and 
elastic  degrees  of  freedom.  A  detailed  knowledge  of  the  motion  of 
the  atmosphere  is  also  required  to  provide  the  forcing  functions 
acting  on  the  differential  equations  in  order  to  predict  wind  loads. 
However,  simplification  of  analysis  procedures  and  lack  of  better 
atmospheric  data  have  resulted  in  certain  arbitrary  criteria  to  define 
wind  loads  being  established  within  the  various  companies  of  the  aero¬ 
space  industry.  Usually  two  distinct  analytical  models  have  evolved, 
associated  with  two  available  types  of  atmospheric  data.  First,  wind 
loads  due  to  the  gross  motion  of  the  atmosphere,  as  determined  by 
balloon  soundings,  are  computed  u  - ing  a  model  consisting  of  a  set  of 
simultaneous  differential  equations  having  variable  coefficients  but 
neglecting  elastic  effects.  Then  the  loads  resulting  from  the 
detailed  wind  motions,  i.e.,  gusts  and  turbulence,  are  found  by  con¬ 
sidering  the  booster  rocket  at  several  discrete  points  along  the  tra¬ 
jectory,  using  constant  coefficient  differential  equations,  and 
including  structural  elasticity.  Total  wind  loads  are  then  determined 
by  some  form  of  superposition  of  the  loads  calculated  from  the  two 
types  of  atmospheric  disturbances. 

The  first  objective  of  this  paper  is  to  attempt  to  demon¬ 
strate  significant  effects  of  time- dependent  coefficients  of  the 
governing  differential  equations  by  using  a  more  fundamental  analyt¬ 
ical  model  than  those  usually  used,  i.e.,  one  which  has  time- 
dependent  coefficients  and  includes  structural  elasticity.  Wind  shear 
reversals,  corresponding  to  the  peak  of  a  balloon-measured  profile, 
are  used  as  forcing  functions  in  order  to  examine  the  response  of  the 
system.  Reference  1  is  a  related  study  which  delineates  some  effects 
of  time-varying  aerodynamic  coefficients  on  an  aeroelastic  system. 

The  second  purpose  of  this  paper  results  from  improved 
atmospheric  wind  data  having  recently  become  available.  These  data, 
determined  by  a  photographic  triangulation  technique  developed  at 
Langley  Research  Center  and  described  in  reference  2,  contain  the 
small  horizontal  fluctuations  of  the  atmosphere  as  well  as  its  gross 
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motion.  Loads  which  result  when  a  rocket  flies  through  this  detailed 
wind  profile  will  he  compared  with  loads  which  result  when  the  rocket 
is  flown  through  a  wind  profile  determined  by  conventional  balloon- 
sounding  techniques . 


LIST  OF  SYMBOLS 


ai,i  =  1,2,3 

characteristic  values  of  a  uniform  "beam  with  free-free 
boundary  conditions 

B.M. 

bending  moment,  ft- lb 

cu 

generalized  aerodynamic  coefficients  appearing  in 
equation  (6a) 

Dm-,Dn,j 

constants  appearing  in  equation  (l4a) 

El 

stiffness  constant  of  a  uniform  beam,  lb-ft^ 

•'ucA'^'yA 

components  of  aerodynamic  force  in  body  axes,  lb 

g 

gravitational  constant,  ft/sec^ 

h 

altitude ,  ft 

ho 

initial  altitude,  ft 

■^sp 

specific  impulse  of  rocket,  sec 

Ki,K2,K5 

gain  constants  of  the  control  function,  equation  (2) 

L 

length  of  the  rocket,  ft 

M 

mass  of  the  rocket  at  any  instant,  Ib-sec^/ft 

Mo 

lift-off  mass  of  the  rocket,  lb-sec^/ft 

**zA 

aerodynamic  pitching  moment,  lb- ft 

1-pi  =  1j2,3 

generalized  coordinate  of  ith  mode,  divided  by  L, 
nondimens 1 onal 

%A 

generalized  aerodynamic  force,  lb 

S 

base  area  of  the  vehicle,  ft2 

t 

time,  sec 
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T  thrust,  lb 

velocity  of  the  rocket,  ft/sec 

velocity  of  rocket  relative  to  air,  ft/sec 
Vw  horizontal  velocity  of  wind,  ft/sec 

Wc  lift-off  weight  of  rocket,  lb 

x0,y0  center-of-gravity  velocity  of  rocket  in  body  axes, 

divided  by  L,  per  sec 

x  distance  along  rocket  elastic  axis,  measured  from  aft 

end,  divided  by  L,  nondimensional 

xn  distance  from  aft  end  to  nth  station,  divided  by  L, 

nondimen si onal 

a  •  angle  of  attack,  radians 

angle  of  attack  due  to  wind,  radians 

7  angle  between  vertical  reference  and  inertial  velocity 

vector,  radians 

5  angle  of  deflection  of  thrust  vector  from  rocket  center 

line,  radians 

9  angle  between  vertical  reference  and  body  axis,  radians 

A  wave  length  of  input  wind,  ft 

ip  damping  ratio  of  rigid-body  pitch  mode,  dimensionless 

2  /  4 

p  density  of  atmosphere,  lb- sec  /ft 

Pn  density  of  atmosphere  at  sea  level,  lb-sec^/ft^ 

0Qj_,i  =  1,2,5  natural  frequency  of  ith  mode,  radians,/ sec 

cup  natural  frequency  of  pitch  mode,  radians/sec 

A  dot  indicates  a  differentiation  with  respect  to  time. 
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ANALYSIS 


Physical  System 

The  rocket  vehicle  is  considered  to  "be  flying  vertically 
through  horizontal  winds  and  gusts.  For  simplicity,  the  analytical 
model  will  consider  angular  deviations  from  the  vertical  to  be  smal. 
and  elasticity  will  be  represented  by  three  uniform  beam  modes  with 
no  structural  damping.  Aerodynamic  coefficients  were  obtained  by 
slender  body  or  momentum  theory  and  aerodynamic  drag  was  neglected. 
Gimbaled  engine  dynamics  were  not  included  and  the  control  system  had 
perfect  notch  filters  resulting  in  no  structural  feedback. 

The  loads  and  responses  predicted  for  a  real  system  would 
certainly  be  influenced  by  factors  that  are  neglected.  It  is  recog¬ 
nized  that  including  some  of  these  effects,  such  as  inertia  of  the 
gimbaled  motor  and  structural  damping,  would  be  desirable  and  may  be 
accomplished  in  further  studies .  However,  the  model  retains  essential 
features  required  to  study  the  particular  effects  considered.  It  is 
believed  that  the  simplifications  may  actually  serve  to  clarify  some 
aspects  of  the  loads  problem. 


liquations  of  the  System 

The  equations  developed  for  this  study  are  described  in  the 
appendix.  They  are  written  in  terms  of  nondimensional  parameters  in 
the  right-handed  body  axis  coordinate  system  illustrated  in  figure  1. 
The  system  has  six  degrees  of  freedom  -  three  rigid-body  modes  and 
three  elastic  modes.  The  coefficients  of  these  equations  all  vary 
with  time .  They  become  constant  coefficient  equations  by  fixing  the 
mass,  altitude,  and  velocity  at  seme  particular  point  along  the  tra¬ 
jectory.  It  should  he  noted  that  the  fixed  coefficient  equations 
actually  have  only  two  rigid-body  freedoms  since  longitudinal  velocity 
is  constant.  The  equations  were  programmed  and  solved  oi  an  analog 
computer . 


Initial  conditions  were  determined  at  the  instant  the  rocket 
entered  a  wind  profile  by  using  the  equation  for  an  ideal  vertically 
launched  rocket  to  determine  time,  velocity,  and  altitude.  All  other 
Initial  displacements  and  velocities  were  assumed  to  be  zero. 


Additional  Considerations 

The  -change  in  mass  is  assumed  to  occur  In  a  uniform  manner 
over  the  length  of  the  rocket,  similar  to  the  situation  to  be  expected 
on  a  solid- propelled  single-stage  vehicle.  Both  the  rate  of  change  of 
mass  and  the  specific  impulse  of  the  rocket  motor  are  assumed  constant 
over  the  time  interval  of  the  problem  Thus,  the  motor  produces  con¬ 
stant  thrust  according  to  the  relation 
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T  =  -gISpM 


(1) 


where  T  is  thrust,  g  is  acceleration  due  to  gravity,  Igp  is 
specific  imp'll se  of  the  rocket,  and  M  is  the  mass  rate  of  change. 

Aerodynamic  forces  were  obtained  from  momentum  theory 
applied  to  an  unfinned  parabolic  body  of  revolution.  This  results  in 
an  aerodynami cally  unstable  configuration  which  was  stabilized  by 
deflecting  the  thrust  vector  according  to  the  control  function 


5  =  KpS  +  K29  +  K5(a  +  Oy)  (2) 

where  8  is  the  thrust  vector  deflection  angle;  9  and  9  are  atti¬ 
tude  and  attitude  rate,  respectively;  (a  +  ay)  is  the  total  angle  of 

attack  of  the  vehicle  relative  to  the  airstream;  and  Kp,  Kg,  and  Kj 

are  gain  constants.  The  gain  constants  were  selected  to  gLve  a  pre¬ 
scribed  value  of  frequency  and  damping  in  the  rigid-body  pitch  mode  at 
maximum  dynamic  pressure  as  described  in  reference  3 •  The  values  of 
rigid-body  uncoupled  pitch  mode  frequency  and  damping  chosen  were 

05p^  =  10( radians /sec) ^  and  Sj/^p  =  2  per  sec. 

As  a  matter  of  interest,  since  previous  studies  have  shown 
significant  differences  in  response  when  using  attitude  or  angle-of- 
attack  control,  parallel  studies  using  both  systems  were  made.  This 
was  accomplished  by  always  keeping  one  of  the  gains,  Kp  or  Kj, 

zero.  When  Kp  is  zero,  the  rocket  is  essentially  aerodynami cally 
stable  and  will  be  referred  to  as  a- controlled .  When  Kj  is  zero, 

the  vehicle  will  be  referred  to  as  attitude- controlled.  However, 
since  no  effort  was  made  to  optimize  these  control  systems,  compari¬ 
sons  of  the  relative  merits  of  the  two  systems  on  the  basis  of  these 
parallel  studies  should  not  be  attempted. 

Three  uniform  beam  elastic  modes  describe  the  deformation  of 
the  rocket.  The  frequencies  of  these  free- free  modes  increase  as  the 
mass  of  the  system  decreases,  but  their  ratios  remain  fixed.  Varia¬ 
tion  of  the  ratio  of  first  bending  frequency  to  rigid-body  pitch  fre¬ 
quency  permits  variation  of  the  stiffness  level  of  the  structure . 

Several  parameters  appear  in  the  equations  of  motion  for 
which  it  was  necessary  to  select  values  for  this  study.  Values 

P0SL 

selected  were,  for  the  density  ratio,  — —  =  0.0025;  for  the  length, 

S.  =  i,  or  vehicle  length  =  65  feet;  and,  for  specific  impulse, 

L  2 

ISp  =  25O  seconds. 
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RESULTS  AND  DISCUSSION 


Response  to  Wind  Shear  Reversals 

The  first  objective  to  this  paper  was  to  attempt  to  deter¬ 
mine  significant  effects  resulting  from  using  variable  coefficient 
differential  equations  in  a  wind  loads  analysis  of  an  elastic  rocket. 
This  was  done,  first,  with  the  variable  coefficient  equations  using  a 
wind  input  which  was  a  function  of  altitude,  and  second,  using  fixed 
coefficients  with  the  wind  input  as  a  function  of  time.  The  input 
winds,  parameter  ranges  covered,  and  pertinent  results  are  discussed 
in  the  following  sections. 


Description  of  wind  shear  reversals.-  The  wind  shear  rever¬ 
sals  which  produce  the  loads  on  the  rocket  are  triangular  waves, 
illustrated  by  this  sketch: 


Altitude 


Wind  Velocity 


The  wave  is  symmetric,  peaking  at  55..000  feet  altitude  near  the  point 
of  maximum  dynamic  pressure  in  each  trajectory.  The  wave  length,  A, 
is  the  total  vertical  distance  over  which  the  wind  velocity  persists. 
Eor  the  variable  coefficient  cases,  the  wave  is  symmetric  about 
55,000  feet  altitude.  When  constant  coefficient  cases  are  examined, 
the  coefficients  of  the  differential  equations  are  fixed  at  their 
values  at  55,000  feet,  while  this  wind  becomes  a  function  of  time 
rather  than  altitude.  The  time  required  to  pass  through  the  shear 
reversal,  or  the  period,  is  now  determined  by  dividing  the  wave  length 
by  the  fixed  velocity  of  the  rocket .  The  maximum  wind  velocity  occurs 
at  one -half  the  period. 


Bending- moment  distribution.-  A  bending-moment  distribution 
along  the  body  of  the  vehicle  is  shown  in  figure  2  for  the  two  basic 
types  of  control.  The  loads  in  this  case  resulted  from  a  wind  shear 
reversal  of  10, 000- foot  wave  length.  In  other  words,  the  wind 
velocity  increased  linearly  from  zero  at  50,000  feet  altitude  to 
100  ft/sec  at  55,000  feet,  and  then  decreased  linearly  to  zero  at 
14-0,000  feet.  The  maximum  bending  moments  were  determined  for  each 
type  of  control  as  the  rocket  ascended  through  this  wind  profile.  The 
o-control,  i.e.,  the  control  system  which  seeks  zero  angle  of  attack, 
is  seen  to  produce  larger  loadings  than  the  9-control  which  maintains 
a  constant  attitude  angle.  This  loading  situation  may  be  contrary  to 
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the  usual  expectations  for  such  a  system.  However,  the  large  loads 
when  the  vehicle  is  operated  in  the  co-control  mode  result  directly 
from  large  inertia  loads  induced  hy  the  motor.  The  system  has  no  lag 
in  the  motor  equation,  permitting  the  thrust  vector  to  follow  the  wind 
inputs,  with  their  discontinuities,  exactly  as  commanded  "by  the  con¬ 
trol  function.  This  produces  large  angular  accelerations  as  well  as 
significant  excitation  of  the  elastic  modes.  On  the  other  hand,  oper¬ 
ation  in  the  0- control  mode  produces  negligible  inertia  loads,  since 
the  thrust  is  vectored  just  enough  to  cancel  the  destabilizing  aero¬ 
dynamic  moment,  and  does  not  excite  the  elastic  modes  to  any  great 
extent.  This  will  be  illustrated  later  in  the  paper.  Also,  the 
momentum  theory  aerodynamics  predict  very  low  normal  forces  and 
pitching  moments  on  a  body  of  revolution,  such  that  the  bending 
moments  remain  low  despite  the  large  angles  of  attack  permitted  by  the 
0-control  system.  Therefore,  an  evaluation  of  decontrol  compared  to 
0-control  should  not  be  attempted  from  the  results  presented  herein, 
due  to  the  dependence  of  the  loads  on  the  analytical  model  used  in  the 
study. 


The  maximum  bending  moments  for  these  cases  occur  at  the  0.3 
and  0.5  body  stations.  For  the  remainder  of  the  paper,  the  bending 
moment  at  one  of  these  two  stations  was  arbitrarily  chosen  for 
examination . 

Bending- moment  variation  with  frequency  ratio.-  Figure  3 
illustrates  a-, case  where  the  use  of  variable  coefficients  can  cause  a 
difference  in  predicted  loads  on  the  rocket.  The  maximum  bending 
moment  at  station  x  =  0.5  is  shown  as  a  function  of  the  ratio  of 
first  bending  frequency  to  rigid-body  pitch  frequency.  Note  that  the 
frequency  ratio,  oop/Mp,  is  a  measure  of  the  stiffness  of  the  struc¬ 
ture  since  a>p,  the  rigid-body  pitch  frequency,  has  been  kept  constant 
throughout  the  study.  The  input  is  a  10, 000- foot  wave-length  shear 
reversal  with  a  maximum  velocity  of  80  ft/sec.  With  0-control,  the 
bending  moments  calculated  using  fixed  coefficients  are  about  20  per¬ 
cent  higher  than  those  calculated  with  variable  coefficients.  Neither 
shows  appreciable  variation  with  frequency  ratio,  indicating  small 
response  in  the  elastic  modes.  However,  the  o- control  behaves  quite 
differently.  The  elastic  modes  are  now  contributing  a  large  percent¬ 
age  of  the  total  bending  moment,  causing  a  variation  with  stiffness. 
There  is  also  an  effect  from  using  the  variable  coefficients,  changing 
from  a  reduction  in  predicted  load  at  low  stiffness  levels  to  an 
increase  at  higher  stiffnesses.  Thus,  use  of  fixed  coefficients  may 
be  either  conservative  or  unconservative  in  loads  prediction.  The 
magnitude  of  the  predicted  loads  differs  by  over  30  percent  in  some 
range  s . 

Consideration  of  the  effects  illustrated  in  this  figure  will 
show  that  they  arj.se  from  the  nature  of  the  input  wind.  To  fix  the 
coefficients  of  the  equations  of  motion,  the  wind  becomes  a  function 
of  time  rather  than  altitude,  while  the  rocket  flies  through  this  wind 
at  constant  velocity.  In  the  variable  coefficient  case,  the  rocket  is 
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traveling  slower  at  lower  altitudes,  and  thus  takes  a  longer  time  to 
reach  the  point  of  maximum  wind.  So,  the  transients  associated  with 
the  reversal  of  the  wind  shear  will  occur  with  different  phasings  with 
respect  to  the  previously  induced  motions  of  the  vehicle.  Then, 
depending  on  this  phasing,  which  in  turn  will  depend  on  the  speed  with 
which  the  rocket  is  traveling,  the  wave  length  of  the  shear  reversal, 
and  the  frequencies  of  the  elastic  modes,  the  loads  predicted  using 
fixed  or  variable  coefficients  can  certainly  differ. 

Bending- moment  variation  with  wave  length.-  The  differences 
illustrated  were  those  due  to  frequency  changes  of  the  bending  modes. 
It  is  anticipated  that  differences  would  also  occur  due  to  changing 
the  wave  length  of  the  input.  These  are  illustrated  in  figure  4, 
where  bending  moment  is  plotted  against  wave  length  of  the  shear 
reversal  for  two  frequency  ratios  using  angle- of- attack  control.  The 
use  of  fixed  coefficients  predicted  larger  loads  than  obtained  using 
variable  coefficients  at  the  longer  wave  lengths,  for  the  frequency 
ratios  illustrated.  However,  at  wave  lengths  below  about  6,000  feet, 
again  no  difference  was  detectable.  This  is  certainly  in  agreement 
with  expectations  for  such  a  system  -  at  short  wave  lengths,  the 
maximum  responses  occur  within  a  very  short  time  span  such  that 
changes  within  the  system  (variable  coefficients)  do  not  have  a 
chance  to  alter  responses.  Similar  results  were  obtained  with  the 
attitude- control  system. 

Bending-moment  variation  with  thrust- to- weight  ratio.-  The 
differences  in  predicted  bending  moments,  with  and  without  variable 
coefficients,  which  may  be  anticipated  at  different  thrust-to- weight 
ratios  are  illustrated  in  figure  5*  Bending  moments  at  two  frequency 
ratios  are  shown  for  the  vehicle  flying  through  a  shear  reversal  of 
10, 000- foot  wave  length.  The  deviation  in  bending  moment  is  largest 
at  low  T/W0,  reaching  almost  20  percent,  but  becomes  insignificant  at 

the  high  values.  At  the  high  thrust-to-weight  ratios,  the  rocket 
passes  through  the  shear  reversal  too  rapidly  for  the  change  in  system 
parameters  to  effect  response.  The  deviation  in  predicted  bending 
moment  appears  to  be  about  the  same  percent  of  the  total  for  both  fre¬ 
quency  ratios  at  thrust-to-weight  ratio  1.5.  For  the  frequency  ratios 
shown,  the  fixed- coefficient  analysis  predicted  conservative,  or  high, 
bending  moments. 


Response  to  Measured  Wind  Profiles 

The  second  objective  of  this  paper  was  to  demonstrate  the 
response  of  an  elastic  rocket  to  measured  atmospheric  wind  data.  All 
of  the  wind  profile  data  which  have  been  available  to  designers  until 
recently  were  obtained  by  tracking  sounding  balloons.  Such  data  are 
recognized  to  omit  the  small-scale  fluctuations,  i.e.,  gusts  or  tur¬ 
bulence,  from  the  picture  they  present  of  atmospheric  motion. 
Recently,  a  technique  has  been  developed  at  Langley  Research  Center 
which  permits  these  small  perturbations  of  the  wind  to  be  measured 
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along  with  the  wind's  gross  motion.  This  portion  of  the  paper  will 
present  loads  for  the  rocket  flying  through  one  of  these  detailed  pro¬ 
files  and  compare  them  with  loads  produced  by  flying  through  profiles 
measured  by  conventional  techniques. 

Measured  wind  profiles.-  The  wind  profiles  are  taken  from 
reference  2  and  are  presented  in  figure  6.  The  detailed  profile, 
identified  as  the  rocket  smoke  trail,  was  determined  at  100-foot  alti¬ 
tude  increments  by  photographic  triangulation  methods  utilizing  the 
exhaust  trail  of  the  rocket.  Two  balloon  profiles  are  indicated  - 
number  1  being  from  a  balloon  released  three  hours  before  the  rocket 
was  launched,  while  number  2  came  from  a  balloon  released  three- 
quarters  of  an  hour-  after  rocket  launch.  The  balloon  data  are  seen 
to  define  the  wind  velocity  with  points  about  2, COO  feet  apart,  con¬ 
trasted  to  the  100-foot  increments  in  the  smoke- trail  data.  These 
profiles  actually  extend  from  near  sea  level  to  over  40, 000  feet 
altitude,  hut,  due  to  limitations  in  the  computer  program,  the  cases 
reported  herein  cover  the  20,000-  to  40, 000- foot  altitude  range. 

All  the  profiles  are  random  in  nature,  but  tbe  maximum 
velocities  measured  for  this  case  are  comparatively  low,  never 
exceeding  80  ft/sec.  Such  mild  winds  would  not  be  suitable  for  design 
purposes,  but  will  serve  for  the  comparisons  which  it  is  desired  to 
make.  However,  to  make  the  loads  from  the  halloon  data  more  severe 
and  to  make  it  more  representative  of  design  profiles,  a  third  balloon 
profile,  number  3,  was  artificially  created  from  profile  number  2  by 
extending  one  point,  at  32,500  feet,  until  the  wind  velocity  matched 
the  maximum  wind  velocity  on  the  smoke-trail  profile.  This'" effec¬ 
tively  adds  a  wind  shear  reversal,  with  a  wave  length  of  about 
4,500  feet  and  maximum  velocity  of  40  ft/sec  to  the  existing  balloon 
profile . 

Bending -moment  time  bistoriec  with  a-  and  9-control.-  Before 
comparing  the  responses  due  to  the  various” input  winds,  it  is  con¬ 
venient  to  examine  the  differences  in  these  responses  from  the  two 
types  of  control.  Figure  7  illustrates  these  differences.  The  input 
wind  is  the  halloon  profile  number  5  which  was  just  described.  The 
time  history  of  engine  gimbal  angle  is  shown  for  the  decontrol  case, 
along  with  the  bending-moment  response  at  station  0.3.  The  other 
response  trace  illustrated  is  the  bending  moment  at  station  0.3  for 
9- control.  With  decontrol,  the  bending  moment  follows  the  engine 
angle  very  closely.  The  predominant  characteristics  of  this  load  are 
the  large  transient  peaks,  corresponding  to  peaks  in  engine  angle, 
which  occur  in  the  regions  of  rapid  changes  in  the  wind  input.  "  The 
main  component  of  the  load  would  se  m  to  be  inertial,  resulting  from 
the  angular  accelerations  of  the  vehicle  as  it  follows  the  motor.  The 
loads  with  9- control  do  not  exhibit  this  type  behavior,  but  follow  the 
input  wind  directly.  With  this  type  control,  rocket  attitude  is  being 
controlled  which  prevents  large  angular  accelerations  from  occurring 
and  large  and  sudden  engine  deflections  are  not  required.  The  angle 
of  attack  follows  the  wind  profile  so  that  the  bending  moment  is  pri¬ 
marily  due  to  aerodynamic  loads.  Also,  since  the  a-eontrol  results 
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in  large,  rapid  engine  motions,  the  elastic  modes  are  responding  with 
greater  magnitude  than  with  9- control. 

Bending- moment  time  histories  when  flying  through  smoke- 
trail  wind  -profile.-  Examples  of  tending-moment  responses  to  the 
smoke- trail  wind  profile  are  illustrated  in  figure  8.  In  figure  8(a), 
the  tending  moment  at  missile  station  0.5  is  shown  for  the  two  types 
of  control  being  considered  -  ctr- control  and  9- control.  The  rocket 
parameters  are  tup/cop  =  7  and  T/W0  =  5.  The  wind  profile,  shown  at 
the  top  as  a  function  of  time,  begins  at  20,000  feet  altitude  and  ends 
at  about  4-1, 000  feet.  Maximum  dynamic  pressure  for  this  trajectory 
occurs  at  35,000  feet,  near  the  peak  wind  velocity.  However,  this  is 
not  necessarily  the  point  of  maximum  load,  as  the  responses  show. 

With  decontrol,  equal  loads  are  produced  at  about  25,000  feet  alti¬ 
tude,  corresponding  to  the  first  peak  on  the  wind  profile.  With 
9- control  the  maximum  bending  moment  does  occur  near  the  maximum  wind 
velocity.  Again,  notice  the  difference  in  the  form  of  the  response  of 
the  two  types  of  control.  The  a- control  seeks  to  reduce  angle  of 
attack  to  zero,  and,  in  following  the  wind,  produces  large  rigid-body 
inertia  loads  as  well  as  considerable  excitation  of  the  first  and 
second  elastic  modes.  On  the  other  hand,  the  9-control  maintains  con¬ 
stant  attitude  sc  that  rigid-body  inertia  loads  remain  low  but  aero¬ 
dynamic  loads,  due  to  the  angle  of  attack  induced  by  the  wind,  now 
become  large.  (Dynamic  pressure  for  the  case  illustrated  is  approxi¬ 
mately  5j 000  lb  per  sq  ft,  so  loads  become  large  despite  the  small 
angles  involved.)  The  net  result  is  to  produce  approximately  equal 
maximum  moments  at  this  station  for  both  types  of  control. 

Figure  8(b)  shows  the  bendl ng- moment  response  to  the  smoke- 
trail  wind  profile  for  three  rockets  of  different  thrust- to- weight 
ratios.  In  each  case,  o-control  was  used  along  with  a  very  lew  stiff¬ 
ness  -  a  first  mode  frequency  only  three  times  the  rigid-body  pitch 
frequency.  Changing  the  thrust-uo- weight  ratio  of  the  rocket  changes 
the  speed  with  which  it  traverses  the  wind  profile  and  alters  the 
dynamic  pressure  which  the  vehicle  sees.  It  is  notable,  then,  that 
the  maximum  loads  are  not  too  different.  This  comes  about  because, 
for  the  low  thrust- to- weight  ratio  cases,  the  control  system  is  able 
to  keep  the  net  angle  of  attack  near  zero,  but  induces  large  elastic 
responses  in  the  process.  For  the  T/W0  =  5  case,  the  control  system 
is  not  able  to  reduce  the  net  angle  of  attack  to  zero,  but  the  elastic 
response  is  much  reduced.  The  elastic  response  is  the  most  noticeable 
difference  between  the  various  cases.  This  is  to  be  expected  since 
the  effective  frequency  content  of  the  wind  changes,  due  to  different 
rocket  speeds,  while  the  frequency  spectrum  of  the  structure  has  been 
held  constant . 

Bending-moment  time  histories  for  different  wind  profiles . - 
The  differences  in  loads  experienced  by  the  rocket  with  ci- control  when 
flying  through  different  wind  profiles  are  illustrated  in  figure  9 • 

The  bending-moment  response  of  a  rocket  with  thrust-to-- weight  ratio  3 
and  frequency  ratio  7  is  shown  at  station  0.3  for  two  winds .  The 
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■bending-moment  time  history  at  the  top  of  the  figure  is  due  to  the 
smoke- trail  profile,  while  the  bending  moment  shown  in  the  bottom 
portion  is  due  to  the  balloon  profile  which  has  been  called  number  5* 
This  is  the  balloon-measured  wind  which  has  been  adjusted  by  adding  a 
shear  reversal  near  55,000  feet  to  bring  the  peak  velocity  up  to  that 
measured  by  the  smoke-trail  technique.  Again,  note  the  differences  in 
the  bending-moment  response.  Response  to  the  smoke- trail  profile  is 
characterized  by  large  first-mode  contributions,  while  the  response  to 
the  balloon  profile  shows  larger  inertia  loads  with  greatly  reduced 
elastic  response. 

It  should  be  pointed  out  that  the  other  balloon  profiles, 
designated  number  1  and  number  2,  give  similar  response  pictures 
except  for  considerable  smoothing  out  in  the  region  of  the  shear 
reversal  present  on  number  5*  Without  the  shear  reversal,  the  maximum 
loads  for  the  balloon-measured  profiles  sometimes  occur  during  the 
initial  transient  period.  This  transient  response  results  from 
starting  the  wind  velocity  at  zero  at  20,000  feet  for  convenience  in 
the  computer  program.  As  mentioned  previously,  the  measured  data 
started  at  lower  altitudes  and  indicated  a  continuous  wind  velocity 
of  finite  value  at  20,000  feet.  However,  the  loads  resulting  from 
this  transient  response,  which  was  artificially  induced  by  the  balloon 
profiles,  are  still  less  than  the  loads  produced  by  the  smoke-trail 
profile  in  which  a  large  wind  shear  was  actually  measured  at  this 
altitude . 


Maximum  bending-moment  variation  with  frequency  ratio.-  The 
maximum  bending  moments  resulting  from  the  various  wind  profiles  are 
shown  in  figure  10  for  the  rocket  with  thrust- to- weight  ratio  5 •  The 
bending  moment  at  station  0.5  is  plotted  as  a  function  of  frequency 
ratio  for  0-control  in  figure  10(a),  and  for  a- control  in  figure  10(h) . 
With  attitude  control,  the  loads  exhibit  little  variation  with  fre¬ 
quency  ratio,  due  to  slight  excitation  of  the  elastic  modes.  Slightly 
larger  loads  do  occur  at  lower  stiffness,  as  would  be  expected.  The 
magnitude  of  the  loads  from  the  various  profiles  seems  to  correlate 
with  the  maximum  wind  velocities  of  that  profile.  For  example, 
balloon  profile  number  2  has  the  lowest  loads  and  also  had  the  lowest 
wind  velocities.  The  largest  wind  velocities  from  the  balloon- 
measured  winds  were  on  profile  number  5>  seem  to  produce  the  largest 
loads  of  the  three  balloon  profiles.  However,  the  smoke- trail  pro¬ 
duced  loads  exceed  those  produced  by  balloon  number  5  by  8  to  12  per¬ 
cent,  although  their  maximum  velocities  were  the  same.  Flying  through 
the  wind  from  the  smoke-trail  measurement  produces  the  largest  loads 
due  to  greater  excitation  of  the  elastic  modes . 

The  picture  is  slightly  different  with  a-control,  fig¬ 
ure  10(b)  .  Now,  since  angle  of  attack  is  being  controlled,  inertia 
loads  predominate.  The  balloon  profile  producing  the  largest  loads  is 
number  1,  rather  than  number  5 ,  due  to  the  large  transient  inertia 
loads  induced  by  it.  In  fact,  the  smoke-trail  wind  produces  larger 
loads  only  at  very  low  stiffnesses  where  large  responses  of  the 
bending  modes  occur.  In  general,  for  this  simple  system,  it  would 
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seem  that  bending  moments  are  more  sensitive  to  frequency  ratio  when 
decontrol  is  used. 

Maximum  bending- moment  variation  with  thrust- to- weight 
ratio.-  The  results  just  examined  applied  to  a  rocket  with  lift-off 
thrust- to- weight  ratio  5.0*  The  loads  are  also  influenced  by  this 
parameter ,  as  shown  in  figure  11,  where  the  maximum  bending  moment  is 
plotted  against  thrust- to- weight  ratio  for  two  frequency  ratios, 
u>i/o3p  =  3  and  7,  and  two  inputs  -  the  smoke-trail  wind  profile  and 

balloon  profile  number  3*  The  bending  moment  at  station  0.5,  with 
9-control,  is  presented  in  figure  ll(a),  and  with  decontrol,  in  fig¬ 
ure  ll(b) .  With  attitude  control,  the  loads  increase  almost  linearly 
with  tbrust-to-weight  ratio  for  both  frequency  ratios.  Again,  this 
is  because  the  load  is  almost  entirely  aerodynamic  resulting  from  the 
angle  of  attack  built  up  by  the  wind.  The  bending  moments  due  to  the 
smoke-trail  wind  are  greater  than  those  due  to  flying  the  balloon- 
measured  profile  in  every  case,  ranging  up  to  almost  15  percent  at  the 
higher  thrust- to- weight  ratios.  And  again,  it  should  be  noted  that 
the  lower  stiffness  produced  higher  loads,  for  both  inputs,  over  the 
entire  range  of  thrust  weight  ratios  investigated. 

The  observations  that  lower  stiffnesses  and  the  smoke-trail 
input  produce  higher  bending  moi  ents  carry  over  to  the  decontrol  case, 
figure  ll(b).  But  now  the  trend  with  thrust- to- weight  ratio  is 
reversed.  Where,  with  9- control,  loads  increased  with  this  ratio, 
they  decrease  when  using  decontrol.  This  is  explained  by  recalling 
that,  with  oo- control,  loads  are  primarily  inertial,  produced  by 
engine  deflections  as  the  rocket  tries  to  keep  angle  of  attack  zero. 

At  high  thrust- to- weight  ratios,  rocket  velocity  is  higher  so  that 
effective  angle  of  attack  due  to  the  wind  is  reduced.  Thus,  less 
control  is  required  to  keep  the  net  angle  of  attack  zero  and  loads  go 
down.  Also,  with  this  type  control,  where  bending  response  produces 
a  larger  portion  of  the  load,  the  differences  between  the  loads  pro¬ 
duced  by  the  two  wind  profiles  are  seen  to  vary  much  more  with  fre¬ 
quency  ratio.  The  low  stiffness,  coWcUp  =  5,  shows  a  very  large 

increase  in  load,  while  the  frequency  ratio  7  case  shows  only  moderate 
increases . 


In  comparing  the  loads  produced-by  the  smoke-trail  profile 
and  balloon  profile  number  3,  it  should  be  emphasized  that  the  balloon 
profile  Is  an  artificial  one,  created  by  adding  a  wind  shear  reversal 
to  the  measured  balloon  profile  number  2,  s\ich  that  the  maximum  wind 
velocity  equaled  the  maximum  velocity  measured  by  the  smoke- trail 
method.  Loads  produced  by  flying  through  the  actual  number  2  profile, 
which  was  taken  from  a  balloon  sounding  made  only  three-quarters  of  an 
hour  after  the  smoke-trail  firing,  were  in  all  cases  considerably 
lower  than  loads  from  this  artificial  profile. 

The  bending  moments  resulting  from  flying  through  smoke- 
trail  measured  wind  profiles  which  are  presented  in  figures  10  and  11 
are  illustrations  of  the  applications  of  the  smoke-trail  data  which 
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are  being  made.  However,  a  number  of  questions  regarding  the  applica¬ 
tion  of  these  data  to  design  problems  remain  to  be  resolved.  For 
example,  is  it  necessary  to  superimpose  loads  induced  by  gusts  or 
turbulence  on  loads  from  the  smoke-trail  profile  as  is  usually  done 
with  loads  f  >m  balloon-measured  profiles?  Or,  are  the  loads  calcu¬ 
lated  by  superposition  of  gust  loads  and  balloon-measured  wind  loads 
comparable  to  loads  from  the  smoke-trail  wind?  Questions  such  as 
these  remain  to  be  answered  by  future  studies. 


CONCLUDING  REMARKS 


Loads  for  a  simplified  elastic  rocket  flying  through  several 
wind  profiles  have  been  shown.  Time- dependent  coefficients  of  the 
governing  differential  equations  were  found  to  produce  significant 
differences  in  the  bending  moment  when  the  wave  length  of  a  wind  shear 
reversal  was  sufficiently  long.  When  the  rocket  was  flown  through  a 
group  of  measured  wind  profiles,  loads  were  usually  largest  when  the 
measured  profile  had  been  determined  by  the  rocket  smoke- trail 
technique,  rather  than  by  the  use  of  balloon  soundings  made  at 
approximately  the  time  the  rocket  was  launched.  The  magnitude  of  the 
loads  was  shown  to  depend  on  the  control  system,  the  stiffness,  and 
the  thrust- to- weight  ratio  of  the  rocket.  The  differences  in  pre¬ 
dicted  booster  loads  which  result  from  using  the  various  wind  inputs 
are  large  enough  to  warrant  further  investigations  of  more  realistic 
systems,  including  flight  tests  for  correlation  with  analysis. 
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APPENDIX 


Equations  of  Motion 

The  equations  of  motion  for  the  system  being  studied  have 
been  developed  using  Lagrange's  equations  in  a  body  axis  coordinate 
system  as  described  in  reference  4.  Planar  motion  on  a  flat  earth  is 
considered.  The  jet  forces  acting  on  the  body  were  derived  by 
momentum  considerations,  described,  for  example,  in  reference  5  •  The 
vehicle  is  assumed  to  be  a  uniform  beam  and  to  lose  mass  uniformly 
along  its  length.  The  equations  are  restricted  to  small  deviations 
of  flight  path  and  attitude  angles  from  the  vertical. 

The  rigid-body  equations  are: 

•  •  /ff\  /er\  V/r  \  /F  „n\  'l 


-  0v  M  /gV  ;'m\.  /FxAs 

-  0yo  ‘  7  -  1 7  Ispsrr  1  +  |-»r 


w  w sp 


V 


yQ  =  -0XO  +  Qe  -  ^Isp^(b-  4.64726qx-  7.85929q2  "  10-99522q3) 


"  (hI(¥  -  *i-  *2-  *3)  +  (i 


/mYi 


0  =  12^Isp^(j6  -  1.3256^  -  2.92963q2  -  4.4976q5 

+  (l)[2§-6(4l  +  <i2+<i3)]  +12(^) 


The  equation  of  motion  for  the  ith  elastic  mode  (i  =  1,2,3) 
is  given  by 

Si  =  -4(fVsp(|YB  -  4.64-726q1  -  7.85929q2  -  10.99522q3) 


+  -  ¥  +  4i +  ^ + 


-  %  +  l^piA 

\M /  1  \ ML , 


where  the  mode  shapes  have  been  normalized  to  unity  at  the  trailing 

edge . 
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The  total  mass  of  the  vehicle  was  assumed  to  be  a  linearly 
decreasing  function  of  time,  given  by 


M  =  M0  +  Mt 


(5a) 


where  M  is  the  mass  at  time  t,  Mq  is  the  initial  or  lift-off 

mass,  and  M  is  the  time  rate  of  change  of  total  vehicle  mass.  Then 
the  variable  mass  parameter  which  appears  in  equations  (la)  and  (2a) 
is  given  by 


since  the  thrust  is  related  to  the  mass  rate  by  the  expression 


(4a) 


T  =  -gIBpM 


(5a) 


Aerodynamic  drag  on  the  vehicle  was  neglected.  The  other 
aerodynamic  forces  were  derived  using  momentum  theory,  as  developed  in 
reference  6,  and  a  body  shape  corresponding  to  a  parabolic  body  of 
revolution.  Aerodynamic  forces  due  to  elastic  bending,  angular 
acceleration,  and  time  rate  of  change  of  angle  of  attack  due  to  wind 
were  neglected.  The  resulting  expressions  for  the  aerodynamic  terms 
appearing  in  equations  (la)  and  (2a)  are 


5  n  ' 
Q  > 

20  J j 


v  (6a) 


The  terms  which  appear  in  the  generalized  aerodynamic 

force  were  evaluated  numerically  and  are  listed  in  table  I  for  the 
first  three  elastic  modes. 
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The  vehicle  is  assumed  to  have  an  ideal  control  system  with 
no  structural  feedback  and  negligible  inertia  forces  associated  with 
the  rotating  thrust  vector.  The  control  equation  is 


&  =  K^e  +  K20  +  Kj(a  +  a^) 


(7a) 


where  Kj_,  K2>  and  K1  are  gain  constants. 

Several  additional  equations  are  required  to  solve  the 
response  problem.  They  are 

angle  of  attack 


angle  of  attack  due  to  wind 


(8a) 


/  vw\ 
°v  =  I  T— 


(9&) 


flight-path  angle 


7  =  9-0, 


(10a) 


inertial  velocity 


velocity  relative  to  airstream 


(11a) 


(12a) 


altitude 


h 

L 


(15a) 


Bending  moments  at  any  station  xn  along  the  center  line  of 

the  missile  are  computed  by  the  modal  acceleration  method  considering 
aerodynamic  and  inertial  loads.  They  are  given  by 
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The  constants  appearing  in  equation  (l4a)  were  evaluated  for  stations 
of  interest  and  are  listed  in  table  I. 
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Figure  1.-  Coordinate  system  for  ascending  rocket. 
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Figure  3.-  Maximum  "bending-moment  variation  with  frequency  ratio.  (Vyi  =  80  ft/sec. 
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Figure  5 •  -  Maximum  'bending-moment  variation  with  thrust-to- weight  ratio. 

A  =  10,000  ft,  'Vwj  =  80  ft/sec. 
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Figure  7.-  Response  time  history  due  to  flying  through  balloon  wind  profile  no. 
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NASA 

Figure  9--  Bending-moment  time  histories  from  flying  through  two  wind  profiles  with  ctr-control. 
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(a)  0- control.  NASA 

Figure  10.-  Maximum  bending-moment  variation  with  frequency  ratio  resulting  from 
smoke- trail  and  balloon-measured  wind  profiles. 


Maximum  bending-moment  variation  -with  thrust-to-weight  ratio  resulting  from 
smoke- trail  and  balloon-measured  wind  profiles. 
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Figure  11.-  Concluded. 


CALCULATION  OP  RANDOM  GUST  AND  TAXI  RESPONSE  AND 
DEVELOPMENT  OF  FATIGUE  TEST  LOADING  FOR  DELTA  WING 

AIRCRAFT 


R.  P.  Peloubet 
Project  Structures  Engineer 
Convair,  A  Division  Of  General  Dynamics  Corporation 

Fort  Worth,  Texas 


INTRODUCTION 

A  B-58  airplane  is  currently  undergoing  a  cyclic 
loading  test  to  determine  its  fatigue  life.  These  tests 
are  being  conducted  in  compliance  with  the  present  Air 
Force  policy  requiring  cyclic  fatigue  tests  of  all  new 
aircraft.  Loads  are  being  applied  to  simulate  the  effect 
of  the  ground -air -ground  cycle,  maneuvers,  flight  through 
random  turbulence,  landing,  nose  gear  touchdown,  high 
speed  taxi,  braking,  turning,  ground  handling,  etc.  All 
loads  were  determined  analytically.  This  paper  discusses 
those  loads  which  were  determined  using  power  spectral 
density  methods,  viz.  loads  produced  by  flight  through 
random  turbulence  and  high  speed  taxiing  over  runways 
with  random  roughness.  The  major  portion  of  the  paper  is 
directed  toward  the  problem  of  obtaining  gust  loads.  The 
latter  portion  discusses  the  differences  in  the  somewhat 
similar  problem  of  determining  taxi  loads. 

The  fatigue  life  of  the  B-58  is  of  special  inter¬ 
est  because  of  its  low  load  factor  design  and  because  of 
its  capability  of  high  speed  performance  at  low  altitude. 

The  purpose  of  the  cyclic  fatigue  tests  was  to 
generate  realistic  fatigue  damage  in  the  structure. 
Therefore,  the  primary  effort  in  the  analyses  was  direct¬ 
ed  toward  determining  realistic  stress  histories.  The 
root  mean  square  (r.m.s.)  of  the  stress  response  to 
flight  through  continuous  turbulence  was  computed  for 
several  points  in  the  structure.  Next  the  stress  histo¬ 
ries  in  terms  of  the  probable  number  of  stress  peaks  per 
unit  of  time  exceeding  specified  stress  levels  were  com¬ 
puted.  Finally,  a  loading  was  developed  which  when  cy¬ 
clically  applied  to  the  test  airplane  produced  approxi¬ 
mately  the  computed  stress  histories  at  a  number  of 
points  In  the  structure'  simultaneously. 

Other  possible  approaches  to  the  problem  were 
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considered  in  the  beginning  of  the  project.  One  alter¬ 
nate  method  would  compute  the  r.m.s.  acceleration  of  the 
center  of  gravity  and  then  the  c.g.  acceleration  history. 

A  1-g  load  distribution  would  then  be  associated  with  the 
c.g.  acceleration  and  applied  to  the  test  airplane.  The 
amplitude  of  the  cyclic  load  would  be  proportional  to  the 
magnitude  of  the  acceleration  peaks.  It  would  be  assumed 
that  the  stresses  would  be  related  to  the  c.g.  accelera¬ 
tion  by  a  constant  factor  at  least  throughout  the  frequen¬ 
cy  range  of  importance.  This  approach  was  rejected  be¬ 
cause  of  the  flexibility  of  the  B-58  in  both  the  spanwise 
and  chordwlse  directions.  In  addition,  visual  inspection 
of  stress  traces  recorded  during  flight  tests  show  high 
response  at  frequencies  near  the  first  symmetric  mode  as 
well  as  the  short  period  mode.  Therefore,  realistic 
stress  histories  were  not  expected  to  be  produced  by  cy¬ 
cling  a  1-g  load  distribution  in  accordance  with  the  c.g. 
acceleration  history. 

Another  approach  would  compute  the  r.m.s.  external 
bending  moment  of  the  combined  airloads  and  inertia  loads 
and  to  apply  any  load  distribution  which  would  produce 
the  required  bending  moment  history.  This  approach  was 
rejected  due  to  the  highly  redundant  multi-spar  construc¬ 
tion  of  the  B-58  wing.  The  spar  and  bulkhead  structure 
of  the  B-58  wing  is  illustrated  in  figure  1.  It  is  read¬ 
ily  apparent  that  stresses  at  a  specified  span  station 
cannot  be  determined  simply  from  a  knowledge  of  the 
external  bending  moment,  shear  or  torque  at  that  station 
but  are  dependent  upon  the  spanwise  and  chordwise  load 
distribution.  In  general,  r.m.s.  stresses  would  not  be 
simply  related  to  r.m.s.  bending  moments,  shears,  or 
torque . 

Consequently,  emphasis  was  placed  on  computing 
stress  histories  directly  at  a  number  of  locations  on  the 
airplane.  The  goal  in  developing  the  loading  for  the 
test  airplane  was  to  duplicate  the  computed  stress  histo¬ 
ries  in  the  structure.  It  was  speculated  that  such  a 
loading  would  also  be  likely  to  produce  the  correct  fa¬ 
tigue  damage  in  Intermediate  regions. 

SYMBOLS_ 

Root  mean  square  acceleration  per  unit  root  mean 
square  gusu  velocity. 

Scale  parameters  used  to  define  r.m.s.  gust  veloc¬ 
ity  probability  density  function. 

Maximum  response  to  a  discrete  gust  with  unit 
amplitude . 


& 
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R.M.S.  gust  velocity  probability  density  distri¬ 
bution  . 

Structural  damping  for  the  r^h  generalized  coordi¬ 
nate. 


C(Uj  )  Average  number  of  derived  gust  velocity  peaks  per 
mile  above  the  level. 

Q  Average  number  of  derived  gust  velocity  peaks  per 

°  mile  above  the  zero  level. 


A 

/ 

K 


Vertical  amplitude. 

Multiplying  factor  to  be  applied  to  the  r.m.s. 
stresses  and  the  unit  equivalent  load. 


j_  Atmospheric  scale  of  turbulence. 

ft  Generalized  Mass  associated  witn  the  rth  general- 

^  ized  coordinate. 


Mass  per  unit  area. 


N(cr  ) 


Average  number  of  crossings  per  second  (with 
positive  slope)  of  the  tr  level. 


N 


Average  number  of  crossings  per  second  (with 
positive  slope)  of  the  zero  level. 


AP* 


Pressure  difference  between  upper  and  lower 
surface  of  the  wing  due  to  unit  amplitude  of  the 
generalized  coordinate. 


Fraction  of  time  spent  or  distance  traveled  in 
PV  P2  clear  air  turbulence  and  thunderstorm  turbulence 
respectively. 


q  Generalized  aerodynamic  force. 

Generalized  coordinate. 

“a. 

£  Time  variable. 

j  Time  period. 

j  p  Indices  used  to  indicate  rigid  body  translation 
'  and  pitch  respectively. 

wq  Gust  velocity . 
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x>  <h 

i 

t 

<r 

cr 

oj 


Z 


R.M.S.  gust  velocity. 

Coordinate  system  witn  the  X-axis  in  the  free 
stream  direction. 

Translational  or  angular  deflection. 

Stress  power  spectrum. 

Gust  power  spectrum. 

Stress . 


R.M.S.  stress. 

Exciting  frequency. 

Natural  frequency  of  the  rth  natural  mode  of 
vibration . 


CONFIGURATIONS 

Initially,  six  basic  configurations  were  chosen  to 
be  analyzed.  A  configuration  was  defined  by  a  Mach  num¬ 
ber,  an  altitude,  and  a  gross  weight.  The  number  of  con¬ 
figurations  were  extended  to  ten  in  the  course  of  the 
analyses.  The  configurations  were  based  on  past  and  pre¬ 
dicted  future  usage  of  the  airplane. 

POWER  SPECTRAL  DENSITY  METHODS 

For  each  configuration  r.m.s.  stresses  were  com¬ 
puted  using  power  spectral  density  methods.  This  ap¬ 
proach  is  often  illustrated  by  referring  to  three  curves 
such  as  are  shown  in  figure  2.  The  upper  curve  describes 
the  atmospheric  turbulence  by  means  of  the  gust  power 
spectrum.  The  area  under  the  curve  within  any  frequency 
band  Is  the  contribution  of  that  frequency  band  to  the 
total  mean  square  of  the  gust  velocity.  The  middle  curve 
is  the  square  of  the  magnitude  of  the  stress  transfer 
function  for  some  particular  point  In  the  structure.  The 
stress  transfer  function  is  the  sti^ess  response  to  an 
oscillatory  gust  velocity  of  unit  amplitude.  The  product 
of  the  gust  power  spectrum  and  the  square  of  the  magnitude 
of  the  transfer  function  yields  the  stress  power  spectrum 
shown  as  the  lower  curve.  The  area  under  this  curve  with¬ 
in  any  frequency  band  is  the  contribution  of  that  fre¬ 
quency  band  to  the  total  mean  square  stress. 

The  analytical  effort  is  mainly  centered  about  the 
computation  of  the  middle  curve,  the  stress  transfer  func¬ 
tion.  The  following  sections  describe  the  steps  which 
were  employed  in  the  calculation  of  the  stress  transfer 
function . 
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EQUATIONS  OF  MOTION 

Lagrange's  equations  of  motion  were  employed.  The 
deflection  of  any  point  on  the  aircraft  was  assumed  to-  be 
expressible  as  a  superposition  of  a  finite  number  of  pre¬ 
assigned  deflection  shapes.  For  example,  the  vertical  de¬ 
flection  was  expressed  as  shown  in  equation  1. 

®  ft- 

h-( '*>  'h  *■)  =  J]  kJ  K>  shj  *-)  ^ 1  ^ 

/i=i 

Where  h.  ( K)  „  is  the  vertical  deflection  at  point 

/i  >  r>  tr  for  amount  of  the  rill  generalized 

coordinate , 

is  the  r£h  generalized  coordinate, 

is  a  coordinate  system  with  the  X  axis 
parallel  to  the  free  stream  direction. 

The  origin  is  stationary  with  respect  to 
the  airplane  in  the  free  stream  direc¬ 
tion  but  does  not  partake  of  the  air¬ 
plane  vertical  or  lateral  motion. 


^  3 


When  natural  modes  of  vibration  and  rigid  body  modes  are 
used  as  generalized  coordinates,  the  equations  of  motion 
can  be  reduced  to  the  following  matrix  equation  for  har¬ 
monic  motion. 


(2) 


Where 


A 


am. 


1 


A  * 

AM 


AM 


A  =Q 

A4  AM 
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Sum face 
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AJ l 


U> 

A. 


is  the  generalized  mass 

is  the  natural  frequency  of  the  r^h 
natural  mode 


is  the  frequency  of  the  excitation 
forces 


V/ w  )  is  the  oscillatory  pressure  difference 

4  between  upper  and  lower  wing  surfaces 

due  to  oscillation  of  the  general¬ 

ized  coordinate  with  unit  amplitude. 

Ap  f  o)  J  is  the  oscillatory  pressure  difference 
'®  due  to  the  gust  velocity. 


OSCILLATORY  AERODYNAMICS 

Because  of  the  low  aspect  ratio  of  the  wing  and 
because  of  its  flexibility  in  the  chordwise  as  well  as 
the  spanwise  direction,  it  was  considered  necessary  to 
employ  finite  span,  compressible  flow  lifting  surface 
methods  to  predict  the  oscillatory  pressure  distribution. 
In  the  subsonic  range  the  kernel  function  method  was 
employed.  The  method  presented  in  reference  1  was  used 
to  solve  the  Integral  equation  relating  pressure,  down- 
wash  and  the  kernel  function.  Twenty-five  downwash 
collocation  points  on  each  wing  semi-span  were  employed. 
In  the  supersonic  range,  the  oscillatory  pressure  distri¬ 
bution  was  computed  using  the  box  method  as  presented  in 
reference  2.  Fifty  boxes  were  used  to  represent  the  wing 
area  on  each  side  of  the  fuselage  centerline.  In  both 
cases  it  was  possible  to  use  IBM  70^  programs  previously 
coded  for  flutter  analysis  work.  Equation  2  reduces  to 
the  equations  of  motion  used  in  the  flutter  analyses 
when  the  right  hand  side  is  set  equal  to  zero. 

The  vertical  velocity  of  the  gust  was  represented 
as  a  sine  wave  with  unit  amplitude  traveling  with  the 
free  stream. 


Where 


/  , )  -iuf  t-  x/  U) 

wg'  k>  =  e 

w^,  is  the  vertical  gust  velocity 

(J  is  the  free  stream  velocity. 


(3) 


NATURAL  MODES  OF  VIBRATION 

A  direct  analogy  electric  analog  computer  was  used 
to  determine  the  natural  modes  of  vibration.  The  mass 
and  stiffness  properties  of  the  entire  airplane  were 
simulated.  Approximately  60  lumped  masses  were  used  to 
represent  the  mass  distribution  over  one  half  the  air- 
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plane.  The  bending  stiffness  in  both  the  spanwise  and 
chordwise  directions  together  with  the  torsional  stiff¬ 
ness  of  the  torque  boxes  were  simulated.  The  underslung 
engines  were  elastically  attached  to  the  wing  with  free¬ 
dom  to  respond  vertically,  laterally,  fore-and-aft  and  to 
pitch,  roll,  and  yaw. 

Natural  modes  of  vibration  were  first  obtained  for 
a  configuration  simulating  the  airplane  on  its  landing 
gear.  The  natural  frequencies  and  mode  shapes  were  com¬ 
pared  with  those  previously  obtained  during  the  full 
scale  B-58  ground  vibration  tests.  Small  adjustments 
were  made  in  the  mass  and  stiffness  simulation  until  good 
correlation  was  obtained  for  the  first  six  symmetric 
natural  modes  of  vibration.  The  landing  gear  simulation 
was  then  removed  to  obtain  natural  frequencies  of  the  air¬ 
plane  freely  suspended  in  space.  The  natural  frequencies 
and  mode  shapes  for  the  first  four  symmetric  modes  of 
vibration  for  a  93,000  lb.  gross  weight  configuration  are 
shown  in  figure  3. 

STRESS  LOCATION 

The  location  of  tne  wing  stress  points  to  be  ana¬ 
lyzed  were  chosen  on  the  basis  that  some  of  them  should 
be  as  close  to  fatigue  critical  locations  as  was  known  at 
the  time  and  some  of  them  were  to  be  located  such  that 
representative  stresses  could  be  obtained  over  all  re¬ 
gions  of  the  wing.  Ten  stress  points  on  the  wing  were 
chosen.  Their  locations  are  shown  in  figure  4.  Points  2 
and  8  were  web  shear  stresses.  The  remaining  stresses 
were  axial  skin  stresses. 


STRESS  ANALYSES 

An  IBM  704  program  was  used  to  conduct  the  re¬ 
quired  stress  analyses.  The  method  is  described  in  ref¬ 
erence  3.  The  method  involves  the  concept  of  computing  a 
stiffness  matrix.  The  structure  of  the  entire  airplane 
was  represented  as  a  gridwork  of  intersecting  spars  and 
bulkheads.  The  bending  stiffness  of  small  segments  of 
each  beam  and  bulkhead  was  represented  including  spar 
caps  and  skin.  The  torsional  stiffness  of  each  torque 
box  was  represented.  By  inverting  the  stiffness  matrix, 
a  flexibility  matrix  of  order  200  was  obtained  relating 
deflections  and  loads  as  shown  in  equation  4. 
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£  represents  translational  or  rotational 

deflections . 

For  a  specified  external  loading  the  resulting  deflec¬ 
tions  were  computed.  From  the  known  deformation  of  each 
structural  element  of  the  idealized  structure  the  inter¬ 
nal  loads  and  stresses  compatible  with  the  deflections 
were  computed.  This  procedure  had  previously  been  shown 
to  predict  stresses  that  were  in  close  agreement  with 
stresses  measured  from  a  three  eights  scale  elastic  model 
of  the  B-58. 

STRESS  TRANSFER  FUNCTIONS 

An  IBM  program  was  coded  to  solve  equation  2  for 
the  magnitude  and  phase  angle  of  the  generalized  coordi¬ 
nates.  The  generalized  mass,  generalized  aerodynamic 
forces  and  frequency  data  were  supplied  as  input.  In 
order  to  define  the  transfer  function  it  is  necessary  to 
solve  equation  2  for  a  large  number  of  frequencies. 

These  equations  were  solved  for  over  200  values  of  the 
exciting  frequency,  ranging  from  0.5  rad/sec  to  60  rad 
sec.  However,  the  generalized  aerodynamic  forces  were 
computed  for  a  much  smaller  number  of  frequencies.  The 
generalized  aerodynamic  forces  vary  with  frequency  in  a 
very  smooth"  manner  and  can  be  interpolated  very  accu¬ 
rately.  An  interpolation  procedure' was  coded  into  the 
IBM  program  that  would  permit  equation  2  to  be  solved  for 
many  intermediate  frequencies.  In  this  manner,  the  trans¬ 
fer  function  peaks  and  valleys  could  be  defined  very 
accurately . 

After  the  magnitude  and  phase  of  the  generalized 
coordinate  response  is  computed,  there  are  essentially 
two  approaches  to  determining  the  stress  response.  One 
method  called  the  mode  displacement  method  computes  the 
stress  response  by  associating  a  stress  distribution  with 
each  generalized  coordinate.  The  stress  at  station  i  is 
computed  by  summing  the  products  of  each  generalized 
coordinate  response  times  the  corresponding  stress  per 
unit  generalized  coordinate  for  n  flexible  generalized 
coordinate . 

a 

Zj  )  --  ? 

Where  n.  =  1  (5 ) 

)  is  the  total  stress  at  any  point  i 

is  the  stress  at  point  i  due  to  unit 
deflection  of  the  n.  generalized 
coordinate . 

The  stress  per  unit  displacement  of  the  rth  generalized 
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coordinate  is  determined  by  computing  the  stress  due  to 
the  inertia  loading  associated  with  rth  natural  mode  of 
the  airplane  freely  suspended  in  a  vacuum. 

The  other  approach  called  the  load  summation  meth¬ 
od  would  compute  the  total  inertia  plus  aerodynamic  load 
distribution  at  each  excitation  frequency  for  n  flexible 
generalized  coordinates  plus  rigid  body  translation  and 
pitch. 


nTT 


nTP 


(6) 


L  (k,  y  ) 


Ap^AxAy  ci/i  +  Ap^AxAy*  U2  m  ( x,  yjAxAyq 


/l  =  1 


/l  =  1 


Where  L  ( x,  y  )  is  the  total  load  on  a  small  area  Ax.  Ay 

m  (  x,  y)  iS  the  mass  per  unit  area. 

Substituting,  this  combined  loading  into  equation  4  the 
stress  distribution  could  be  computed.  For  a  sufficient 
number  of  degrees  of  freedom  the  two  approaches  should 
yield  identical  results.  It  has  been  demonstrated  (4) 
that  in  general  the  second  method  converges  more  rapidly 
than  the  first.  However,  when  the  magnitude  of  the  task 
of  developing  a  loading  from  equation  6  for  each  excita¬ 
tion  frequency  and  then  conducting  a  stress  analysis  for 
each  loading  is  realized,  the  mode  displacement  method  be¬ 
comes  more  attractive  even  at  the  expense  of  including 
more  generalized  coordinates.  Accordingly,  it  was  decid¬ 
ed  to  use  the  first  four  natural  modes  of  vibration  plus 
rigid  body  translation  and  pitch  in  the  equations  of 
motion  and  employ  the  mode  displacement  method.  The 
stress  distributions  associated  with  each  of  the  natural 
modes  used  in  the  analysis  of  the  93,000  lb.  gross  weight 
configuration  are  shown  in  table  1.  Each  natural  mode  of 
vibration  was  normalized  to  a  one  foot  deflection  at  the 
maximum  deflection  point. 

The  stress  transfer  functions  for  the  93,000  lb. 
gross  weight  configuration,  were  obtained  by  substituting 
the  data  from  table  1  into  equation  5  together  with  the 
generalized  coordinate  response  per  unit  sinusoidal  gust 
velocity  computed  from  equation  2. 

ATMOSPHERIC  TURBULENCE 

Because  of  the  low  aspect  ratio  of  the  B-5<3,  the 
assumption  of  one  dimensional  atmospheric  turbulence  was 
considered  to  be  adequate.  The  vertical  gust  velocity 
was  considered  to  be  random  in  the  flight  direction  but 
constant  in  the  spanwise  direction.  The  analytic  expres¬ 
sion  for  the  gust  velocity  power  spectrum  recommended  in 
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reference  5>  normalized  for  a  one  foot  per  second  r.m.s, 
gust  velocity  was  used.  2 


gust  velocity  was  used. 

,  V  *  3 

i>J  u>  -  —  V - 


Where 


is  the  gust  power  spectrum 
is  the  scale  of  turbulence. 


R.M.S.  STRESSES  AND  CHARACTERISTIC  FREQUENCIES 

The  stress  power  spectrums  were  computed  by  multi¬ 
plying  the  square  of  the  absolute  value  of  the  stress 
transfer  functions  by  the  gust  velocity  power  spectrum. 

I  _  \2 


L<“)  -  -  L(u> 


The  r.m.s.  stress  and  characteristic  frequency  were  com¬ 
puted  in  the  usual  way  by  the  following  expressions 


Equation  9  and  10  were  aporoximated  by  integrating  over 
the  frequency  range  from  0  to  10  cps. 


SCALE  OF  TURBULENCE 

The  scale  of  turbulence  was  assumed  to  be  500  feet 
for  sea  level  conditions  and  1000  feet  for  high  altitude 
conditions.  The  probability  density  distribution  of  the 
r.m.s.  gust  velocity  magnitude  as  presented  in  reference 
6  was  used  for  conditions  in  which  the  scale  of  turbu¬ 
lence  was  assumed  to  be  1000  feet.  This  data  can  be  used 
with  Rice's  equation  to  compute  the  expected  number  of 
occurances  per  second  in  which  a  trace  of  the  stress 
response  crosses  any  specified  level  with  a  positive 
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slope . 


N  (<r)  =  M  0 


r/b ;<T 


P2 


<r 


(11) 


The  terms  P/  and  /£>  are  the  fractions  of  total  time 
spent  in  clear  air  turbulence  and  thunderstorm  turbulence 
respectively.  The  terms  b ^  and  b ^  are  scale  parameters. 
The  products  b.<r  and  b '  determine  the  slopes  of  a 
plot  of  /V  ( <r  )  vs.  a  for  clear  air  turbulence  and  thunder¬ 
storm  turbulence,  respectively .  The  r.m.s.  gust  velocity 
probability  density  function  was  developed  (6)  from  meas¬ 
ured  velocity-c .g.  acceleration-altitude  data.  The  ac¬ 
celeration  peaks  above  specified  levels  were  counted  and 
converted  to  derived  gust  velocity  peaks.  The  average 
number  of  derived  gust  velocity  peaks  per  mile  above 
specified  levels,  obtained  in  this  manner,  were  then 
equated  to  the  integral  of  the  product  of  the  number  of 
gust  velocity  crossings  as  predicted  by  Rice's  equation 
for  a  constant  r.m.s.  gust  velocity,  times  the  unknown 
r.m.s.  gust  velocity  probability  density  function. 


o 


Where  Q(UdJ 


% 

J 


is  the  number  of  peaks  above  the  U j 
level.  ae 

is  the  number  of  peaks  above  the  zero 
level . 

is  the  derived  gust  velocity. 

is  the  r.m.s.  G.G.  acceleration  response 
per  unit  r.m.s.  gust  velocity. 


is  the  peak  G.G.  acceleration  response 
per  unit  discrete  gust. 


is  the  r.m.s.  gust  velocity. 


is  the  r.m.s.  gust  velocity  probability 
density  functions. 


The  integral  equation  was  then  solved  to  determine  the 
r.m.s.  gust  velocity  probability  density  function.  In 
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order  to  carry  out  the  procedure,  it  was  necessary  to 
assume  a  value  of  the  scale  of  turbulence  so  that  the  term 
£  could  be  evaluated.  In  reference  6,  the  scale  of  tur¬ 
bulence  was  assumed  to  be  1000  feet  for  all  altitudes. 

It  is  consistent  with  the  above  reasoning  to  modify  the 
r.m.s.  gust  velocity  probability  density  function  if  the 
scale  of  turbulence  is  assumed  to  be  any  value  other  than 
1000  feet.  This  modification  is  reflected  only  in  the 
calculation  of  the  scale  parameters  bq  and  b2  for  clear 
air  and  thunderstorm  turbulence  respectively.  The  com¬ 
puted  values  of  bq  and  b2  for  sea  level  conditions  using 
data  from  reference  6  are  shown  in  table  2  for  two  addi¬ 
tional  assumed  values  of  the  scale  of  turbulence. 


TABLE  2 

Comparison  Of  Scale  Parameters  b^  and  b2  For 
Several  Values  Of  The  Scale  Of  Turbulence  (Sea  Level) 


L 

b1 

b2 

1000 

4.6 

9.4 

500 

3.57 

7.29 

300 

3.13 

6.66 

In  order  to  determine  the  importance  of  the  scale 
of  turbulence  in  the  prediction  of  the  number  of  stress 
crossings  per  unit  of  time,  r.m.s.  stresses  were  computed 
for  sea  level  conditions  first  for  a  scale  of  turbulence 
of  500  feet  and  then  300  feet.  A  comparison  of  the 
r.m.s.  stresses  and  characteristic  frequencies  computed 
for  the  ten  points  using  the  two  values  of  the  scale  of 
turbulence  is  shown  in  table  3.  Although  the  r.m.s. 
stresses  computed  using  a  scale  of  turbulence  of  300  feet 
are  approximately  20  percent  higher  than  those  computed 
for  a  scale  of  turbulence  of  500  feet,  the  products  b*  <r 
differ  by  less  than  5  percent  and  the  products  5,^  differ 
by  less  than  10  percent.  In  addition,  the  change  in 
characteristic  frequency  due  to  the  change  in  the  scale 
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of  turbulence  is  small.  Hence,  the  increase  in  the  num¬ 
ber  of  crossings  of  specified  levels,  as  predicted  by 
equation  11  due  to  a  decrease  in  the  scale  of  turbulence 
is  not  nearly  so  great  as  might  be  expected  from  the 
increase  in  the  r.m.s.  stress  values.  A  comparison  of 
the  number  of  crossings  per  hour  in  clear  air  turbulence 
is  shown  in  figure  5  for  stress  point  one. 

STRESS  HISTORY 

The  predicted  stress  history  for  each  point  was 
computed  using  equation  11.  The  number  of  crossings  of  a 
stress  level  which  is  k  times  the  r.m.s.  stress  was 
expressed  as 


TA  (K)  = 


(13) 


where  T  is  the  total  time  (seconds)  in  which  the  airplane 
is  expected  to  operate  in  a  specified  Mach-altitude-gross 
weight  configuration  during  its  lifetime.  The  number  of 
peaks  occurring  in  small  incremental  A. K  bands  wei  e  com¬ 
puted  by  taking  the  difference  between  the  number  of  pos¬ 
itive  slope  crossings  of  two  levels  that  are  a  K  apart* 


=  / 

51 

1 

1 _ 

-  A  j 

1-  \  2 

[  2\\ 

(14) 


A  full  stress  cycle  with  amplitude  Ker  was  assumed  to 
occur  about  the  1-g  mean  stress  level  for  each  peak  pre¬ 
dicted  by  equation  14  for  the  purpose  of  fatigue  analyses. 

EQUIVALENT  LOADING 

It  was  desired  to  obtain  a  single  load  distribu¬ 
tion  which  when  cyclically  applied  to  the  test  airplane, 
would  simultaneously  produce  the  correct  fatigue  damage 
at  each  of  the  ten  stress  point  locations.  It  was  specu¬ 
lated  that  such  a  loading  would  be  likely  to  produce  the 
correct  fatigue  damage  in  intermediate  regions.  The 
cyclic  loads  were  to  be  applied  to  the  test  airplane 
suspended  in  a  1-g  level  flight  attitude  and  consequently 
would  need  to  be  balanced  such  that  the  summation  of  the 
loads  in  all  directions  would  be  zero  as  well  as  the 
summation  of  the  moments  about  all  axes.  The  loads  were 
to  be  applied  with  hydraulic  rams.  To  reduce  the  com¬ 
plexity  of  the  load  application  it  was  also  specified 
that  the  load  at  each  application  point  should  be  either 
in  phase  (0°)  or  out  of  phase  (l8o°)  with  the  load  at 
every  other  application  point. 
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As  can  be  seen  from  equation  l4  the  number  of 
stress  cycles  to  be  applied  to  each  stress  point  with  cy¬ 
clic  amplitude  K  times  the  local  r.m.s.  would  be  the  same 
if  each  of  the  ten  points  had  the  same  characteristic 
frequency.  Table  3  shows  the  characteristic  frequency  to 
be  different  for  each  of  the  ten  points.  So  the  number- 
of-cycles  condition  cannot  be  satisfied  exactly  for  all 
points.  However,  the  characteristic  frequencies  are  some¬ 
what  similar  for  the  majority  of  the  points,  especially 
those  wit!  the  high  r.m.s.  levels.  Hence,  the  number-of- 
cycles  condition  is  approximated  by  choosing  a  value  of 
the  characteristic  frequency  which  is  in  the  same  neigh¬ 
borhood  as  the  characteristic  frequency  for  the  majority 
of  the  points  (say  /V0  =  1.95  cps  for  Z.  -  500). 

If  a  loading  could  then  be  developed  which  would 
produce  a  stress  that  equalled  the  r.m.s.  stress  at  each 
point,  approximately  the  correct  stress  history  would  be 
produced  at  each  point.  In  order  to  develop  such  a  load¬ 
ing  attention  was  turned  to  the  power  spectrums  of  each 
of  the  ten  stress  points  shown  in  figure  6.  It  can  be 
seen  that  the  general  shape  of  these  spectrums  are  quite 
similar  except  for  points  2,  8,  and  10.  The  short  period 
frequency  for  this  configuration  is  almost  6  rad/sec.  and 
the  response  peak  at  this  frequency  merges  into  the  res¬ 
ponse  peak  associated  with  the  first  natural  frequency  of 
the  structure.  It  is  readily  apparent  that  the  largest 
contribution  to  the  r.m.s.  stresses  occurs  in  this  fre¬ 
quency  range  for  the  majority  of  the  ten  points.  The 
response  of  the  elastic  generalized  coordinates  at  the 
peak  frequency  13.5  rad/sec.  due  to  the  unit  sinusoidal 
gust  velocity  is  shown  in  table  4,  column  one.  Conver¬ 
ting  the  generalized  coordinates  to  polar  form  and  nor¬ 
malizing  on  the  first  generalized  coordinate  shows  the 
phase  angles  to  be  close  to  either  0  or  180  degrees  as 
can  be  seen  in  column  2.  An  approximation  of  the  gener¬ 
alized  coordinated,  q  ,  is  shown  in  column  3  with 
magnitude  equal  to  column  2,  but  with  a  plus  or  minus 
sign  attached  depending  on  whether  the  phase  angle  in 
column  2  is  closer  to  0  or  l80  degrees.  Therefore,  the 
phase  angles  of  the  approximate  generalized  coordinates 
are  either  0  or  180  degrees  exactly.  Under  column  1  of 
table  5  are  listed  the  stresses  at  the  ten  points  if  the 
stresses  per  generalized  coordinate  are  superimposed  in 
the  same  ratio  as  the  approximate  generalized  coordinates. 


*  (*L,  »L,  ) 


Column  2  shows  the  stresses  normalized  on  the  highest 


460 


! 


Peloubet 


r.m.s.  stress,  that  is,  stress  point  one.  It  can  be  seen 
by  comparing  column  2  to  column  3  that  there  is  a  certain 
amount  of  similarity  between  the  stresses  obtained  in  this 
manner  and  the  r.m.s.  stresses. 

The  load  distribution  that  produces  the  stress  dis¬ 
tribution  in  column  2  of  table  5  can  easily  be  obtained 
by  superimposing  the  zero  airspeed  inertia  loads  associ¬ 
ated  with  each  of  the  flexible  generalized  coordinates  in 
the  same  ratio  as  the  approximate  generalized  coordinates 
q  and  normalized  to  produce  the  r.m.s.  stress  at  point 
one.  This  loading  is  called  an  equivalent  loading  be¬ 
cause  it  produces  approximately  the  same  elastic  deforma¬ 
tion  as  predicted  by  the  equations  of  motion  at  the  fre¬ 
quency  13.5  rad/sec.  However,  it  is  not  the  total  iner¬ 
tia  response  load  or  the  total  inertia  plus  airload  res¬ 
ponse  at  this  frequency.  The  equivalent  load  is  balanced 
in  all  directions  and  about  all  axes  since  the  same  is 
true  of  each  of  the  zero  airspeed  inertia  loads  associ¬ 
ated  with  each  flexible  generalized  coordinate.  The 
stresses  produced  by  applying  unit  amount  of  the  equiva¬ 
lent  loading  differ  from  the  r.m.s.  stresses  by  less  than 
10  percent  with  the  exception  of  points  2,  8,  and  10. 

Prom  the  stress  power  spectrums  it  can  be  seen  that  stress 
points  2,  8,  and  10  have  large  contributions  to  their 
total  r.m.s.  value  from  higher  frequencies.  An  equiva¬ 
lent  loading  would  need  to  be  developed  at  a  higher  fre¬ 
quency  to  produce  a  stress  distribution  that  would  satis¬ 
fy  these  three  points.  However,  the  r.m.s.  stresses  at 
these  three  points  are  lower  than  the  other  seven.  There¬ 
fore,  if  a  single  loading  has  to  be  chosen  it  would  be 
better  to  choose  a  loading  that  produces  a  stress  distri¬ 
bution  compatible  with  the  points  that  are  expected  to 
experience  the  highest  fatigue  damage. 

Multiples  of  the  unit  equivalent  loading  were 
applied  to  the  test  airplane  such  that  the  stress  history 
predicted  by  equation  1^  is  satisfied  exactly  for  point 
one  and  the  stress  history  at  each  of  the  other  points  is 
approximated . 

This  procedure  was  repeated  for  all  Mach-altitude- 
gross  weight  configurations  that  were  considered. 

HIGH  SPE  D  TAXI  ANALYSES 

■  .e  stress  ’esponse  to  taxi  over  a  runway  with 
random  rougnness  was  computed  in  substantially  the  same 
manner  as  was  used  in  the  random  gust  analyses.  The 
differences  will  be  briefly  discussed.  The  natural  modes 
were  computed  with  the  airplane  resting  on  its  landing 
gear.  The  input  force  for  computing  the  transfer  func¬ 
tions  consisted  of  the  mass  coupling  between  the  first 
six  natural  modes  of  vibration  and  he  combined  rigid 
body  translation  an d  pitching  motion  produced  by  the  main 
gear  and  nose  gear  motion  in  following  the  path  of  a 
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sinusoidal  runway.  It  was  found  that  the  wing  stress 
transfer  functions  were  almost  independent  of  taxi  speed. 
The  primary  effect  of  speed  is  to  vary  the  ratio  of  the 
translation  to  pitching  motion  for  any  particular  fre¬ 
quency  due  to  the  difference  in  wave  length  needed  to 
produce  the  same  frequency  at  two  different  taxi  speeds. 
The  speed  effect  was  found  to  be  negligible  on  the  wing 
stress  transfer  functions. 

The  runway  roughness  power  spectrum  was  obtained 
from  34  power  spectrums  in  reference  7  and  2  power  spec- 
trums  in  reference  8  and  9-  These  spectrums  were  aver¬ 
aged  by  passing  a  regression  line  through  the  combined 
power  spectral  data,  (10).  The  following  expression  was 
obtained  for  the  average  runway  power  spectrum. 


/%(Q)  -  /JOOOOS777  Q  ~2‘ 


Q  = 


2% 


The  minimum  value  of  Q  in  the  averaged  data  was  .05. 

Since  the  stress  transfer  function  was  assumed  to 
be  independent  of  the  taxi  speed,  the  ratio  of  the  r.m.s. 
stress  at  two  taxi  speeds  using  equation  16  reduced  to 
the  following. 


er  (U2) 

r  (Uj  ) 


u2  f*8 


Or*  <r(u)  =  *(1 )  U°‘788 


(17) 


where  <r ( l)  is  the  r.m.s.  stress  for 
speed.  Assuming  the  runway  roughness 
Gaussian  process.  Rice's  equation  was 
diet  'che  number  of  stress  crossings  of 
per  second. 


a  1  ft/sec.  taxi 
to  be  a  stationary 
again  used  to  pre¬ 
specified  levels 


N(tr) 


N0& 


(18) 
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The  majority  of  the  taxi  fatigue  damage  was  found  to 
occur  during  the  take-off  and  landing  runs  in  which  the 
speed  was  continually  varying.  In  these  cases,  the  take¬ 
off  or  landing  velocity  was  expressed  as  a  function  of 
time. 


U  =U  (t) 


(19) 


The  r.m.s.  stress  expressed  in  equation  17  as  a  function 
of  velocity  was  then  expressed  as  a  function  of  time 


Hi)  -  r  (  1  )  [um]0-?88 


(20) 


Hence,  the  number  of  crossings  per  second  for  the  frac¬ 
tion  of  time  d-t/j  during  which  the  taxi  speed  was  of 
magnitude  U  ,  was  expressed  as 

2 / 

dN  (<r)  =  Nq  e  ddy  7  (2 

The  total  number  of  crossings  per  second  during  a  take¬ 
off  or  landing  was  expressed  as 


N  (  <r  ) 


(22) 


where  T  is  the  total  take-off  or  landing  time. 

EVALUATION  OF  CYCLIC  FATIGUE  TESTS 

During  the  cyclic  fatigue  test  the  stress  history 
is  being  recorded  by  many  strain  gages  on  the.  airplane. 
Currently  another  B-58  airplane  is  being  equipped  with  a 
gust  boom  and  is  being  instrumented  with  strain  gages  and 
accelerometers.  Time  histories  of  the  gust  velocity  and 
the  response  data  will  be  recorded  during  flight  through 
turbulence.  The  data  will  be  reduced  to  power  spectrum 
and  cross  spectrum  form  and  combined  to  obtain  experimen¬ 
tal  transfer  functions.  These  transfer  functions  will 
then  be  used  in  the  same  manner  as  previously  described 
for  the  theoretical  transfer  functions  to  compute  stress 
histories.  The  stress  histories  computed  with  the  exper¬ 
imental  transfer  functions  will  then  be  compared  to  the 
stress  histories  recorded  during  the  cyclic  fatigue  tests 
to  reevaluate  the  accumulated  fatigue  in  terms  of  air¬ 
plane  life. 
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Response  Of  Each  Of  The  Flexible  Generalized  Coordinates 
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TABLE  5 


Comparison  Of  The  Stresses  Produced  By  Unit 
Amount  Of  The  Equivalent  Loading  With  The  R.M.S.  Stresses 


Col . 

1 

2 

3 

n 

1*1 

Normalized 

<r 

B 

-31249. 

392. 

392.  ! 

2 

1544.9 

19.4 

37.5 

3 

-9072.7 

113.8 

122. 

4 

-30727. 

385.4 

377. 

5 

-1504i . 

188.7 

205. 

6 

-26370. 

330.8 

337.  i 

7 

-20808 . 

261.0 

259. 

8 

-10079. 

126.4 

169.  ! 

-18949. 

- 

237.7 

260. 

10 

-7891.3 

99.0 

125. 
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SHOCK-TUBE  STUDIES  OF  BLAST-LOADING  ON  AIRFOILS 


J.  R.  Ruetenik,  V/.  Herrmann  and  E.  A.  Witmer 
Aeroelastic  and  Structures  Research  Laboratory 
Massachusetts  Institute  of  Technology 
Cambridge,  Massachusetts 


Introduction 


The  interception  of  a  wing  by  a  strong  blast  wave,  Fig.  1,  involves 
several  interesting  nonlinear  phenomena  of  aerodynamics.  These  include  the  pro¬ 
duction  of  large  entropy  changes  due  to  blast  strength,  and  the  shedding  of  strong 
vortices  from  all  edges  of  the  wing. 

in  spite  of  the  nonlinear  effects  occurring  at  large  angles  of  attack,  the 
blast  loads  on  wings  have  frequently  been  estimated  by  linearized  methods  of  the 
gust  type.  The  application  of  the  traveling -gust  theory  of  Miles  (1),  Hobbs, (2), 
and  Drischler  and  Diederich  (3)  to  blast  airloads  on  wings  was  proposed  by  refer¬ 
ences  2  and  3.  Since  the  theory  is  linearized,  it  is  expected  to  apply  only  with 
weak  blast  waves.  However,  the  full  extent  of  its  practical  applicability  should 
be  determined  more  explicitly. 

A  program  to  measure  the  simulated  strong-blast  loads  on  airfoils  and 
wings  has  been  underway  at  MIT  for  several  years.  In  references  4  and  5  the 
traveling-gust  theory  has  been  compared  with  the  loads  measured  in  these  experi¬ 
ments,  and  a  considerable  area  of  agreement  has  been  found  in  both  the  airloads 
distribution  and  the  normal  force  at  low  and  fairly  large  angles  of  attack  during 
the  period  the  shock  front  was  being  diffracted  by  the  airfoil,  provided  the  method 
was  applied  in  coordinates  fixed  in  the  shock-induced  flow.  One  purpose  of  this 
present  paper  is  to  extend  the  comparison  of  the  traveling -gust  method  to  larger 
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At  large  blast-induced  angles  of  attack,  vortices  shed  from  the  leading 
edge  of  the  airfoil  become  a  prominent  feature  in  the  flow.  A  theoretical  des¬ 
cription  of  the  flow  field  is  afforded  by  the  lumped-vortex  method  of  Edwards  (6), 
Brown  and  Michael  (7)  and  Cheng  (8),  which  lumps  the  shed  vorticity  into  discrete 
vortices;  that  approach  has  been  modified  in  the  present  work  in  order  to  represent 
the  blast-induced  flow  in  the  post  shock-diffraction  period.  The  second  purpose 
of  this  paper  is  to  present  comparisons  of  this  vortex  theory  with  the  experimental 
airloads,  using  several  boundary  conditions. 

In  the  following  the  blast-simulation  experiments  are  described  first. 

Then  *he  prediction  methods  and  the  theoretical-experimental  comparisons  are 
made  separately  for  the  traveling -gust  analysis  and  for  the  lumped-vortex  analysis. 


Experiments 

The  MIT-WADD  shock  tube  has  a  constant  8  x  24  inch  section.  The 
airfoil  is  clamped  between  the  middle  of  the  24in.  walis,  and  set  at  a  fixed  angle 
of  attack.  A  shock  is  fired  and  measurements  are  made  with  either  an  interferom¬ 
eter,  or  pressure  transducers  located  in  the  airfoil.  The  details  of  these  experiments 
are  described  in  references  9  and  10. 

The  airfoils  in  the  tests  under  present  discussion  had  a  4~in.  chord  and 
either  an  NASA  65-010  profile  (9)  or  64A010  profile  (10).  The  Mach  number  of 
the  shock-induced  flow,  M2,  during  the  test  program  ranged  from  0.4  to  1.0. 

The  measurements  in  reference  9  pertained  to  fixed  angles  of  attack,  a,  ranging 
up  to  30,  5  and  4  degrees  at  M2  =  0.4,  0.  8  and  1. 0,  respectively.  The  present 
paper  extends  the  a  range  to  60  degrees  at  both  M2  =  0.  4  and  0.  8. 


Traveling -Gust  Calculations 

Essentially  the  traveling-gust  method  is  an  extension  of  the  conventional 
gust  methods,  except  that  the  gust  front  is  allowed  to  move.  To  represent  blast 
loading  the  velocity  of  the  gust  front  is  set  equal  to  the  velocity  of  the  shock 
fronting  the  blast  wave.  The  gust-induced  angle  of  attack  is  equated  to  the 
change  in  angle  of  attack  experienced  by  the  wing  as  it  penetrates  the  shock 
front.  The  present  calculations  include  compressibility. 

In  the  shock -tube  experiments  the  shock-induced  flow  has  essentially 
a  step  profile.  To  represent  blast  loading  of  the  airfoil  for  the  shock -tube  con¬ 
ditions,  the  downwasn  is  as  sketched  in  Fig.  2.  The  procedure  involved  in  these 
calculations  is  otherwise  straightforward,  and  the  details  are  given  in  reference  4. 

The  interferogram  in  Fig.  3  was  taken  while  the  shock  was  being 
diffracted  by  the  NASA  64A010  airfoil;  while  the  shock  diffracts  about  the  air¬ 
foil  is  called  the  "diffraction  period".  Of  note  is  the  bifurcated  shock  with  the 
Mach  stem,  slip  surfaces,  reflected  shock,  and  triple  points.  In  this  particular 
interferogram  for  which  M2  =  0.  8,  there  is  a  local  supersonic  bubble  on  the 
upper  surface,  but  otherwise  this  interferogram  is  typical  of  subsonic  Mach  num¬ 
bers.  There  are  several  fringes  near  the  airfoil  due  to  the  clamping  stresses  in 


478 


Ruetenik 


the  optical  flats;  corrections  were  applied  to  account  for  these  clamping  effects 
in  the  calculations  of  pressure  distribution  about  the  airfoil. 


The  pressure  difference  between  the  lower  and  upper  surface,  Ap, 
computed  by  the  traveling -gust  method,  indicated  by  subscript  "  tg  "  ,  for  the 
diffraction  period  at  M2  =  0.4  and  reduced  by  both  the  dynamic  pressure 
*  /*#  K»*  arid  the  angle  of  attack  Mra/y0  is  given  by 


<-■  ri«. 


where  ,  14  /  and  are  the  density,  forward  velocity  of  the  airfoil, 

and  the  vertical  velocity  of  the  gust,  respectively,  is  plotted  in  Fig.  4.  The 
chordwise  distance  from  the  leading  edge,  x  ,  has  been  reduced  in  Fig.  4  by  the 
speed  of  sound  behind  the  gust  or  shock,  CLt  ,  and  the  time  subsequent  to  initial 
gust  or  shock  penetration.  The  function  Ae^  computed  here  for  a  flat-plate 
airfoil  has  two  singularities,  the  usual  one  at  leading  edge  and  the  other  at 
the  gust  (shock)  front.  The  airloads  measured  on  the  airfoils  in  the  shock  tube 
are  compared  with  the  trave  ling -gust  theory  by  setting 


A  C 


P 


where  and  tlf  are  the  air  density  and  the  material  velocity  of  the  shock- 

induced  flow  in  laboratory  coordinates.  The  loading  data  have  been  reduced  by 
a  to  indicate  the  extent  of  linearity. 


Between  the  leading  edge  of  the  airfoil  and  the  chordwise  station  adjacent 
to  the  shock  on  the  upper  surface,  the  measured  airloads  are  surprisingly  independent 
of  a  up  to  60  degrees,  and  well  represented  by  the  trave  ling -gust  theory.  This  is 
considerably  beyond  the  range  where  linear  theory  is  ordinarily  expected  to  be 
va  lid. 


The  nonlinear  effect  of  the  finite  shock  strength  manifests  itself  at  the 
shock  fronts.  Several  of  these  features  will  be  discussed  in  connection  with 
Fig.  4.  The  shock  loading  has  two  discontinuities,  one  at  the  location  of  the 
shock  on  the  upper  surface  and  one  at  the  shock  on  the  lower  surface.  These 
shocks  produce  a  scalloped  step  in  the  differential  loading  distribution.  It  is  of 
interest  to  observe  how  this  step  approaches  the  singularity  of  the  gust  front 
when  a  is  reduced  towards  zero. 

At  large  values  of  a  fhe  departure  of  the  airloads  distribution  from  the 
trave  ling -gust  theory  in  the  vicinity  of  the  shocks  is  large.  But  the  data  of 
reference  4  demonstrated  that  this  difference  in  the  distribution  did  not  produce 
a  significant  effect  on  the  reduced  sectional  normal-force  coefficient,  <r,/ot. 
This  conclusion  is  supported  by  the  present  data  which  are  plotted  in  Fig.  5  as  a 
function  of  the  reduced  time'Mj  t/c  .  However,  for  angles  of  attack  above 
30  degrees  the  distribution  near  the  shock  does  have  an  effect  on  C„/«c. 
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To  indicate  the  effect  of  gust  speed,  the  fixed-gust  function, 
and  the  indicial-sinking  function,  £„  ,  are  also  plotted  in  Fig.  5.  The 

first  represents  the  response  to  penetration  of  a  fixed  gust,  and  the  second  the 
response  to  penetration  of  a  gust  moving  at  an  infinite  speed.  After  several 
chord  lengths  of  flow,  the  effect  of  gust  speed  is  small. 

The  traveling-gust  theory  is  compared  with  the  measured  shock  loading 
during  the  diffraction  period  at  M,  =  0.  8  in  Fig.  6.  The  general  characteristics 
of  are  similar  to  the  low  Mach  number  shape,  with  the  exception  of  the 

distribution  along  the  upper  surface  near  the  leading  edge  where  the  loading 
flattens  at  large  a  due  to  the  supersonic  bubble.  The  difference  in  the  distributions 
near  the  shock  are  similar  to  the  low  Mach  number  case.  The  reduced  normal 
force  coefficient  tC  h  /*  is  compared  in  Fig.  7.  There  is  not  as  much  exper¬ 
imental  data  available  during  the  diffraction  period  as  at  the  low  Mach  number, 
but  the  <h  /at,  data  do  support  the  traveling-gust  method  below  30  degrees 
and  depart  above  a  30-degree  angle  of  attack. 

It  should  be  recognized  that  these  measurements  were  made  on  airfoils 
that  were  stationary.  So  the  question  to  be  answered  is  how  applicable  these 
results  are  to  an  airfoil  that  is  moving.  After  a  period  of  time  the  flow  is 
expected  to  be  independent  of  the  initial  flow  before  shock  arrival;  that  is, 
except  for  the  diffraction  loading  period  and  perhaps  the  early  part  of  the  post¬ 
diffraction  period,  the  transient  loading  is  expected  to  depend  upon  the  angle 
of  attack  of  the  airfoil  with  respect  to  the  post-shock  stream  and  not  be  influenced 
by  the  flow  field  existing  prior  to  shock  or  blast  envelopment  of  the  airfoil.  The 
question  to  be  answered  is  how  early  the  airloading  achieves  this  status.  The 
loading  distributions  demonstrated  that  during  the  diffraction  period  there  is  a 
large  region  between  the  leading  edge  of  the  airfoil  and  the  shock  where  the 
linearized  theory  for  a  moving  airfoil  and  the  measured  data  from  the  stationary 
airfoil  are  in  agreement  at  subsonic  speeds  and  a  up  to  60  degrees.  The  differ¬ 
ences  due  to  the  supersonic  bubble  at  high  speed  would  also  occur  on  a  moving 
airfoil.  The  region  of  disagreement  is  principally  in  the  neighborhood  of  the 
shocks.  In  the  shock  tube  the  shock  wave  is  generally  much  stronger  than  for 
a  moving  airfoil  wiih  the  same  blast-induced  angle  of  attack,  because  in  the 
former  case  the  shock  must  be  strong  enough  to  establish  the  whole  flow  field. 

This  implies  that  differences  from  the  linearized  theory  due  to  finite  shock 
strength  will  generally  be  greater  in  the  shock-tube  tests  than  with  a  moving 
airfoil  subjected  to  blast. 

It  is  concluded  that  the  troveling-gust  theory  furnishes  a  good  estimate 
of  the  normal  force  during  the  diffraction  period  at  subsonic  speeds  up  to  blast- 
induced  angles  of  attack  of  about  30  degrees.  The  departure  from  the  traveling- 
gust  theory  above  30  degrees  is  generally  expected  to  be  less  for  a  moving  air¬ 
foil  than  measured  in  the  shock -tube  experiments  because  of  the  lesser  shock 
strength  involved.  The  traveling-gust  theory  is  expected  to  apply  in  the  early 
post-diffraction  period;  however,  this  portion  of  the  loading  history  was  not 
computed  for  display  here  because  of  the  complexity  arising  from  the  inter¬ 
action  of  the  wake  upon  the  flow. 
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Lumped-Vortex  Co  leu  lotions 

Figure  8  is  a  typical  interferogram  of  the  shed  vortices  in  the  post- 
diffraction  period  at  large  angles  of  attack.  The  classical  starting  vortex  is 
evident  behind  the  trailing  edge,  and  the  leading-edge  vortex  is  well  formed 
at  this  angle  of  attack.  Below  15  degrees  the  leading-edge  vortex  is  smeared 
over  a  region  along  the  upper  surface  rather  than  appearing  as  a  discrete  vortex 
as  seen  in  Fig.  8. 

interferograms  of  the  flow  as  well  as  Fastax  high-speed  pictures  of 
tufts  on  the  upper  surface  show  that  there  is  a  stagnation  point  on  the  trailing- 
edge  side  of  the  leading-edge  vortex.  Beneath  the  vortex  the  flow  direction  is 
toward  the  leading  edge.  Between  the  vortex  and  the  leading  edge,  there 
tends  to  be  another  stagnation  point.  The  fluid  under  the  vortex  and  the 
fluid  negotiating  the  leading  edge  separate  from  the  surface  in  the  adverse 
pressure  gradient.  This  forms  a  low  energy  zone  of  roughly  triangular  shape. 

Rott  (11)  and  others  have  identified  secondary  vortices  near  the  surface  just 
behind  the  leading  edge  in  the  forward  moving  flow  beneath  the  vortex  which 
are  evident  in  many  of  the  interferograms  in  these  tests,  but  notin  this  parti¬ 
cular  interferogram.  Fig.  8. 

At  high  subsonic  Mach  numbers  compressibility  complicates  the 
vortex  phenomenon.  Therefore,  present  attention  is  given  to  formulating  a 
model  for  low  speeds. 

The  vortex  model  of  Edwards  (6),  Brown  and  Michael  (7),  and  Cheng  (8) 
is  sketched  in  Fig.  9a.  Ail  vorticity  shed  from  The  body  in  question  is  idealized 
to  be  concentrated  in  a  vortex  located  at  z  i  and  which  has  a  circulation  f*  ; 
however,  the  vorticity  shed  at  the  z»  position  on  the  body  in  question 
actually  goes  into  a  vortex  sheet-like  region.  This  vortex  increases  in  strength 
by  being  fed  vorticity  along  the  feeding  sheet  connecting  it  with  the  separation 
"or  feeding  point  located  at  z#  at  which  vorticity  is  considered  to  be  gener¬ 
ated.  To  account  for  the  equilibrium  of  the  forces  in  the  vortex  field,  a  force 
on  the  feeding  sheet  due  to  the  transport  of  vorticity  and  a  Joukowski  force  on 
the  vortex  due  to  the  relative  velocity  between  the  vortex  and  the  local  field 
are  equated.  The  equation  of  equilibrium  in  complex  notation  is 


(I,  -  =  «(Z>)  ~  Z, 

where  u(z,  )  is  the  local  fluid  velocity  at  z,  and  (  )  —  d  t.  * 


Edwards  (6)  and  Brown  and  Michael  (7)  applied  the  model  to  the  cross 
flow  on  a  slender  delta  as  sketched  in  Fig.  9b  to  treat  the  vortex  involved.  For 
a  boundary  condition  on  the  wing,  the  Kutta  condition  was  applied  at  the  lead¬ 
ing  edge.  This  is  a  reasonable  representation  for  deltas  with  very  small  apex 
angles.  As  the  apex  angle  increases,  the  flow  at  the  leading  edge  tends 
no  longer  to  be  parallel  to  the  chord  plane  as  in  the  Kutta  condition  but  is 
inclined  upward  with  respect  to  the  chord  plane.  In  fact,  the  measured  load¬ 
ings  did  depart  from  the  theory  as  the  apex  angle  increased  (7).  Apparently 
the  boundary  condition  at  this  edge  is  the  key  to  the  problem. 
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Following  the  method  of  references  6  to  8,  the  flow  field  around  the 
airfoil  is  represented  by  two  vortices  and  the  free-stream  velocity  at  infinity, 
as  shown  in  Fig.  9c.  The  airfoil  is  represented  by  a  flat  plate.  It  should  be 
noted  that  in  general  the  strengths  of  the  two  vortices  are  not  equal.  Two 
boundary  conditions  are  needed  at  the  airfoil.  The  Kutta  condition  is  applied 
at  the  trailing  edge,  and  the  validity  of  this  has  been  well  supported  by  inter- 
ferograms,  even  at  very  early  times  in  the  diffraction  period.  The  other  bound¬ 
ary  condition  is  not  as  apparent. 

In  addit  ion  to  the  above  described  use  of  the  Kutta  condition  at  the 
leading-edge  of  a  slender  delta,  Pappas  and  Kunen  (12)  employed  the  Kutta 
condition  at  the  leading  edge  of  a  swept  wing  with  leading-edge  vortices.  In 
view  of  this  success  of  the  leading-edge  Kutta  condition  in  these  two  cases, 
it  was  used  to  formulate  the  first  model  of  the  present  study  for  the  airfoil. 

This  model  is  sketched  in  Fig.  9c.  The  two  feeding  points  are  taken  at  the 
leading  edge  and  the  trailing  edge. 

The  vortices  are  started  from  the  two  feeding  points  with  zero  strength. 
The  differential  equations  were  then  solved  by  finite  difference  methods  on  an 
IBM  704  high-speed  computer.  The  details  of  these  calculations  are  described 
in  reference  13.  Actually  the  calculations  cannot  be  started  with  the  vortex  at 
the  feeding  point,  as  Bryson  (14)  pointed  out,  because  the  feeding  point  is  a 
saddle  point.  However,  the  initial  direction  can  be  found  (14),  and  the  vertex 
can  be  started  with  a  small  displacement.  This  was  the  procedure  employed. 

With  the  leading-edge  Kutta  condition  invoked,  however,  difficulty 
was  encountered  in  obtaining  convergence  of  the  finite-difference  calculations 
when  the  initial  displacement  was  made  sufficiently  small  to  obtain  accurate 
starting  conditions.  Therefore,  a  calculation  was  made  using  experimental 
values  of  the  vortex  positions  measured  in  an  interferogram  on  the  NASA  64A010 
airfoil  at  a  =  30  degrees,  M *€/<  —  O.^f  ,  as  starting  points  for  the 

vortices;  this  is  now  a  starting  condition  in  which  the  vortex  is  at  a  relatively 
large  distance  from  the  leading  edge.  The  subsequent  normal-force  behavior 
with  aerodynamic  time  over  the  time  range  for  which  the  calculation  has  been 
carried  out  thus  far  is  plotted  in  Fig.  10.  it  should  be  noted  that  the  normal 
force  decreases  and  the  leading-edge  vortex  moves  toward  the  leading  edge 
instead  of  away,  contrary  to  experiment. 

It  is  also  of  interest  to  examine  by  means  of  interferograms  whether 
the  assumption  of  the  applicability  of  the  Kutta  condition  at  the  leading  edge 
is  verified  by  the  behavior  of  the  observed  flow  field.  A  careful  examination 
of  many  interferograms  taken  with  these  two  airfoils  over  this  range  of  angle 
of  attack  and  Mach  number,  e.  g.  Fig.  8,  shows  that  the  fluid  remains  attached 
to  the  surface  for  a  considerable  distance  around  the  leading  edge.  Also, 
unreported  measurements  in  this  laboratory  on  sharp  wedges  at  a  =  15,  30 


Later  calculations  were  performed 


on  an  IBM  709  machine. 
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and  90  degrees  showed  that  the  flow  at  the  apex  had  a  component  normal  to 
the  bisector  of  the  wedge.  Therefore,  it  is  concluded  that  the  Kutta  condition 
does  not  provide  a  satisfactory  description  of  the  flow  at  the  leading  edge  of 
the  two-dimensional  airfoil  at  a  large  angle  of  attack.  This  conclusion  was 
not  unexpected. 

It  is  well  known  that  the  shape  of  the  leading  edge  has  a  significant 
effect  on  the  type  of  separation  that  occurs  at  relatively  small  angles  of  attack. 
Measurements  in  this  laboratory  on  wedges  and  plates  that  had  a  wide  range  of 
profiles  indicated  that  the  fringe  distribution  is  essentially  independent  of  the 
shape  of  the  leading  edge  at  a  =  15,  30  and  90  degrees  provided  the  vortex 
is  at  least  3  leading-edge  radii  from  the  leading  edge.  Therefore,  the  shape 
of  the  leading  edge  is  not  believed  to  be  an  important  parameter  at  large 
angles  of  attack. 

Bryson  (14)  employed  the  lumped-vortex  method  to  estimate  the  unsteady 
drag  on  a  circular  cylinder.  This  is  not  unlike  the  situation  at  the  leading  edge. 
For  a  boundary  condition  Bryson  placed  two  stationary  stagnation  points  on  the 
back  side  of  the  cylinder,  simulating  the  separation  points  of  a  turbulent  bound¬ 
ary  layer. 

Therefore,  in  the  second  model  of  the  present  study,  the  leading-edge 
Kutta  condition  is  replaced  by  a  stagnation  point  on  the  upper  surface.  Fig.  9e. 
The  feeding  point  for  the  vortex  is  taken  to  be  at  the  stagnation  point.  The 
computations  were  performed  for  several  locations  of  the  stagnation  point.  The 
trailing-edge  vortex  again  behaved  well,  but  when  the  stagnation  point  was 
near  the  leading  edge,  the  forward  vortex  moved  upstream.  At  some  location 
of  the  stagnation  point  downstream  from  the  leading  edge,  the  vortex  moved 
downstream  and  away  from  the  surface.  But  in  this  case  the  velocity  was  very 
small  compared  with  the  actual  velocity  of  the  vortex.  For  most  locations  of 
the  stagnation  point,  the  vortex  would  eventually  start  moving  toward  the  sur¬ 
face,  and  then  the  calculations  would  diverge. 

The  initial  displacement  of  the  vortices  from  the  two  feeding  points 
was  arbitrarily  taken  to  be  equal  for  the  two  vortices,  specifically  equal  to 
0.05  radii  in  the  circle  plane.  To  examine  the  consequences  of  this  selection, 
vortices  were  started  at  points  observed  in  the  interferograms,  specifically  the 
positions  for  *«t^/ C  =  o.4j  ,  a  =  60  degrees,  where  both  vortices  could  be 
seen.  Again,  the  forward  vortex  moved  downstream  only  if  the  feeding  point 
were  well  downstream  of  the  leading  edge,  and  then  it  moved  roughly  parallel 
to  the  plate.  It  is  concluded  that  this  lumped-vortex  model  with  either  of  the 
forward  boundary  conditions  does  not  provide  a  satisfactory  representation  of 
the  forward  vortex  sheet. 

However,  the  calculations  with  the  stagnation  point  did  provide  a 
fair  estimate  of  the  normal  force,  which  was  essentially  independent  of  the 
particular  location  of  the  stagnation  point,  until  the  calculations  diverged. 

The  position  of  the  stagnation  point  did  affect  the  time  at  which  divergence 
occurred.  The  calculations  that  did  not  diverge  in  the  time  interval  of  inter¬ 
est  are  plotted  in  Fig.  10.  Of  course,  the  lumped-vortex  theory  does  not 
represent  the  diffraction  process,  but  shortly  thereafter  the  normal  force  does 
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follow  the  trend  of  the  shock-tube  data. 

It  is  concluded  that  the  normal  force  is  insensitive  to  the  forward 
vortex  during  this  time  in  the  angle  of  attack  range  of  30  to  60  degrees.  How¬ 
ever,  the  forward  vortex  does  have  a  large  effect  on  subsequent  developments. 
This  is  discussed  with  reference  to  Fig.  5.  At  <ti/‘ C  2s  3  ,  depending 
upon  a,  the  / *  data  drop  severely.  It  is  observed  that  this  drop 
coincides  with  the  arrival  ot  the  trailing  edge  of  the  rearward  upper»surface 
stagnation  point  produced  by  the  leading-edge  vortex,  and  the  formation  of 
the  second  trailing-edge  vortex.  This  stage  of  the  development  is  shown  in 
the  interferogram  in  Fig.  11.  It  appears  that  this  second  trailing-edge  vortex 
causes  the  drop  in  the  normal  force.  In  order  to  predict  the  growth  and  motion 
of  this  second  trailing-edge  vortex  tfhd  the  subsequent  effect  on  the  normal 
force,  it  appears  necessary  to  predict  the  growth  and  motion  of  the  first  leading- 
edge  vortex. 

It  appears  that  an  improvement  in  the  estimate  of  the  transient 
loading  at  large  angles  of  attack  requires  a  better  representation  of  the  flow 
near  the  leading-edge.  The  lumped-vortex  method  is  based  upon  the  so- 
called  perfect-fluid  equations.  Whether  it  is  necessary  to  go  to  a  formulation 
of  the  equations  of  motion  which  incorporates  viscosity  explicitly  is  not  yet 
clear. 
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3  Single-Fringe  Interferogram  in  Diffraction  Period, 

NASA  64A0 10  Profile,  a  =  20  degrees, S<5/  ~~j£  s  ,4i. 
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ssure  Difference  Across  Airfoil  During  Diffraction 
iod,  M2  =  0.  4. 
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Fig.  6  Pressure  Difference  Across  Airfoil  During  Diffraction 
Period ,  ~  0.  8 . 
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Reduced  Normal-Force  Coefficient,  M2  =  0.  8.  Wind- 
Tunnel  Data  From  NA3A  TN  3162  for  a  64A010  Airfoil 
Are  Plotted  at  Infinite  Delay  Time. 
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Fig.  8  Single-Fringe  Interferogram  in  Early  Post-Diffraction  Period, 
NASA  64A010  Profile,  a  =  30  deg.  ,  =  0.  4,  s  .11. 
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a.  Lumped  vortex 


t 


b.  Edwards  and  Brown-and- Michael 
model  for  cross-flow  plane  of  a 
slender  delta  wing 


c.  Airfoil  with  leading-edge 
Kutta  condition 


d.  Bryson  model  for  indicial  motion 
of  a  circular  cylinder 


Airfoil  with  stagnation  point 
on  upper  surface 


Fig.  9  Sketches  of  Lumped — Vortex  Models 
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Fig.  11  Single-Fringe  Interferogram  of  Formation  of  Second 

Trailing -Edge  Vortex,  NASA  64A010  Profile,  a  =  30  deg. , 
M2  =  0.  4,  ~£—  =  3.  ©  8. 
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AIRPLANE  RESPONSE  TO  STALL  BUFFETING  LOADS 


J.R.  Post 

North  American  Aviation,  Inc . 
Columbus,  Ohio 


Summary 

Aircraft  design  criteria  for  horizontal  tails  due  to  stall  buffet¬ 
ing  have  long  been  specified  empirically.  It  is  the  purpose  of 
this  paper  to  present  a  first  step  toward  the  formulation  of  more 
rational  buffet  design  criteria. 

Analytical  and  experimental  techniques  for  evaluating  the  dynamic 
response  of  a  tail  plane  to  the  forced  excitation  of  the  stalled- 
wing  wake  are  given.  The  design  and  instrumentation  of  an  aero- 
elastic  wind-tunnel  model  and  the  experimental  program  conducted 
to  measure  horizontal  tail  response  to  buffeting  are  discussed. 

A  scheme  for  using  a  hot-wire  anemometer  system  to  determine  the 
perturbation  velocities  in  the  stalled-wing  wake  is  presented. 

An  analytical  procedure  is  described  to  calculate  a  two-dimensional 
transfer  function  for  the  horizontal  stabilizer.  A  method  is 
given,  using  this  transfer  function,  for  relating  the  horizontal 
tail  response  to  the  turbulent-wake  input  through  a  power  and 
cross-power  spectral  technique. 

The  results  of  this  type  of  analysis  are  discussed  with  respect 
to  the  determination  of  probabilities  of  exceeding  various  load 
levels,  for  use  as  input  to  fatigue  analyses. 

This  research  was  conducted  under  Bureau  of  Naval  Weapons  Contract 
NOa(s)  59-6172-c. 
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List  of  Symbols 

The  definitions  of  symbols  used  other  than  those  defined  in  the 
text  are  given  as  follows: 


Lire] 

(Jj 

c 

o 


A  square  (no.  of  modes  x  no.  of  modes) 
matrix  giving  the  generalized  force  on 
the  surf ace . 

A  rectangular'  matrix  of  aerodynamic 
influence  coefficients  relating  concentrated 
forces  at  structural  control  points  to 
angles  of  attack  at  Kernel  Function  control 
points. 

reference  length,  L 

A  (number  of  pressure  mode  terms  x  l) 
matrix  of  pressure  mode  weighting  factors. 

reference  flexibility, 


fcj 

El 


A  (KFCP  x  number  of  pressure  mode  terms) 
square  matrix  of  coefficients  relating 
downwash  at  KFCP  to  pressure  mode  factors. 

structural  bending  stiffness,  wi,  ■ 


£  F  j  Column  matrix  (SCP  x  l)  of  concentrated 

forces  at  structural  control  points. 

_2 

GJ  structural  torsional  stiffness,  WL 

H  transfer  function 

I  imaginary  part  of 

k  b 

o  _£ 

U 

f*J  t*i‘J  J 

L,T,W,  scaling  factors;  length,  time,  and  weight 

respectively 

M  Mach  number 
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mass  per  unit  length,  WT 


2 


L-2 


L pj 


q 


Diagonal  generalized  mass  matrix,  the 
members  of  which  are  the  generalized  masses 
for  each  lifting  surface  orthogonal  mode 
considered. 

A  rectangular  matrix  (SCP  x  pressure  mode 
terms),  each  row  of  which  contains  the 
pressure  at  each  SCP  x  the  associated  area 
for  each  of  the  assumed  pressure  mode  shapes 

o 

dynamic  pressure,  VL 


R 


real  part  of 


1  angle  of  attack  due  to  a  downwash  of 

U  1  ft. /sec/  at  a  forward  speed  of  U  ft. /sec. 

V  true  airspeed,  LT-^ 


w 


downwash  velocity 


A  (KFCP  x  l)  matrix  of  downwash  at  the 
KFCP's.  The  members  of  this  matrix  are 
complex  if  the  flow  is  unsteady. 


A  (KFCP  x  number  of  surface  normal  modes) 
rectangular  matrix  of  complex  downwash  due 
to  the  motion  of  the  surface. 


x 

y 

PC 


KFCP 


r 


streamwise  coordinate 
spanwise  coordinate 
angle  of  attack 
damping  ratio 

ratio  of  structural  density  to  air  density 

non-dimensional  distance  measured  stream- 
wise  and  perpendicular  to  a  line  per¬ 
pendicular  to  the  centerline  of  the 
airplane  at  the  half-rootchord  point  of 
the  lifting  surface. 

air  density 
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0  power  spectral  density 

S*  mode  shape  deflection 


MT 

o 


A  (number  of  surface  normal  modes  x  SCP) 
rectangular  matrix,  composed  of  rows  which 
are  the  deflections  at  each  structural 
control  point  for  each  normal  mode  shape. 

reference  frequency,  T"^- 


forcing  downwash  frequency 


Diagonal  matrix  of  natural  frequencies 


* 
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Introduction 

The  problem  of  aircraft  design  for  buffet  loads  has  been  a  serious 
one  for  quite  some  time.  There  have  been  a  number  of  instances  of 
horizontal  tail  structural  failure  which  occurred  at  high  normal 
load  factor  and  relatively  low  speed  such  that  the  angle  of  attack 
was  close  to  or  beyond  stall.  Accumulated  evidence  indicates  that 
the  failures  were  brought  on  by  a  superposition  of  loads  due  to 
buffeting  upon  the  already  near  limit  loads  associated  with  the 
aircraft  maneuver  condition.  Buffet  problems  have  also  been 
experienced  by  the  majority  of  aircraft  designed  to  operate  in  or 
traverse  the  transonic  speed  range.  This  situation  is  cause  for 
concern  because  of  the  detrimental  effects  on  pilot  comfort  and 
performance,  weapon  platform  stability,  and  on  the  resultant  loads 
which  the  aircraft  structure  must  sustain. 

In  the  past,  the  problem  has  not  been  amenable  to  rational  pre¬ 
diction  and  analysis.  The  only  means  available  for  alleviation 
have  been  empirical  fixes  such  as  surface  intersection  contouring 
and  filleting,  and  fences  on  the  lifting  surfaces.  These  fixes 
have  been  evaluated  either  during  flight-test  programs  or  with 
wind-tunnel  tests  on  standard  aerodynamic  iorce  models.  These 
procedures  have  quite  often  involved  significant  delays  in  the 
development  of  the  aircraft.  Hie  criteria  for  design  of  tail 
surfaces  for  loads  due  to  buffeting  are  quite  empirical.  Often, 
weight  penalties  are  paid  to  make  a  surface  adequate  to  meet  these 
design  criteria,  when  in  reality  the  buffet  loads  encountered  in 
flight  are  considerably  lower.  On  the  other  hand,  there  have  been 
several  in-flight  failures  due  to  buffet  loads  on  surfaces  des¬ 
igned  to  these  same  criteria.  Tt  therefore  is  appropriate  to  con¬ 
sider  the  development  and  application  of  rational,  straightforward 
procedures  which  would  be  applicable  to  the  analysis  and  pre¬ 
diction  of  buffet  loads  on  aircraft  structures. 

Relatively  recently,  agencies  such  as  the  NASA  ana  various  airframe 
manufacturers  have  undertaken  systematic  investigations  in  this 
area.  Liepmann  (Reference  1  )  was  among  the  first  to  suggest 
the  application  of  the  procedures  of  generalized  harmonic  analysis, 
as  developed  by  Wiener,  to  the  buffet  problem.  Wind  tunnel  studies 
conducted  at  NASA -Ames  (Reference  2  )  based  on  measurements  of 

the  output  pressures  and  strains  on  airfoil  surfaces,  indicate 
strongly  that  the  pertinent  statistical  characteristics  of  these 
quantities  are  invariant  with  time,  and  thus  buffeting  can  be 
considered  as  a  stationary  random  process.  Also,  the  output 
characteristics  tend  to  have  Gaussian  probability  distributions. 

On  this  basis,  the  power  spectral  density  techniques  of  generalized 
harmonic  analysis  become  natural  tools’ with  which  to  describe 
and  manipulate  the  system  input-output  relations. 

Research  conducted  by  NASA-Langley,  has  resulted  in  suggestions  for 
extrapolating  wind-tunnel  wing  buffet  data  to  flight-test,  con- 
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ditions.  The  procedure  is  based  on  wind-tunnel  and  flight- test 
data  which  indicate  that  the  output  spectra  of  wing  buffet  loads 
are  for  the  most  part  dominated  by  the  wing  first-bending  mode. 
Relatively  little  has  been  determined  concerning  the  buffet- load 
spectra  for  tail  surfaces.  Available  NASA  data  indicate  that 
horizontal-tail  bending,  aft-fuselage  torsion,  and  vertical-fin 
bending  appear  prominently. 

The  primary  purpose  of  this  research  program  is  to  develop  an 
analytical  method  for  the  determination  of  the  response  of  a 
lifting  surface  to  a  vehicle-generated  turbulent  flow  field. 

The  analytical  method  includes  the  derivation  of  power-spectral- 
densixy  techniques  in  a  usable  form  for  the  relation  of  turbulent 
input  to  surface  response  through  a  two-dimensional  transfer 
function.  To  support  the  analytical  development,  a  wind-tunnel 
program,  utilizing  an  aeroelastic  model,  was  conducted  to  obtain 
a  better  understanding  of  the  basic  mechanism  of  tail  buffeting 
and  to  provide  measured  data  to  correlate  with  theory. 


Experimental  Study 


The  purpose  of  the  experimental  study  is  to  provide  a  better  under¬ 
standing  of  the  phenomenon  of  aircraft  buffet.  There  are  two 
major  sources  of  buffet  loads  on  an  airplane.  The  first  is 
associated  with  the  transonic  region  and  is  caused  by  the  attach- 
nent  and  re-attachment  of  shock  waves  to  the  fuselage  and  lifting 
surfaces.  The  second,  which  is  the  type  under  investigation  here, 
is  caused  by  the  turbulent  wake  of  the  wing  as  an  airplane 
approaches  stall.  This  turbulent  wake  is  caused  by  the  separation 
of  the  flow  over  the  upper  surface  of  the  wing. 

Of  particular  interest  are  the  loads  caused  by  the  wing  wake  on 
a  horizontal  tail  surface  which  is  located  aft  of  the  wing. 

When  an  airplane  approaches  stall  at  high  normal  load  factor,  the 
load  on  the  horizontal  tail  nears  a  maximum.  The  additional  loads 
resulting  from  perturbations  in  the  horizontal  tail  angle  of 
attack  caused  by  random  downwash  velocities  contained  in  the  wing 
wake,  are  sometimes  sufficient  to  cause  failure.  An  important 
factor  in  the  magnitude  of  these  additional  loads  is  the  proximity 
of  the  horizontal  tail  to  the  wing  wake. 

To  ascertain  the  location  and  turbulence  level  of  the  wing  wake, 
a  hot-wire  anemometer  system  is  employed.  The  operational  details 
and  the  manner  in  which  this  device  is  used  are  subjects  of  a 
subsequent  section.  Limitations  of  the  type  of  hot-wire  probe 
that  is  used  prevent  a  rigorous,  quantitative  description  of  the 
wing  wake.  However,  the  data  obtained  from  this  model  to  indicate 
that  the  depth  of  the  turbulence  behind  the  wing  is  contained  in 
a  very  narrow  band,  that  wing  natural  frequencies  do  not  appear  in 
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a  power  spectral  density  of  the  turbulence  measured  in  the 
neighborhood  of  the  horizontal  tail  and  that  the  level  of  the 
turbulence  varies  along  the  span. 

There  are  three  primary  boundary  conditions  imposed  on  the  design 
of  the  aeroelastic  model.  First,  the  model  must  be  aerodynamically 
and  dynamically  similar  to  a  full-scale  airplane.  Second,  the 
scaling  factors  must  be  adjusted  so  that  the  capabilities  of  the 
wind  tunnel  employed  will  allow  the  simulation  of  realistic  flight 
conditions  so  that  it  may  be  possible  to  make  comparisons  with 
flight- test  data.  Third,  the  model  must  be  strong  enough  to 
withstand  the  high  continuous  loads  associated  with  testing  at 
angles  of  attack  approaching  stall. 

For  correct  dynamic  similarity  between  model  and  full-scale  data, 
the  following  nondimensional  parameters  must  be  maintained: 


M  *=  M„ 
m  is 


Oc  =  Or' 
m  f  s 


(1) 

(2) 


(W.  'fe) 


o  o'  fs 


( c0  q  b0)  =  q  bJ 


o  ^  o'fE 


(3) 

(U) 


It  can  easily  be  shown  that  if  equations  (3)  and  (it)  are 
satisfied, 


* 


m  ^  fs 


(5) 


It  is  interesting  to  note  that  equations  (3)  and  (U)  are  the 
conditions  for  the  design  of  a  flutter  model.  It  is  therefore 
true  that  a  buffet  model  could  be  used  for  a  flutter  model  and 
vice  versa.  The  essential  difference  between  the  two  is  that  the 
full-scale  Mach  number  is  usually  not  maintained  in  the  design  of 
subsonic,  cornplete-air-vehicle  flutter  models  as  it  must  be  for 
buffet  models,  and,  instead  the  frequency  ratio,  model  to  full 
scale,  is  usually  held  one  to  one.  Care  must  be  exercised  in 
choosing  the  scaling  factors  for  a  buffet  model  so  that  the 
lifting  surfaces  will  be  strong  enough  to  withstand  the  high- 
angle-of-attack  wind-tunnel  conditions  necessary  for  buffet 
studies. 
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With  the  scaling  laws  determined,  the  model  is  designed  so  that 
its  mass  and  stiffness  properties  simulate  those  of  a  full-scale 
airplane  as  close  as  possible.  The  model  is  constructed  around 
a  rigid  center-fuselage  section  fixed  to  a  sting  mount  which 
contains  the  balance  mechanism.  The  forebody  is  also  rigid  and 
accommodates  an  angle -of-at tack  indicator.  The  aft-fuselage  bend¬ 
ing  and  torsional  stiffness  is  simulated  by  a  flexible  tube 
cantilevered  at  the  aft  end  of  the  center  section,  but  with 
clearance  between  it  and  the  sting  to  allow  the  aft  fuselage  plus 
empennage  to  vibrate  freely  as  a  cantilevered  member.  The  vertical 
tail  is  attached  at  zero  incidence  angle;  however,  the  horizontal 
tails  are  capable  of  being  preset  to  any  desired  incidence  angle 
from  zero  to  eighteen  degrees  in  t»?o-degree  increments.  The 
wings  are  mounted  to  the  center  section  with  attachments  similar 
to  those  used  in  the  full-scale  airplane. 

The  lifting  surfaces  are  constructed  of  a  styrofoam  core  stiffened 
by  a  spanwise  aluminum  spar  and  covered  with  a  chem-milled,  tapered 
aluminum  skin.  All  surfaces  are  closed  out  with  an  aluminum  root 
rib.  Accelerometers  for  measuring  surface  response  are  set  into 
the  styrofoam  core  during  construction  and  are  thus  built  into 
the  surface.  The  instrumentation  for  the  model  includes  seven 
accelerometers  and  seven  strain  gages. 


Wing-Wake  Turbulence  Measurements  Using  a  Hot-Wire  Anemometer 


The  calibration  and  theory  of  operation  of  the  hot-wire  anemometer 
are  discussed  in  References  3  through  5.  The  basic  principle 
involved  is  that  a  wire's  resistance  to  an  electric  current  is 
changed  as  it  is  heated  or  cooled.  During  operation  of  this 
device,  a  small  (.Oli"  long  x  .0005"  dia.)  cylindrical  wire  is 
heated  by  an  electric  current  and  placed  in  an  airstream  at  a 
point  where  turbulence  is  to  be  measured.  As  long  as  the  flow 
past  the  wire  is  of  constant  velocity,  and  pressure,  the  voltage 
drop  across  the  wire  will  remain  unchanged.  However,  if  a  per¬ 
turbation  in  either  pressure  or  velocity  occurs  at  the  wire,  it 
will  be  heated  or  cooled,  thus  changing  its  resistance  and  the 
voltage  drop  across  it. 

There  are  two  basic  methods  of  hot-wire  flow  measurement.  The 
first,  termed  the  constant-current  method,  maintains  the  current 
constant  through  the  wire  and  the  voltage  change  across  the  ends 
is  recorded.  The  second,  termed  the  constant-teiqperature  method, 
maintains  the  temperature  and  voltage  drop  constant  and  records 
the  current  fluctuations.  The  frequency  responses  of  commercially 
available  hot-wire  systems  are  claimed  to  be  flat  to  100,000  cps 
for  a  constant-current  device  and  to  1000  cps  for  a  constant- 
temperature  device.  There  are  advantages  and  disadvantages  to 
each  system  which  are  discussed  at  length  in  the  literature. 
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The  hot-wire  anemometer  used  for  this  study  applies  the  constant- 
terperature  method.  This  system  was  chosen  because  of  its 
comparatively  low  cost  and  its  adequate  frequency  response. 

Two  probes  are  installed  on  the  model  to  measure  the  wing-wake 
in  the  neighborhood  of  the  horizontal  tail  with  the  horizontal 
tail  removed.  This  configuration  is  shown  in  Figure  1. 


The  inboard  probe  remains  stationary  as  a  reference,  while  the 
outboard  probe  is  capable  of  being  moved  to  various  spanwise 
positions  as  a  test  is  in  progress.  Each  probe  contains  a  single 
wire,  whose  longitudinal  axis  is  horizontal  and  perpendicular  to 
the  air stream. 

A  single-wire  probe  is  sensitive  to  velocity  perturbations  only 
in  a  plane  normal  to  the  longitudinal  axis  of  the  wire.  For  the 
wire  orientation  described  above,  any  perturbation  from  the  free- 
stream  velocity  vector  in  the  streamwise-vertical  plane  would  be 
sensed.  Letting  U  represent  the  free-stream  velocity  vector  and 
u  and  w  be  perturbation  velocities  in  the  streamwise  and  downwash 
directions  respectively,  the  wire  would  measure  u  and  w  through 
the  following  relationship: 
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It  is  seen  from  the  diagram  that  the  perturbation  in  U  is 

-  1 

U  +  u)  +w£  -  U  J  .  Thus,  this  is  the  quantity  which  was 

measured  by  the  hot-wire  probes  during  the  wind-tunnel  program. 
Letting  this  quantity  be  denoted  by  p,  it  is  seen  that 

p  *=  2  Uu  +  u2  +  w2  .  If  the  assumptions  are  made  that  2U~  2U  +  p 

JT  U  +  p 

and  that  u2  and  w2  are  small  with  respect  to  2  Uu,  then  p  *  u. 

Thus,  the  single -wire  probe  is  predominantly  sensitive  to  the 
streamwise  perturbation,  u,  in  the  free-stream  velocity.  However, 
the  w  perturbations  cause  the  buffeting  loads  and  it  was  assumed 
that  the  turbulent  field  would  be  approximately  isotropic,  such 
that  u  and  w  would  have  the  same  statistical  properties  at  a  point 
in  the  field. 

The  goals,  then,  of  the  hot-wire  study,  using  the  two  single-wire 
probes,  are  to  ascertain  the  location  of  the  wing  wake  relative 
to  the  horizontal  tail,  to  find  the  depth  of  the  turbulence  from 
the  wing  at  the  horizontal  tail,  to  determine  whether  there  is  any 
spanwise  variation  of  the  turbulence  level  and  to  find  whether 
wing  natural  frequencies  appear  in  the  power  spectral  density  of 
the  measured  hot-wire  signals. 

The  hot-wire  apparatus  is  installed  at  the  wind  tunnel  on  the  left 
side  of  the  model  only.  The  current  fluctuations  are  fed  through 
a  load  resistor  and  the  resulting  voltage  signal  is  recorded  on 
magnetic  tape.  For  a  given  wind-tunnel  condition,  a  lj5-second 
record  is  taken.  The  section  of  tape  containing  this  example  is 
then  cut  and  spliced  into  a  loop  for  determination  of  the  power 
spectral  density  of  the  signal. 

Three  Mach  numbers  (M)  and  pressure  conditions  were  tested  corres¬ 
ponding  to  M  =  .33  at  20,000",  M  =  .56  at  25,000"  and  M  =  .7U  at 
30,000".  The  goals  of  the  program  were  achieved  and  answers  to 
the  questions  posed  for  the  conditions  given  are  as  follows. 

1.  With  the  horizontal  tail  removed,  turbulence  from 
the  wing  was  found  only  when  the  probes  were 
directly  behind  the  wing.  For  the  model  used, 
only  at  approximately  -8.8  degrees  of  model  angle 
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of  attack  was  any  signal  received  from  the 
probes  whatsoever.  This  results  from  the 
horizontal  tail  being  at  a  water  plane  station 
below  the  wing.  From  zero  to  stall  at  positive 
angle  of  attack,  there  was  no  response  from  the 
hot-wire . 

2.  The  depth  of  the  turbulence  from  the  wing  at  the 
horizontal  tail  location  is  quite  narrow.  A 
variation  of  -  .1°  angle  of  attack  is  enough  to 
take  the  probe  out  of  the  turbulence. 

3*  There  is  a  difference  in  the  root-mean-square 
level  of  the  turbulence  as  the  probe  travels 
from  a  point  corresponding  to  2%%  horizontal 
tail  span  to  100$  span.  For  the  M  =  .56 
condition,  the  rms  level  is  approximately  3  times 
as  great  at  the  outboard  station  as  at  the  inboard 
station. 

It.  Power  spectral  densities  taken  at  all  conditions 
show  a  smooth  decay  of  power  level  from  zero  to 
higher  frequencies  with  no  peaks  at  any  of  the 
wing  natural  frequencies.  This  result  is  sur¬ 
prising  since  the  wing  is  generating  the 
turbulence  and  in  turn  being  excited  by  it. 

It  is  therefore  hypothesized  that  sufficient 
mixing  of  the  flow  takes  place  from  the  wing 
trailing  edge  to  the  horizontal  tail,  such  that 
wing  frequencies  are  no  longer  dominant. 

Supporting  the  hot-wire  findings  are  Figures  3  and  5  ,  which 
show  relatively  no  change  in  horizontal  tail  response  over  the 
entire  angle-of-attack  range.  The  only  time  this  is  not  true 
is  when  the  horizontal  tail  is  placed  at  a  zero  incidence  angle. 

In  this  case,  the  rms  levels  look  much  the  same  as  those  for  the 
wing,  thus  indicating  that  the  horizontal  tail  itself  is  stalling. 

Figures  2  through  $  show  data  from  the  two  strain  gages  monitored 
during  wind-tunnel  testing.  The  horizontal  tail  is  at  an 
incidence  angle  with  the  fuselage  of  6  degrees  leading-edge-down 
as  shown  in  Figure  6  .  This  is  a  realistic  angle  as  derived 
from  full-scale  airplane  flight  data.  It  is  seen  that  the  root- 
mean-square  (rms)  level  of  the  signal  from  the  wing-root-bending 
gage  begins  to  increase  after  approximately  +h  degrees  angle  of 
attack  in  all  cases,  thus  indicating  the  start  of  flow  separation 
over  the  upper  surface  of  the  wing.  The  numerical  value  of  the 
rms  level  seems  to  be  independent  of  Mach  number  and  dynamic 
pressure. 
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A  limited  amount  of  the  experimental  data  has  been  compared  with 
flight-test  results,  showing  qualitative  agreement. 

Analytical  Study 


The  response  of  a  lifting  surface,  in  this  case  the  horizontal 
tail,  may  be  related  to  a  random,  aerodynamic  input  through  the 
general  relation:  (output)  *=  (transfer  function)  x  (input).  The 
method  for  calculating  a  horizontal-tail  transfer  function  is 
the  core  of  this  analytical  study. 

The  Interpretation  of  Buffet-Turbulence  Measurements 

The  buffet-turbulence  field  extends  in  three  dimensions  behind  and 
near  the  wing.  In  each  point  in  this  field  the  local  veloci'ty  of 
the  air  varies  in  magnitude  and  direction  in  a  random  fashion. 

In  the  following,  only  excitation  of  the  horizontal  stabilizer 
will  be  considered.  Therefore,  the  turbulence  in  the  region  of 
interest  is  supposed  to  consist  of  random  vertical  velocities  in 
a  two-dimensional  field.  The  random  vertical  velocity  is 
statistically  different  in  different  points  in  a  chordwise  section 
of  the  stabilizer.  It  is  assumed  that  a  point  exists  in  each 
section  where  the  measured  power  spectrum  is  statistically 
representative  for  the  whole  section.  Statistical  variation  in 
the  chordwise  direction  is  thus  neglected.  For  a  given  airplane 
condition,  the  random  vertical  velocity  in  this  point  is  assumed 
to  be  a  stationary  random  process  with  a  Gaussian  probability 
distribution. 

Furthermore,  it  is  assumed  that  the  hypothesis  of  Taylor  is  valid 
so  that  time  averages  of  the  turbulence  in  a  point  are  equivalent 
to  space  averages  in  forward  direttion  from  that  point.  The 
points  on  all  cross-sections  form  a  straight  line  which  may  have 
a  certain  sweep-back  angle.  In  general,  the  statistical  properties 
of  the  random  vertical  velocity  will  change  along  this  line,  i.e., 
the  field  is  inhomogeneous  in  the  spanwise  direction. 

The  response  item  of  interest  can  be  determined  by  using  the 
frequency-response  function  H (coj jf),  also  often  called  the  transfer 
function,  which  represents  the  response  to  a  sinusoidal  excitation 
with  frequency  over  a  strip  with  unit  width  at  spanwise  station 
y  on  the  lire  defined  in  the  preceding  paragraph.  It  can  be 
shown  (Reference  6  )  that  the  power  spectrum  of  the  response  is 
given  by 


^ (UJ)  ~  7‘]  ^ 


(6) 
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in  which  0  ( c*J ,  y^-y^)  represent  the  cross-power  spectrum  of  the 
inputs  at  station  y-^  and  y2  along  the  span,  and  the  star  indicates 
that  the  complex  conjugate  is  to  be  taken.  The  cross-spectrum 
is  defined  as  the  Fourier  transform  (apart  from  the  constant  TT  ) 
of  the  cross-correlation  function 

f- « 

/  (  —e'coT" 

-  if  J  rf?,  e  c/r,  (7) 


and  the  cross-correlation  function  is  defined  as 


with  the  bar  denoting  a  time  average,  and  w  representing  the 
random  aownwash  velocity. 

In  this  program,  measurements  of  the  input  power-spectra  using  hot¬ 
wire  probes  were  taken  in  only  four  spanwise  locations,  as  shown 
in  Figure  ?  .  Hence,  not  enough  information  is  available  to 
carry  out  the  integrations  rigorously.  However,  an  approximate 
solution  can  be  obtained  if  it  is  assumed  that  the  random 
excitation  is  constant  over  finite  intervals.  Over  these 
intervals  the  power  spectra  are  constant  and  can  be  taken  outside 
the  integrals.  Introducing  the  frequency-response  function  for 
a  finite  spanwise  interval  /iy: 


M  f  cOj  a  y- )  -  J'  y)  a/y 


the  response  equation,  can  be  written  in  matrix  form  (see  Reference 

7  )• 


ist  -  L  //  f  (u>}  l M 

The  response  equation  in  matrix  form  is  known  mathematically  as 
a  Hermitian  form,  which  is  always  real.  Only  the  matrix  of  power 
spectra  requires  further  attention,  ft  is  a  Hermitian  matrix  with 
the  property  that  its  real  part  i  s  symmetric  and  its  imaginary- 
part  skew-symmetric.  Simplifying  the  notation  for  the  power 
spectra  by  writing 
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tji  ■  /y 


(11) 


the  matrix  of  the  power  spectra  simply  becomes 


fU 

and  the  elements  have  in  general  the  properties  that 


^ii  "  refll 


The  members  of  the  main  diagonal  of  £  0^ J  are  the  power  spectra 

of  the  downw ash-velocity  for  each  spanwise  location  of  a  hot¬ 
wire  probe.  The  off-diagonal  members  are  cross-power  spectra 
between  each  spanwise  probe  location. 


In  order  to  generate  cross-power  spectra  between  a  number  of 
spanwise  sensors,  all  signals  along  the  span  must  be  measured 
simultaneously.  Ideally  then,  it  is  desirable  to  have  a  number 
of  probes  along  the  span,  each  measuring  only  the  random  downwash 
velocity. 


If  a  system  exists  which  will  yield  a  time  varying  signals  that 
can  be  calibrated  to  only  the  downwash  velocity,  it  may  not  be 
practical  to  have  more  than  one  or  two  probes  along  the  span. 
Another  practical  difficulty  is  the  measurement  of  cross-spectra. 
Not  many  such  machines  are  in  existence.  A  method  for  making 
estimates  of  the  cross  power-spectra  is  given  in  Reference  7 

In  Equation  (6)  the  power  spectrum  of  a  random  response  r(t)  is 
expressed  as  a  double  integral  containing  the  cross-power  spectra 
of  the  random  inputs  at  various  stations.  A  more  general 
expression  relates  the  cross-power  spectrum  of  two  random 
responses  r(t)  and  s(t)  to  the  cross-power  spectra  of  the  inputs 
at  various  stations : 


*rsM' '<12> 

Any  two  responses  can  be  considered  here.  The  appropriate 
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frequency  response  functions  must  be  used  as  indicated  by  the 
subscripts  r  and  s.  In  the  special  case  where  r  is  equal  to  s. 
Equation  (6)  is  obtained. 

The  double-integral  equation  can  again  be  written  in  matrix 
form  by  making  the  same  assumptions  used  for  Equations  (  9  ,  (10). 
The  result  is  in  general 


Oj-  p,;'j  [*.<]  “ 

1r,xrri  vntn  Ytxn  »  x  m 

The  matrix  containing  in  general  the  cross-power  spectra 

of  the  random  vertical  velocity  at  the  stations  y^  and  y..  has  the 
order  (nxn)  if  a  total  of  n  stations  are  considered.  The  matrix 
0rE  containing  the  cross-power  spectra  of  the  random  responses 
has  the  order  (mxm)  if  a  total  of  m  responses  are  considered. 

The  two  matrices  H  of  order  (mxn)  and  (nxm)  contain  the  frequency- 
response  functions  of  the  appropriate  response  to  the  unit 
sinusoidal  excitation  at  a  specific  station,  and  they  are  mutually 
complex  conjugate  and  transposed. 

It  appears  to  be  possible  to  determine  the  input  power  spectra 
from  the  response  power  spectra  by  inversion  of  Equation  (13). 

This  gives 


f M  =  [""]  <1M 

7  rr,X^ 


The  equation  is  obtained  by  post-multiplying  0^^.-^  by  H~^  and  pre¬ 
multiplying  by  (H*  )“•*-.  It  can  be  shown  that  the  latter  is 
equivalent  to  (H"1)*T.  Of  course  H_1  iE  only  well  defined  if  H  is 
a  square,  non-singular  matrix.  From  Reference  8  ,  the  impression 
is  gained  that  H~  can  always  be  defined  when  H  is  rectangular 
of  order  (nxm)  with  m  n.  This  would  mean  that  the  inverse 
equation  exists  if  the  number  of  responses  is  larger  than  or  at 
least  equal  to  the  number  of  stations  where  the  input  vertical 
velocity  is  measured.  The  definition  of  the  inverse  of  H  is  then: 


ht  It* 


(See  Reference  7  ). 
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So  far  the  response  equations  are  valid  for  any  response  as  long 
as  it  has  a  frequency-response  function  describing  it  in  terms  of 
the  input  at  the  various  stations.  It  is  possible  to  express  the 
response  of  generalized  coordinates  in  a  similar  way,  the 
generalized  coordinates  representing  the  amount  of  each  normal 
mode  present  in  the  response.  These  generalized  response  power- 
spectra  can  be  obtained  as  follows;  see  Reference  7  .  Let  the 
cross-correlation  function  of  two  deflections  d  be  given  by 


%  “  cl;  ft)  ■  a(-  ft*  T).  (15) 

Express  the  deflections  in  the  generalized  coordinates  by  means 
of  the  modal  deflections  <p  : 


» 


L  CP- 

^  i  rj 


(16) 


in  which  f  ^  is  the  nth  generalized  coordinate.  It  is  understood 
that  the  deflection  is  completely  described  by  this  expression 
only  if  all  vibration  modes  in  the  frequency  range  of  interest 
are  taken  into  account.  Now  introducing  the  cross-correlation 
function  of  the  generalized  coordinates 


rf 

m>? 


(r)  =  f  ft)-  /  ft*  z)  , 

'>n  J-n 


(17) 


and  after  substitution  of  the  expression  for  d  in  /'y  ,  and 

recognizing  that  the  time-averaging  process  affects  ^  only,  the 
following  expression  is  obtained. 


ny  J  -  ]  /n,,/  , 

or  in  general  for  all  cross-correlation  functions  if?  : 


(18) 


[rJ]=  [r]  [ffl 


(19) 
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Each  column  of  <p  represents  one  of  (b)  mode  shapes,  defined  in 

(a)  points.  Taking  Fourier  transforms  on  both  sides  produces  an 
equivalent  expression  in  power-spectra: 


[4>ej]  -  />  7  [4fJ  [ <PT ] 

a*  A  a*t> 


(20) 


Inversion  of  this  equation  to  give  an  expression  for  if  in  terms 
of  0^,  appears  to  be  possible  under  the  same  conditions  as  given 
for  Equation  (lli),  from  0~^-  ■=  C0^  •  01  ~  0^  for  a  >  b.  The 

expression  becomes: 


[/] 


4*4 


[r"J  [r  ] 

A I  A 


at  a 


ax  6 


for  a>  b.  (21) 


The  justification  of  this  limitation  on  the  order  of  <f  is  that 
the  number  of  points  (a)  in  which  the  mode  shapes  are  known  must 
be  equal  to  or  larger  than  the  number  of  modes  (b),  in  order  to 
well  define  the  (b)  modes  from  measurements  in  the  (a)  points. 

The  power-spectra  of  the  generalized  coordinates  can  now  be 
expressed  in  terms  of  the  input  power-spectra: 


or 


L+,]-L«p[+tmJ["t]  .  <*> 

in  which  the  generalized  frequency- response  functions  follow  from 


[#f  ]  ‘  [a,] Lr"  7  »  [aJ  -  C*f]L *  7.  (*> 
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The  question  arises  whether  it  is  more  useful  to  determine  the 
power  spectra  of  the  generalized  coordinates  than  those  of  specific 
responses.  It  is  expected  that  graphs  showing  the  power  spectra 
of  the  generalized  coordinates  will  be  very  helpful  in  interpreting 
the  behavior  of  the  structure,  more  so  than  graphs  showing  the 
power  spectra  of  specific  responses.  Furthermore,  any  response 
can  be  conveniently  determined  from  the  responses  in  the 
generalized  coordinates.  In  general  the  relation  exists: 


{k}-M{  fj-  (2S> 

The  matrix  A  consists  of  rows  associated  with  a  specific  response 
and  columns  associated  with  the  various  modes.  The  power  spectra 
of  these  responses  can  be  expressed  in  the  power  spectra  of  the 
generalized  coordinates  by 


f ri  -  m  c m  T. 


If  the  response  is  simply  the  deflection  in  various  points, 

M  -  /W  • 


If  the  response  consists  of  accelerations  in  various  points, 

and  the  power-spectral  relation  becomes 


/>*;  =  co*£<rJ[4>  {]l<r  7 .  (27) 


If  the  response  is  a  stress,  strain,  force  or  moment,  the  amount 
of  this  quantity  in  each  mode  must  be  determined  to  obtain  the 
matrix  kp.  The  coefficients  of  represent  a  response  per  unit 
generalized  coordinate  and  are  sometimes  given  as  Ijh 

Using  the  generalized  frequency-response  function  defined  in 
Ecuation  (23)  the  input-output  relations  can  be  written: 
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£>/J  ■  1*1  ,  <2« 

and  the  inverse. 

The  similarity  of  both  equations  suggests  that  neither  one  of  the 
random  processes,  the  turbulence  or  the  response,  is  to  be 
regarded  as  an  actual  input  in  the  mathematical  model  and  the 
other  as  an  output.  They  are  rather  to  be  considered  as  inter¬ 
dependent  random  processes  connected  by  the  frequency-response 
functions.  For  any  given  set  of  frequency-response  functions 
one  random  process  is  completely  defined  by  the  other. 

For  a  complete  description  of  a  parti tioned-matrix  method  for 
the  estimation  of  all  unknown  power  or  cross-power  spectra,  see 
Reference  7 . 

The  main  limitation  in  the  analysis  is  probably  that  the  power 
spectrum  of  the  input  turbulence  is  assumed  to  be  constant  in  the 
chordwise  direction.  If  future  hot-wire  meas’irements  of  the  random 
downwash  velocity  show  that  the  power  spectrum  of  the  turbulence 
varies  appreciably  in  forward  direction,  it  will  be  necessary  to 
choose  a  representative  power  spectrum  for  each  chordwise  strip. 
This  may  be  difficult  and  it  can  be  the  source  of  differences 
between  measured  and  calculated  responses.  It  is,  therefore, 
considered  to  be  a  major  improvement  if  the  variation  in  chord- 
wise  direction  can  be  taken  into  account.  This  appears  to  be 
possible  in  a  simple  way  provided  the  frequency-response  functions 
are  available  in  a  somewhat  different  form. 

It  can  be  shown  that  in  the  case  of  variation  of  the  turbulence 
spectra  in  the  chordwise  direction,  the  power  spectrum  of  the 
response  is  given  (similar  to  Equation  (6)  by)  ) 


The  integrations  can  again  be  approximated  to  summations  over 
finite  intervals  A  x  and  A  y  by  introducing: 
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//  faj  AXjAtf,)  =  /  /  //fa,  ay  . 

^  7'- 


(31) 


Then  the  response  equation  can  be  written  in  the  same  matrix 
form  as  in  Equation  (10): 


^ (w)  3  L  M; 4fjU[+t0» -  V  Xi>  2j)jj//fa AX^ a .  ( 32 ) 

The  cross-power  spectrum  of  the  turbulence  relates  the  random 
input  at  station  (x^,yj )  to  that  at  (x^y^  ).  The  frequency- 
response  functions  must  be  defined  at  these  stations  for  finite 

>  A  y^  )  .  The  matrix  equation  can, 

of  course,  be  generalized  as  before  to  give  cross-power  spectra 
between  various  responses. 


areas  (  A  A  yu)  and  (  A  x^ 


Method  for  Calculation  of  Horizontal  Tail  Transfer  Function 

The  transfer  function  for  a  lifting  surface  is  defined  as  the 
response  of  the  surface  due  to  a  unit  sinusoidal  downwash  input. 

The  members  of  the  column  matrix  J  H(  uJ ,  y^)  |  ,  defined  by 
Equation  (10)  are  the  responses  at  a  point  on  the  horizontal 
tail  due  to  excitations  by  unit  sinusoidal  downwash  velocities, 
each  of  frequency  cO ,  impressed  one  at  a  time,  on  each  chordwise 
strip  of  width  y,  where  y  is  the  spanwise  coordinate  measured 
perpendicular  to  the  centerline  of  the  airplane.  Thus, 

{  H(*x-',  /^y)}  may  be  termed  a  two-dimensional  transfer  function. 
The  number  of  chordwise  strips  to  be  chosen  is  equal  to  the  number 
of  points  at  which  the  turbulent  input  to  the  horizontal  tail  is 
measured.  The  width  of  each  chordwise,  strip  is  the  area  of 
influence  assumed  applicable  to  each  spanwise  measurement  of  the 
turbulent  input. 

An  assumption  implicit  in  the  choosing  of  the  chordwise  strips 
is  that  the  power  level  of  the  turbulent  input  remains  constant 
across  the  chord  of  the  horizontal  tail. 

The  only  aerodynamic  theory  known  to  be  available  at  the  present 
which  is  capable  of  being  used  to  calculate  such  a  transfer 
function,  is  known  as  the  Kernel  Function  method.  Until  recently, 
there  have  been  no  satisfactory  aerodynamic  methods  of  analysis 
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which  rationally  account  for  all  the  effects  of  finite-span 
geometry,  compressibility,  and  lifting-surface  oscillation  in 
subsonic  flow.  However,  C.  Watkins  and  his  associates  at  NASA- 
Langley,  have  developed  and  made  available,  an  IBM-70U  digital 
computer  program  of  a  Kernel  Function  method  which  enables 
prediction  of  the  pressure  distribution  under  such  conditions. 

The  Kernel  Function  method  may  be  briefly  stated  as  follows: 
given  the  integral  equation  relating  pressure  and  downwash,  and 
assuming  that  the  pressure  is  representable  as  a  weighted  super¬ 
position  of  basic  pressure  mode  shapes,  a  numerical  solution  to 
the  integral  equation  is  obtained  in  the  form  of  numerical  value 
of  the  pressure  mode  shape  weighting  factors.  The  theory  and 
digital  program  are  the  subjects  of  References  9>  10,  and  11. 

To  use  the  Kernel  Function  program  in  obtaining  the  surface 
transfer  function,  the  following  data  must  be  available. 

A.  Surface  Geometry 

1.  exposed  semispan,  j? 

2.  length  of  half  the  root  chord,  b 

3.  sweep-back  angle  of  the  quarterchord  line,ylc/U 
U.  taper  ratio,  A 

5.  aspect  ratio, 

B.  Surface  Vibration  Characteristics 

1.  For  each  surface  mode  of  vibration  to  be  used, 
the  following  must  be  determined  either  by 
calculated  or  experimental  means: 

a.  surface  deflection  mode  shape,  cp 

b.  natural  frequency, 

c.  generalized  mass, 

A  step-by-step  procedure  for  the  calculation  of  the  transfer 
function,  is  given  below. 

Step  1 


A  Kernel  Function  control  point  configuration  is 
established  as  a  grid  or  fixed  points  on  the  surface 
at  which  the  input  unit  sinusoidal  downwash  will 
eventually  be  applied. 

The  placing  of  these  points  must  be  carefully  done  so 
that  the  distance  between  any  two  adjacent  ones  span- 
wise,  is  not  less  than  approximately  10$  of  the  exposed 
span.  These  points  should  also  be  no  closer  than  10$ 
span  to  either  tip  or  root,  and  no  closer  to  the  leading 
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and  trailing  edges  than  \2%  of  local  chord.  The 
reason  for  these  restrictions  is  the  shapes  of  the 
assumed  set  of  basic  spanwise  and  chordwise  pressure 
distributions . 

A  total  of  16  Kernel  Function  control  points  are 
provided  for  in  the  current  program.  For  reasons 
unknown  at  the  present,  the  best  configuration  for 
these  control  points  is  a  1*  by  4  grid  such  as  the 
one  shown  in  Figure  7  . 

Step  2 

A  system  of  equations  to  solve  for  the  pressure  mode 
weighting  factors,  given  the  downwash  at  the  Kernel 
Function  control  points  (KFCP)  is 


The  elements  of  the  coefficient  matrix  are 

integrals  over  the  lifting  surface .  The  unwieldiness 
and  singular  nature  of  these  integrals  thwarted  early 
attempts  to  use  this  method.  However,  through  the 
use  of  modem,  high-speed,  computing  machinery  and  a 
high  precision  numerical  integration  technique  called 
Gaussian  quadrature,  the  matrix  can  be  evaluated  and 
inverted  to  yield  the  pressure  mode  shape  weighting 
factors  in  terms  of  downwash  as 


The  left-hand  side  of  this  equation  was  the  output  of 
the  NASA  program  received  at  NAA-Columbus.  However, 
in  light  of  extensions  proposed  and  developed  here, 
the  downwash-independent  quantity,  [C  AfA*  -'J  is  a  more 
basic  one.  Therefore,  subsequent  minor  modifications 
resulted  in  Part  One  of  the  NASA-NAA-Columbus  Subsonic 
Kernel  Function  program  whose  output  is [C**']. 

This  matrix  is  dependent  upon  Mach  number  (0±M<l), 
reduced  frequency,  non-dimensional  planform  geometry 
of  arbitrary  (excluding  0  and  *•  )  aspect  ratio,  down- 
wash  symmetry,  number  and  locations  of  the  KFCP,  and 
is  complex  if  unsteady  conditions  exist.  Computing 
time  to  obtain  J  is  approximately  10  seconds  and 

35  seconds  per  Kernel  Function  control  point  for  steady 
and  unsteady  conditions,  respectively. 
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Step  3 


A  matrix  of  aerodynamic  influence  coefficients  must 
be  computed  which  relates  the  input  downwash  to 
forces  acting  on  the  lifting  surface. 

Given  a  pressure  distribution  upon  a  lifting  surface, 
composed  of  a  linear  superposition  of  basic  press’ire 
mode  shapes,  the  objective  is  to  predict  resultant 
concentrated  forces  transmitted  through  the  structure 
to  a  set  of  arbitrarily  located  structural  control 
points  (SCP).  The  surface  is  then  divided  into  small 
areas,  one  associated  with  each  structural  control 
point.  The  program  calculates  the  pressure  acting 
on  each  area,  then  a  force  which  is  considered  to  act 
at  the  structural  control  point  is  obtained  by  pressure 
x  area.  A  maximum  of  100  structural  control  points  is 
provided  for  in  the  program. 


The  governing  equation  is 

{p>-  [pUh\ 

\ 

(35) 

However, 

lb}  ‘  [<~"]\ 

f#7 

(36) 

therefore, 

ft  >[r]  [<**-']  /#/  <: 

The  matrix  product,  thus  relates  the  downwash 

to  the  forces  on  the  lifting  surface,  which  is  the 
definition  of  an  aerodynamic  influence  coefficient 
matrix : 


-  O’]  L^‘1  <*» 
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Step  b 


Calculate  the  generalized  aerodynamic  force-due-to- 
surf ace-motion  matrix: 


L«_ 1  *  ^70  Csf/C][(£j, \  ]  (39 

A  very  important  feature  of  the  matrix  [<?rJis  that  it 
allows  for  chordwise  bending  of  streamwise  strips. 

This  is  especially  important  when  considering  a 
delta  planform  or  when  including  higher  modes  for  a 
conventional  swept  surface. 

The  matrix  am  is  the  downwash  input  to  the 
surface  due  to  the  modal  deflections  of  the  surface. 

The  mode  displacement  and  slope  are  loaded  in  at 
each  Kernel  Function  control  point  in  the  form  +  i  <?. 
<P  is  the  modal  deflection  and  is  the  streamwise*’* 
slope  of  the  mode  shape  evaluated  for  each  mode  at 
each  KFCP. 

The  matrix/#/  is  then  the  generalized  force  on  the 
lifting  surface  due  only  to  the  motion  of  the 
surface.  This  matrix  is  square  of  order  (no.  of 
modes  x  no.  of  modes)  and  is,  in  general,  conplex. 

The  ijth  member  of  this  matrix  is  the  generalized 
force  in  mode  i  due  to  a  deflection  of  mode  j . 


Step  5 


Calculate  the  generalized  aerodynamic  force-due-to- 
input-downwash  matrix; 


m  -  />tj 


Due]  cm  3 


(ho) 


Each  column  of  the  matrix  am  specifies  a  unit 
downwash  along  one  chordwise  array  of  Kernel  Function 
control  points.  A  limitation  to  the  calculation  of 
a  two-dimensional  transfer  function  exists  here. 

As  explained  previously,*  there  are  only  four  chord- 
wise  arrays  of  KFCP*s,  each  containing  four  KFCP*s. 
This  means  that  under  the  present  program  it  is 
possible  to  divide  the  lifting  surface  into  only 
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four  chordwise  strips. 


The  procedure  for  obtaining  the  first  column  of  L” 
is  to  excite  the  lifting  surface  by  inpressing 
a  unit  sinusoidal  downwash  on  only  the  first  (most 
inboard)  four  chordwise  KFCP*s.  This  is  done  by 
loading  into  the  program: 


J 


(Ul) 


where  i  =  1,  2,  3  and  1*. 

The  slope  and  deflection  at  the  other  twelve  Kernel 
Function  control  points  are  loaded  in  as  zero. 

To  obtain  the  second,  third  and  fourth  columns 
of  Lz  ]  ,  excite  the  second,  third  and  fourth 

chordwise  arrays  of  KFCP,  respectively,  while,  in 
each  case,  zero  downwash  is  loaded  in  at  all  other 
KFCP's. 


Step  6 

Calculate  the  two-dimensional  transfer  function  KJ 
as  defined  by  Equation  (2k).  * 

The  governing  equation  is  the  well-known  second-order- 
system  response  equation: 


fyrJ  -  to) 

where  each  column  of  [»,']  are  the  modal  responses  to 
each  corresponding  column  °£[~J  • 


Step  7 


All  of  the  steps  thus  far  have  been  to  obtain  the 
response  matrix  {/^Jfor  one  value  of  the  forcing 
frequency  to  ,  at  one  density,/*  ,  at  one  airspeed  U. 
Theoretically,  a  transfer  function  is  defined  as 
the  matrix  [“r'  evaluated  for  all  forcing  frequencies 
from  zero  to  infinity  at  each  altitude  and  airspeed. 


e 
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The  transfer  function  must,  of  course,  be  calculated 
for  each  Mach  number  and  altitude  at  which  a  flight 
condition  is  to  be  investigated. 

A  sample  calculation  was  made  using  the  above  procedure.  A 
one -dimensional  transfer  function  was  obtained,  due  to  the 
fact  that  it  was  not  possible  to  get  cross-power  spectra. 
Taking  an  average  power  spectrum  value  of  the  hot-wire  input 
signal  across  the  span  of  the  horizontal  tail  and  the  power 
spectra  of  accelerometers  placed  in  the  horizontal  tail,  the 
value  of  the  transfer  function  obtained  by  dividing  the  out¬ 
put  by  the  input  was  compared  with  the  calculated  transfer 
function.  The  modulus  squared  of  the  experimental  transfer 
function  was,  on  the  average,  eighty  times  larger  than  the 
modulus  squared  of  the  calculated  transfer  function. 

A  possible  explanation  of  this  discrepancy  was  shown  to  be  in 
the  hot-wire  signal.  As  outlined  previouslly,  the  hot  wire 
is  sensitive  to  velocity  perturbations  in  a  plane 
perpendicular  to  the  axis  of  the  wire.  It  has  been  shown 
that  if  the  downwash  velocity,  w,  is  an  order  of  magnitude 
larger  than  the  perturbation  in  the  forward  speed,  u,  the 
experimental  and  calculated  transfer  functions  would  be  in 
agreement .  However,  this  contradicts  the  assumption  made 
earlier  that  u  is  statistically  the  same  as  w.  This 
assumption  was  based  on  a  turbulent  field  being  composed  of 
circular  eddies;  therefore,  in  order  to  continue  the 
investigation,  u  and  w  must  be  determined  seperately  and 
cross-power  spectra  must  be  obtained. 
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Data  Reduction  for  Use  In  Fatigue  Analyses 


There  are  three  pertinent  quantities  used  in  fatigue  analyses,  which 
can  be  derived  from  the  power  spectrum  of  a  stationary,  Gaussian 
random  signal  These  are:  (1)  the  number  of  zero  crossings  with 
positive  slope  per  unit  time,  (2)  the  number  of  peaks  above  a  given 
level  per  unit  time  and  (3)  the  total  number  of  all  maxima  per 
unit  time.  Relationships  for  obtaining  these  quantities  can  be 
found  in  Reference  12. 

It  has  been  found  feasible  to  code  a  digital  computer  which  will 
calculate  the  above  data. 

Thus,  a  simple  procedure  has  been  developed,  whereby  inputs  to  a 
fatigue  analysis  may  be  obtained,  given  the  power  spectral  density 
of  the  output  of  a  critically  located  accelerometer  or  strain  gage. 
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Conclusions  and  Recommendations 

Analytical  procedures  have  been  developed  for  the  determination  of 
the  response  of  a  lifting  surface  to  a  two-dimensional  random  down- 
wash  excitation.  An  advanced  aerodynamic  method  (Kernel  Function) 
for  calculating  airload  distributions  has  been  applied  for  establish¬ 
ing  the  two  dimensional  transfer  function  for  the  lifting  surface. 
Power  spectral  analysis  methods  have  been  developed  in  matrix  form 
for  computing  input-output  relationships  for  linear  systems  excited 
by  two-dimensional  random  inputs . 

A  hot-wire  anemometer  system  was  successfully  applied  for  the  first 
time  for  making  measurements  of  turbulence  fields  generated  by  a 
wind-tunnel  model  in  stalled  conditions.  The  turbulence  field  was 
found  to  be  of  very  narrow  depth  in  the  region  of  the  tail  and 
above  the  plane  of  the  wing  of  the  model  tested  in  positive  stalled 
attitudes.  No  wing  frequencies  were  found  present  in  the  measured 
power  spectra  of  the  wing  wake  and  the  rms  level  of  turbulence  was 
found  to  increase  by  a  factor  of  three  from  the  25$  to  100$ 
spanwise  tail  station. 

Measurements  taken  by  the  hot-wire  probe  that  were  used  are  more 
sensitive  to  perturbations  in  the  streamwise  direction  than  in  the 
vertical  direction.  However,  it  was  hypothesized  that  these 
perturbations  would  be  of  approximately  the  same  magnitude,  and, 
therefore,  that  these  measurements  could  be  directly  interpreted 
as  downwash.  Comparison  of  calculated  and  experimental  results 
show  that  this  hypothesis  was  not  confirmed  since,  assuming  that 
the  horizontal  tail  transfer  function  and  the  measured  output  are 
correct,  calculations  indicate  that  the  downwash  velocities  must  be 
larger  than  the  streamwise  perturbations.  It  is  therefore  absolutely 
necessary,  before  any  significant  additional  work  in  this  field  may 
be  done,  to  develop  a  system  to  record  the  time  histories  of  the 
forward-speed  perturbations  and  the  downwash  separately.  This  is 
planned  to  be  undertaken  in  subsequent  work. 

A  significant  step  has  been  taken  in  this  program  to  develop 
techniques  for  the  design  of  aeroelastic  buffet  models  that  can 
simulate  both  airplane  dynamic  characteristics  and  full-scale  flight 
conditions.  Although  specific  comparison  with  flight  test  data  have 
not  yet  been  made,  the  buffet  model  shows  promise  for  revealing  the 
buffet  behavior  of  the  full-scale  airplane. 

A  logical  extension  of  this  work  is  the  investigation  of 
horizontal- tail  response  in  abrupt  stalls.  It  is  under  this 
condition  that  most  buffeting- type  failures  occur.  It  is  believed 
that  a  peculiar  condition  exists  here,  that  of  a  large  starting 
vortex  associated  with  a  sudden  stall.  This  may  be  of  greater 
depth  than  a  continuous  turbulence  field  and  affect  horizontal 
tails  in  a  greater  range  of  vertical  position. 
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Bethpage,  New  York 


I  SUMMARY 

The  matrix  force  method  of  redundant  structure  analysis  has 
been  shown  in  previous  papers  to  be  well  suited  for  calculating 
stresses  and  deflections  resulting  from  non-uniform  thermal  strain, 
(ref.  1,  2)  However,  these  papers  have  dealt  only  with  structures 
whose  responses  to  external  loads  are  essentially  unaltered  by  the 
presence  of  the  induced  thermal  stresses. 

The  present  effort  extends  the  matrix  force  method  as  ap¬ 
plied  to  thin  wings  to  include  the  influence  of  in-plane  thermal 
stresses  upon  the  resistance  of  the  structures  to  lateral  loads.  The 
limiting  case  of  increased  flexibility  due  to  in-plane  stresses, 
specifically  the  condition  critical  for  buckling,  is  also  solved. 
Further,  a  procedure  is  indicated  for  handling  large  deflections  and 
the  calculation  of  the  in-plane  stresses  that  result. 

For  completeness,  the  lumped  stringer  and  shear  panel  ideal¬ 
ization  is  reviewed  briefly,  together  with  techniques  for  taking  into 
account  the  practically  important  effects  of  Poisson’s  ratio  coup¬ 
ling  and  coupling  due  to  sweep. 

To  illustrate,  a  built-up  structure  is  analyzed.  It  is  a 
low  aspect  ratio  model  wing  with  sweep,  for  which  non-uniform  tem¬ 
perature  test  results  have  previously  been  published,  (ref.  3)  The 
analytical  results  are  shown  to  compare  reasonably  well  with  those 
of  the  tests. 
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The  same  lumped  stringer  and  shear  panel  idealization  also 
gives  rather  good  agreement  with  theoretical  solutions  for  simply- 
supported  flat  plates.  Some  of  these  are  included  as  well;  one  of 
them  serves  to  illustrate  the  technique  for  handling  large  deflections. 

II  INTRODUCTION 

The  primary  problem  considered  in  this  paper  is  already  well 
known.  Briefly  restated  it  is  this:  a  thin  built-up  wing  or  control 
surface  is  subjected  to  uneven  aerodynamic  heating,  and  as  a  result 
thermal  stresses  are  induced.  These  stresses  alter  the  static  re¬ 
sponse  of  the  structure  to  lateral  applied  loads,  their  effect  being 
analogous  to  that  of  axial  stress  on  the  lateral  deflection  of  a 
beam  column.  The  problem  is  to  determine  the  stress  distribution  in 
the  structure  and  its  flexibility  influence  coefficients,  taking  this 
effect  into  account. 

There  are  a  number  of  excellent  references  available  which 
propose  systematic  calculation  procedures  for  handling  this  problem. 

One  which  is  especially  good,  by  Basin,  MacNeal  and  Shields  (ref.  4) » 
is  a  direct  analog  method  which  is  applicable  in  the  small  deflection 
range.  Because  of  the  nature  of  the  direct  analog  computer,  these 
authors  employ  an  iterative  type  of  solution.  Several  other  refer¬ 
ences  are  reviewed  in  I960  AGARD  meeting  papers  by  Gallagher  and 
Rattinger  (ref.  5),  and  by  Huston  (ref.  6).  With  the  exception  of 
the  previously  mentioned  direct  analog  method,  all  methods  known  to 
be  available  are  apparently  based  either  upon  an  idealized  plate  or 
a  finite  element  displacement  method  approach.  Outstanding  among  the 
latter  is  a  sequence  of  papers  by  Turner  and  his  co-workers  at 
Boeing  (ref.  7-9).  They  have  been  one  of  the  pioneering  groups  in 
developing  the  matrix  displacement  method,  and  one  cannot  help  but  be 
greatly  impressed  by  their  accomplishments. 

At  the  same  time,  it  is  felt  that  there  are  good  reasons 
why  the  matrix  force  method  will  continue  to  find  acceptance  by  a 
portion  of  the  aerospace  industry.  Therefore,  it  is  the  intent  of 
the  present  work  to  provi  le  an  extension  to  the  matrix  force  method 
to  account  for  the  thermal  stress  effect  on  flexibility  and  to  in¬ 
clude  provisions  for  solving  the  possibly  accompanying  problems  of 
thermal  buckling  or  large  ^  Elections,  should  either  be  of  interest. 

The  plan  of  the  paper  is  as  follows.  First,  a  very  brief 
outline  of  the  matrix  force  method  as  it  has  previously  been  reported 
in  the  literature  is  presented.  Two  examples  are  given:  one,  the 
laterally  loaded,  simply  supported  square  plate,  for  which  a  theoret¬ 
ical  solution  i3  available  (ref.  10);  the  other,  a  built-up  test 
wing  (ref.  3). 

Next,  the  interaction  problem  in  the  small  deflection  range 
is  discussed.  The  necessary  matrix  formulation  is  presented,  and 
the  influence  of  the  interaction  is  illustrated  by  different  loadings 
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applied  to  the  structures  already  examined. 

Finally,  expressions  are  developed  for  the  interaction  pro¬ 
blem  in  the  large  deflection  range.  In  this  case  the  square  plate 
only  is  given  as  an  example;  the  numerical  solution  is  again  compared 
with  a  theoretical  solution  (ref.  11). 

Ill  REVIEW  OF  THE  MATRIX  FORCE  METHOD 
A.  Formulation 

The  review  given  here  of  the  basic  formulation  of  the  matrix 
force  method  will  of  necessity  be  very  brief.  It  is  suggested  that 
the  publications  cited  throughout  be  referred  to  by  readers  who  are 
not  already  familiar  with  the  basic  theory. 

There  are  three  fundamental  matrices  required  as  input  data 
in  the  matrix  force  method.  In  the  notation  used  at  Grumman  (ref. 
12),  they  are: 

1.  CTfu]  ,  the  member  loads  in  the  statically  determinate 
structure  due  to  unit  values  of  the  applied  loads. 

2.  ,  the  member  loads  in  the  statically  determinate 
structure  due  to  unit  values  of  the  redundants. 

3.  (  0(;j  ]  ,  the  flexibilities  of  the  individual  members 
making  up  the  structure. 

These  matrices  may  be  assembled  by  hand,  or  they  may  be 
obtained  from  computer  sub-routines.  More  will  be  said  about  them 
later;  for  the  present  it  is  sufficient  to  point  out  that  the  entire 
remaining  sequence  of  calculations  leading  to  the  stress  distribu¬ 
tions  and  flexibility  influence  coefficients  for  the  redundant  struc¬ 
ture  can  be  performed  by  the  computer  in  a  continuous  series  of  oper¬ 
ations.  It  might  also  be  noted  that  the  program  is  completely  gen¬ 
eral  with  regard  to  the  types  of  structures  that  can  be  handled,  as 
long  as  they  are  linear. 

When  thermal  strains  are  to  be  included,  it  is  necessary  to 
calculate  a  matrix  of  strain  values  in  the  statically  determinate, 
stress-free  structure  corresponding  to  the  member  loads.  With  these 
and  another  matrix  of  quantities  based  upon  the  geometry  of  the  mem¬ 
bers,  the  thermal  stress  analysis  can  be  formulated  in  any  one  of 
several  different  ways  (See,  for  example,  ref.  1,  2).  An  approach 
requiring  no  additional,  programming  has  been  developed  as  an  exten¬ 
sion  to  the  formulas  of  ref.  12,  and  is  as  follows.  A  unit  diagonal 
matrix  with  as  many  elements  as  there  are  member  loads  is  adjoined 
to  the  'tfj,*  matrix.  The  matrix  of  geometry  dependent  quantities  is 
adjoined  to  the  &t)  matrix.  This  is  designated  (Lij)  ;  considering 
the  case  of  a  bar  with  linearly  varying  load  and  strain,  for  example. 
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the 

2). 


Ljj  *s  would  be  Hi  and  J?  /  fo  ,  where 
The  expanded  matrices  now  become: 


la. 


2a. 


3a. 


.  1 

0 

0 

I 

. 

0 

1.. 

L,J 

0 

. 

J?  is  the  bar  length  (ref. 


With  the  input  data  arranged  in  this  form,  the  same  computer 
program  that  was  previously,  developed  for  the  analysis  of  "cold” 
structures  can  be  used  without  change.  The  output  will  now  consist 
of:  1.  the  same  stress  distributions  for  the  redundant  structure  as 
before,  but  with  an  additional  square  matrix  [  I7yl  giving  the  thermal 
stress  distributions  for  unit  strains;  (a  typical  term  would  be  the 
i*h  member  load  due  to  a  unit  strain  at  the  J*  member  load)  and  2. 
the  same  flexibility  influence  coefficients  for  the  redundant  struc¬ 
ture  as  before,  but  with  an  additional  matrix  [A„j]  giving  the  dis¬ 
placements  at  the  applied  loads  due  to  the  unit  strains. 


Solutions  for  various  thermal  conditions  can  be  then  ob¬ 
tained  by  a  subsequent  multiplication  of  the  unit  strain  results  by 
the  matrix  of  thermal  strains  referred  to  previously.  For  a  typical 
thermal  condition,  identified  by  subscript  &  ,  these  are  designated 
&je in  the  Grumman  notation.  In  the  case  of  the  bar  with  linearly 
varying  load  and  strain,  for  example,  the  would  be  the  (X  AT 

values  at  the  two  ends  of  the  bar,  where  ft  is  the  coefficient  of 
thermal  expansion  and  AT  is  the  change  in  temperature.  Thus,  the 
column  of  member  loads  for  the  condition  0  may  be  designated  as 


and  the  deflections  for  the  same  condition  will  be 

{ ‘  [  A"j]  ( M  ■ 

Of  course,  if  only  one  thermal  condition  is  of  interest, 
may  be  submitted  initially  in  place  of  the  unit  diagonal 
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matrix  •  In  this  event  the  unit  solution  step  is  eliminated, 

and  {%;#)  and  {  £m#}result  directly. 

B.  Lumped  Stringer  and  Shear  Panel  Idealization 

One  of  the  standard  methods  for  conducting  redundant  struc¬ 
ture  analyses  of  multi-spar,  multi-rib  wings  is  based  upon  an  ideal¬ 
ized  structure  consisting  of  capstrips  carrying  axial  load  only, 
interconnected  by  shear  panels  which  can  carry  tangential  edge  loads 
only.  Using  this  approach,  one  lumps  the  covers  into  equivalent  cap- 
strips  over  the  spars  and  ribs;  the  contributions  of  the  spars  and 
ribs  themselves  are  calculated  in  the  usual  way  and  added  in.  If 
appropriate,  intermediate  shear  lag  members  are  introduced  as  well. 
Because  of  the  shear  panel  assumption,  the  axial  loads  in  the  cap- 
strips  vary  linearly  from  one  panel  point  to  the  next. 

Based  upon  this  idealization,  the  member  loads  in  the  stat¬ 
ically  determinate  structure  may  be  obtained  in  any  convenient  way. 
The  method  suggested  by  Argyris  and  Kelsey  (ref.  2),  and  by 
Grzedzielski  (ref.  13)  is  especially  recommended;  it  has  worked  out 
very  well  in  a  number  of  applications  at  Grumman. 

The  member  flexibilities  for  a  swept  wing  with  parallel 
spars  and  parallel  ribs  can  be  readily  obtained  from  ref.  13.  Refer 
to  Fig.  1,  which  shows  a  single  shear  panel,  together  with  two  of 
its  adjacent  lumped  stringers.  For  the  case  of  uniform  cross  sec¬ 
tional  areas,  the  necessary  expressions  are  a3  follows: 


a,,  •  2  «(l  *  aa  =  b/(sar E) 
a 2  -  <*44*  J?/(3 asE) 

<X„  =(i/Et)  b  t  cos  A (Z±IV  +  4 tan1  A') 
=  _(i/Ef)R5Rr(y  -tan  A)  cos  A 
<XW*  Cl/Et)  £rb  tctr\\ 
<X35«fl/Et)Mtan\ 
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In  these  formulas  05  is  the  total  lumped  spar  area  in  a 
section  normal  to  the  spar,  while  £,  t  COS  A)  /  Ot 3  .  <3r  and 

are  similarly  defined.  The  member  flexibility  (Xrj  introduces 
Poisson’s  ratio  coupling  in  the  cover  material,  while  0(w  and  W35 
allow  for  coupling  due  to  sweep. 

The  preceding  are  the  expressions  which  were  used  in  the 
analysis  of  the  swept  wing  to  be  given  later.  They  do  not  include 
an  allowance  for  the  fact  that  in  a  stiffened  plate,  the  spar  caps 
and  rib  caps  are  working  at  different  stresses  than  the  plate  in  the 
corresponding  directions.  (This  is,  of  course,  because  there  is  a 
Poisson’s  ratio  effect  in  the  plate  but  not  in  the  caps.)  An  allow¬ 
ance  can  be  made  for  this  effect,  but  it  is  not  considered  to  be 
sufficiently  significant  to  warrant  the  necessary  discussion  at  this 
time . 

Referring  again  to  Fig.  1,  the  geometrical  quantities 
required  in  the  thermal  stress  analysis  are  as  follows: 

l—ii  =  2.  L_ *=■  b  / 3 

Ljj  =  Z  L,(  -  L4<  -  S/S 

Lj5  =  Z  b  X  sirs  X 

The  thermal  strains  Sje  are  the  (X  AT  values  associated 
with  the  corresponding  member  loads;  in  the  case  of  the  parallelo¬ 
gram  shear  panel  the  average  of  the  four  corner  values  is  used. 

Techniques  can  also  be  developed  for  taking  into  account 
tapering  section  properties  and  irregular  orientation  of  internal 
structure,  i.e.,  quadrilateral  shear  panels.  Space  does  not  permit 
a  discussion  of  this. 

G .  Square  Plate  Example 

The  lumped  stringer  and  shear  panel  idealization  works 
reasonably  well  even  in  the  rather  extreme  case  of  a  solid  plate. 

To  illustrate  this,  a  square,  simply  supported  plate  with  side  a 
and  depth  h  ,  subjected  to  uniform  lateral  load,  is  analyzed.  It  is 
simulated  by  a  2  x  2  grid,  shown  schematically  in  Fig.  2,  and  also 
by  a  4  x  4  and  a  6  x  6  grid. 

In  determining  the  equivalent  capstrip  areas,  the  familiar 
technique  of  maintaining  identical  bending  flexibility  is  observed. 
The  cover  shear  panels  are  determined  in  a  similar  manner;  thus  the 
equivalent  thickness  is  taken  as  h/fc.  The  vertical  shear  webs  are 
assumed  to  be  infinitely  stiff;  this  is  in  agreement  with  plate 
theory  assumptions. 
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The  applied  loads  used  to  simulate  the  uniformly  distributed 
loading  are  concentrated  forces  acting  at  the  interior  grid  points. 

In  order  to  hold  down  the  complexity  of  the  calculations,  only  unit 
loads  exhibiting  double  symmetry  are  considered.  Thus  it  becomes 
necessary  to  analyze  only  one  eighth  of  the  plate,  giving  it  of 
course  the  proper  boundary  conditions.  The  numbering  system  for 
designating  the  applied  loads  is  given  in  Fig.  3* 

Bending  moment  and  deflection  distributions  along  the  sym¬ 
metry  axes  are  presented  for  the  uniform  load  exact  solution  (ref. 

10)  in  Fig.  3,  together  with  the  semi-monocoque  solution  results.  As 
can  be  seen,  the  central  deflection  shows  a  rather  extreme  variation, 
the  difference  ranging  from  40$  for  the  2  x  2  to  4$  for  the  6x6. 

The  40$  value  is  primarily  the  result  of  the  excessively  crude  repre¬ 
sentation  of  the  distributed  load  by  a  single  central  force.  On  the 
other  hand,  the  central  bending  moment  for  the  2  x  2  is  artificially 
close  to  the  exact  value.  As  the  number  of  grid  points  increases, 
the  representation  of  the  distributed  load  by  concentrated  loads 
should  improve,  and  both  central  deflection  and  central  moment  agree¬ 
ment  reflect  this. 

The  central  deflection  due  to  a  unit  central  load  agrees 


somewhat  better  with  the  exact  result,  as  shown  by  the  following 
table :  _ 


2x2 

4x4 

6x6 

Exact  Sol’n 

Ref.  10 

Eh* 

P  a* 

.1073 

.1221 

.1246 

.1265 

D.  Test  Wing  Example  -  Uniform  Temperature  Test 


A  built-up,  low  aspect  ratio  wing  with  sweep  has  been  tested 
by  the  Bell  Aerosystems  Company  (ref.  3).  Fabricated  of  A286  stain¬ 
less  steel  sheet,  its  details  are  summarized  in  Fig.  4« 

For  analysis  purposes,  the  wing  has  been  idealized  by  lump¬ 
ing  the  cover  material  into  equivalent  stringers  over  the  spars  and 
ribs;  to  these  are  added  the  contributions  of  the  spars  and  ribs 
themselves.  The  spar  and  rib  webs  are  idealized  as  flexible  shear 
panels  of  the  gauges  shown,  and  extending  from  the  midplane  of  the 
upper  to  the  lower  cover;  no  allowance  has  been  made  for  fastener 
flexibility.  Youngs  modulus  is  taken  as  29.9  x  10°  psi.  Represented 
in  this  way,  the  structure  is  redundant  28  times  for  symmetrical 
loads.  A  total  of  25  applied  loads  is  considered,  one  at  every 
intersection  point  of  spar  and  rib.  Only  the  outboard  15  are  num¬ 
bered  in  Fig.  4,  however. 

Fig.  5  shows  the  analysis  prediction  for  the  normal  stress 
in  the  covers  due  to  a  1000  lb.  load  at  the  rear  beam  tip.  All 
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stresses  shown  are  in  the  direction  normal  to  the  airplane  £  ,  with 

the  exception  of  the  front  and  rear  spar  stresses,  which  are  in  the 
spanwise  direction.  The  model  demonstrates  the  characteristic  peak¬ 
ing  of  stress  expected  at  the  reentrant  comer;  see  for  example, 
ref.  14.  The  reversal  of  sign  in  the  front  beam  region  at  the  <£  is 
a  consequence  of  the  three  point  tie  down  system.  No  test  stresses 
are  reported  in  ref.  3« 

Fig.  6  shows  a  comparison  of  measured  and  calculated  lateral 
displacements  of  the  wing  for  the  same  applied  load.  As  can  be  seen, 
the  agreement  is  reasonably  good,  with  the  analysis  values  on  the 
average  about  6.7$  less  than  test  at  the  tip  rib. 

It  is  believed  that  the  degree  of  simplification  in  the 
idealized  structure  as  just  described  might  well  be  adequate  in  the 
early  design  stages  of  some  structures.  Later  on,  as  the  design 
becomes  firmer,  such  refinements  as  additional  shear  lag  members, 
especially  in  the  root  region,  would  undoubtedly  be  added. 

3.  Test  Wing  Example  -  Temperature  Gradient  Test 

A  steady  state  temperature  gradient  was  induced  in  the  test 
wing  by  means  of  external  heating  lamps,  in  combination  with  cooling 
tubes  running  through  each  of  the  three  interior  spar  webs.  The  tem¬ 
perature  distribution  is  symmetrical  about  the  mean  chord  plane,  and 
peaks  sharply  at  the  leading  edge;  this  is  shown  in  Fig.  7.  This 
distribution  does  not  vary  by  much  in  the  spanwise  direction,  and  is 
assumed  to  be  uniform. 

The  temperature  level  assumed  for  each  of  the  lumped  spars 
is  shown  by  the  stepped  curve  of  Fig.  7«  In  the  case  of  the  interior 
spars,  allowance  is  made  for  the  depressed  temperature  of  the  spar 
webs.  Rib  cap  temperatures  are  assumed  to  vary  linearly  from  one 
spar  value  to  the  next,  while  each  shear  panel  value  is  taken  as  the 
average  of  the  two  adjacent  spars. 

Based  upon  the  data  of  ref.  3,  the  modulus  of  elasticity  for 
the  model  during  the  gradient  test  varies  from  25.1  x  10°  psi  at  the 
leading  edge  to  28.1  x  10°  psi  at  the  trailing  edge.  At  the  same 
time,  the  coefficient  of  expansion  varies  correspondingly  from  9«43  x 
10“°  to  8.67  x  10“°  in./in./°F.  For  the  present  purposes  it  is  con¬ 
sidered  sufficiently  accurate  to  choose  constant  values  for  these 
two  material  properties;  accordingly,  27.9  x  10°  and  8.73  x  10"°  were 
used. 


The  resulting  thermal  stresses  are  shown  in  Fig.  8.  As  in 
the  case  of  Fig.  5,  stresses  in  the  covers  are  all  normal  to  the  air¬ 
plane  ,  while  the  rear  spar  stresses  are  shown  for  the  spanwise 
direction.  Test  values  at  a  few  points  are  listed  in  ref.  3.  They 
are  shown  for  comparison,  and  appear  to  indicate  the  same  trends  as 
the  analysis.  There  is  a  rather  wide  difference  at  the  reentrant 
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comer,  however,  for  which  no  explanation  is  readily  apparent. 
IV  INTERACTION  PROBLEM  -  .SMAT.T.  DEELECTIONS 


A.  Theory 

The  problem  of  analyzing  a  wing  under  an  arbitrary  temper¬ 
ature  distribution,  neglecting  the  interaction  effect,  can  be  handled 
by  considering  the  wing  to  be  subjected  to  two  component  temperature 
distributions,  symmetrical  and  anti-rymmetrical  about  the  mean  chord 
plane  respectively,  which  when  superposed,  add  up  to  the  given  dis¬ 
tribution.  The  wing  is  analyzed  under  each  separately  and  then  the 
resulting  stresses  are  added  algebraically.  The  two  required  analy¬ 
ses  can  be  performed  by  procedures  already  discussed  in  Section  III. 
The  temperature  distribution  symmetrical  about  the  mean  plane  will 
give  rise  to  stresses  symmetrical  about  the  mean  plane  and  displace¬ 
ments  in  the  plane,  while  the  anti-symmetrical  temperature  distri¬ 
bution  will  produce  anti-symmetrical  stresses  and  displacements  nor¬ 
mal  to  the  plane.  The  latter  add  directly  to  the  stresses  and  de¬ 
flections  caused  by  lateral  applied  loads. 

Ah  obvious  assumption  in  the  foregoing  procedure,  and  a 
valid  one  in  many  cases,  is  that  the  two  analyses  can  be  treated 
independently.  However,  if  the  in-plane  stresses  are  large  enough, 
there  can  be  noticeable  interaction  between  the  two  thermal  stress 
distributions  themselves  and  between  the  in-plane  stresses  and  the 
lateral  displacements  due  to  applied  loads.  In  this  case  the  flexi¬ 
bility  influence  coefficient  matrix  for  the  structure  may  be  appreci¬ 
ably  altered. 

In  the  development  of  the  method  for  accounting  for  this 
effect  it  is  assumed  that  the  deflections  are  small  in  the  sense  that 
no  additional  membrane  type  stresses  are  developed  due  to  deflections 
that  the  structure  is  symmetrical  about  a  mean  chord  plane,  and  that 
it  has  been  idealized  as  a  bar-shear  panel  system.  The  two  idealized 
structures  used  in  the  symmetrical  and  anti-symmetrical  analyses  for 
a  given  case  will  be  geometrically  identical.  Element  flexibilities 
however  may  be  different,  inasmuch  as  the  stresses  in  one  case  depend 
upon  the  bending  and  torsional  flexibility  and  in  the  other  upon  the 
in-plane  flexibility'.  With  the  "cold"  structure  flexibility  influ¬ 
ence  coefficient  matrix  and  the  symmetrical  and  anti-symmetrical 
thermal  stress  distributions  already  calculated  by  the  methods  re¬ 
viewed  in  section  III,  the  two  analyses  can  be  coupled  by  the  proce¬ 
dure  to  follow. 

In  the  development  of  the  coupling  formulas  it  is  conven¬ 
ient  to  consider  first  the  symmetrical  thermal  stress  distribution; 
in  this  case  the  loads  in  pairs  of  upper  and  lower  eapstrips  and 
shear  panels  are  identical.  This  load  distribution  is  self  equili¬ 
brating  only  as  long  as  the  structure  remains  undoflected  laterally. 
When  the  spars  and  ribs  bend  and  the  shear  panels  become  warped. 
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resultant  forces  normal  to  the  plane  are  induced.  To  illustrate, 
consider  the  segment  of  spar  or  rib  shown  schematically  in 
Fig.  9.  As  shown,  the  average  slope  between  panel  points  is  taken 
as  the  element  slope.  To  calculate  the  magnitude  of  the  lateral 
force,  which  will  be  called  a  kick  load  and  denoted  by  Z  ,  consider 
vertical  components  of  forces  at  the  panel  point.  Summation  of  these 
forces  gives 


* 


4 


(i) 


where  2.  <2  is  the  total  load  in  the  upper  and  lower  capstrips;  £  , 
and“  <5Z  are  the  deflections  at  three  consective  panel  points, 
and  J?  and  are  the  distances  between  them. 


Fig.  10  shows  a  pair  of  deflected  quadrilateral  shear  panels, 
together  with  their  projection  on  the  undeflected  mean  chord  plane. 

The  mean  positions  of  the  four  corners  are  identified  by  the  four 
panel  point  deflections  6^  ,  <5^  ,  Sc  »  and  .  The  in-plane 

shear  flows  ,  etc.  have  a  lateral  resultant  which  is  called 

2^  and  can  be  calculated  by  again  summing  forces  vertically.  Thus, 


-  2  [(*,.  +  -O  JA  -(*„,+  )  <f»  (2) 

+i£p  4 • 

In  the  case  of  the  Shear  panels,  the  force  in  eqn.  (2), 
which  is  assumed  to  act  at  the  intersection  of  the  diagonals,  is  re¬ 
placed  by  a  statically  equivalent  set  of  forces  at  the  four  comers 
of  the  panel. 

In  the  formulas  to  follow,  the  matrix  notation  of  ref.  12, 
which  is  reviewed  in  part  in  section  III,  will  be  extended  and  used. 
The  kick  loads  will  be  written  in  column  matrix  arrangement  and 
designated  {.  Pm  }  .  They  are  dependent  upon  the  deflections,  which 
in  column  order  are  called  £  Sn )  ,  and  the  in-plane  member  loads 
which,  for  convenience,  are  written  in  diagonal  matrix  form.  The 
latter  are  designated  •  The  formula  from  which  the  kick  loads 

are  obtained  is  then  ' 


r  .  'i  i 

1 

r  r  \ 

ii 

F 

*  mn  | 

A*) 

v.  J  1 

„  J 

v.  ) 

(3) 
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where 

_  F„]  “  [  S™]  [  [  C„]  (4) 

The  tB.il  and  [  C;«]  matrices  are  made  up  of  geometry  depen¬ 
dent  constants  derived  from  eqns.  (l)  and  (2).  They  can  be  obtained 
in  a  systematic,  routine  way;  space  limitations  do  not  permit  a  de¬ 
tailed  discussion. 

Recalling  that  the  deflections  due  to  lateral  loads  and  anti- 
. symmetrical  thermal  strains  are 

’  Am„]  ( P„  ]  +  { <5-|  ■ 

i 

the  total  deflections  may  be  written 


{ =  [  A„]  [  P.^  +  [  +  [  A_]  [  F„]  (  f.}  -  (5) 


Solving  for  {  > 


where 

[  Dmn]  =  [  I  ]  -  [  A««]  [  Fm«] 


It  is  seen  that  IQj"  CA.J  is  the  required  matrix 
of  flexibility  influence  coefficients.  Multiplication  of  [ 
by  CD„1~  introduces  the  change  in  flexibility  due  to  in-plane 
thermal  stresses,  while  multiplication  of  t  by  C DM1"'  takes 

care  of  the  interaction  between  the  symmetrical  thermal  stresses  and 
the  thermal  displacements  discussed  previously. 

With  the  known,  it  is  now  possible  to  substitute  in 
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eqn.  (3)  to  determine  the  kick  loads  {  ^  .  With  these  known, 

the  complete  stress  distribution  in  the  structure  can  be  obtained  in 
a  straight  forward  manner. 

B.  Thermal  Buckling 

It  is  well  known  that  the  increased  flexibility  of  structures 
for  lateral  load  is  related  to  the  proximity  of  the  in-plane  load  to 
buckling.  The  same  matrices  used  to  calculate  the  heated  structure 
flexibilities  can  be  used  to  determine  the  factor  by  which  a  given  in¬ 
plane  loading  distribution  must  be  increased  to  cause  buckling. 

If  the  structure  is  subjected  to  in-plane  loads  only,  then 
according  to  eqn.  (5), 


(7) 


Examination  of  eqn.  (7)  indicates  that  equilibrium  config¬ 
urations  other  than  the  undeflected  case  may  be  possible.  If  they 
are,  then  the  deflections  cf„  and  the  loads  entering  [  Fw„l 

must  satisfy  eqn.  (7)  and  can  be  determined  from  it.  Assuming  that 
the  in-plane  loads  increase  proportionally,  then  a  given  load  distri¬ 
bution  becomes  at  buckling  ^  17" 4,^  .  ^  is  the  factor  which, when 

multiplied  by  each  of  the  in-plane  loads  gives  the  load  distribution 
causing  buckling.  Eqn.  (7)  can  now  be  written  as 


which  is  recognized  as  an  eigenvalue  equation.  The  lowest  value  <{ 
satisfying  this  equation  defines  the  in-plane  loading  condition  for 
buckling.  The  corresponding  eigenvector  {.  ^  “V  gives  the  buckled 
shape. 

C.  Square  Plate  Example  -  Increased  Flexibility  and  Buckling 

The  case  of  increased  flexibility  of  a  simply  supported 
square  plate  under  combined  lateral  and  edge  loads  is  easily  solved 
using  the  theory  just  given.  If  it  is  assumed  that  the  edge  loading 
is  uniform  in  the  two  directions,  the  in-plane  stress  distribution  is 
of  course  known.  It  is  then  a  simple  matter  to  combine  it  with  the 
results  already  obtained  for  a  laterally  loaded  square  plate  by  means 
of  eqn.  (6). 

The  results  of  the  calculation  are  plotted  in  Fig.  11  for 
several  values  of  the  edge  load,  using  the  2x2,  the  4x4  and  the 
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6x6  grid  idealization.  A  theoretical  plot  from  ref.  10,  page  390, 
is  shown  for  comparison;  the  curve  was  evaluated  letting  m,  n  =  1,  3> 
5.  As  can  be  seen,  predictions  for  all  three  grid  idealizations  tend 
to  deteriorate  somewhat  with  increasing  edge  load,  although  the  6x6 
is  still  reasonably  good  up  to  75^  of  the  critical  edge  load. 


The  buckling  loads  for  the  three  idealizations  were  also  ob¬ 
tained  by  use  of  eqn.  (8).  They  are  listed  in  the  following  table, 
together  with  the  theoretical  value. 


2x2 


4x4 


VuJil 

E 


2.330 


1.898 


6x6 


Exact  Sol’n 
Ref.  10 


1.846 


1.808 


D.  Heated  Test  Wing  Example  -  Increased  Flexibility  and  Buckling 

■  It  will  be  recalled  that  the  two  test  wing  analyses  of  sec¬ 
tion  III  are  uncoupled.  In  the  first,  the  model  was  assumed  to  be  at 
room  temperature,  and  lateral  loads  only  were  applied.  The  analysis 
yielded  stress  distributions  and  flexibility  influence  coefficients 
for  this  condition.  In  the  other,  the  wing  was  assumed  to  be  sub¬ 
jected  to  a  fairly  severe  temperature  variation  in  the  chordwise 
direction,  which  was  symmetrical  about  the  mean  chord  plane.  The 
analysis  in  this  case  gave  the  corresponding  thermal  stresses. 

The  results  of  coupling  the  two  analyses  to  account  for  the 
thermal  stress  effect  on  flexibility  are  shown  in  Table  I.  Three  sets 
of  numbers  are  given.  First,  the  value  determined  from  test  as  re¬ 
ported  in  ref.  3  is  shown;  below  this  is  the  calculated  value  deter-  ' 
mined  from  a  coupling  analysis  carried  out  as  outlined  in  this  sec¬ 
tion.  Finally  the  fractional  change  in  the  flexibility  influence 
coefficient  caused  by  the  in-plane  thermal  stress  effect  is  given. 

This  value  was  determined  by  dividing  the  coupled  analysis  result  by 
the  room  temperature  analysis  result  altered  to  account  for  material 
property  deterioration  only. 

Ref.  3  introduces  the  concept  of  a  "deflection  parameter"  for 
evaluating  the  influence  of  various  elevated  temperature  effects.  In 
the  case  of  the  swept  wing  model,  these  authors  apply  100  lb.  loads 
at  panel  points  1  through  10,  and  calculate  the  deflections  at  all 
25  points.  (Deflections  at  the  two  support  points  are  zero.)  The 
sum  of  the  25  deflections  is  the  deflection  parameter.  A  comparison 
of  the  present  analysis  with  the  test  on  this  basis  is  given  in  the 
following  table: 
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Deflection 
Parameter 
at  Room 
Temperature 

Temperature 
Gradient 
Condition  - 
%  Increase 
of  Parameter 
over  Room 
Temperature 
Value 

Increase  of 

Parameter 

due  to 

Reduced 

E  ,  % 
av* 

Increase  of 
Parameter 
due  to 

Thermal 
Stress,  % 

Test 

2.111 

15.58 

7.36 

8.22 

Analysis 

2.044 

11.18 

6.68* 

4.50 

*  Different  from  7«36  only  because  in  the  present  report,  the  average 
value  for  E  was  assumed  to  be  27 .5  x  10 6  rather  than  27 .7  x  10  . 

The  thermal  buckling  case  has  also  been  investigated,  and 
the  calculated  buckled  shape  for  the  test  wing  is  plotted  in  Fig.  12. 
Eqn.  (8)  gives  11.81  for  the  buckling  parameter  ^ 

As  a  point  of  interest,  the  latter  can  be  used  to  obtain  an 
order  of  magnitude  estimate  for  the  maximum  increase  in  lateral  dis¬ 
placements  to  be  expected  due  to  the  thermal  stresses  of  Fig.  8.  The 
theory  of  structures  indicates  that  when  the  loading  on  a  structure 
consists  of  components  tending  to  cause  instability,  as  well  as  the 
type  producing  linear  displacements  only,  the  resultant  displacement 
of  any  point  can  still  be  represented  by  a  superposition  of  suitably 
selected  component  displacements.  However,  each  component  must  now 
be  multiplied  by  a  factor  of  the  type  l/(l  -  (Xn  ),  where  (Xn  is  the 
ratio  of  the  actual  destabilizing  loading  to  the  buckling  value  in 
the  nth  mode.  (The  analysis  leading  to  the  curve  of  Fig.  11  is  an 
example  of  this.) 

In  many  cases,  only  the  factor  for  the  lowest  buckling  load 
is  significantly  different  from  unity.  When  this  is  the  case,  this 
factor  should  provide  an  order  of  magnitude  estimate  for  the  maximum 
magnification  of  deflections  to  be  expected.  (See  ref.  15,  16) 

In  the  present  instance,  the  factor  for  the  lowest  mode  is 
l/Ci-Ml.fl)-  1  -  I.O-IZ  •  Inspection  of  Table  1  indicates  that  all  mag¬ 
nifications  are  actually  less  than  1.092,  with  a  few  values  in  tne 
vicinity  of  load  Pn  approaching  it. 

V  INTERACTION  PROBLEM  -  LARGE  DEFLECTIONS 
A.  Introduction 

An  implied  assumption  in.  linear  wing  analysis  methods  is 
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that  the  lateral  deflections  are  small  enough  so  that  the  attendant 
straining  of  the  middle  plane  is  negligible.  It  is  quite  possib] e 
that  this  assumption  may  not  be  valid  for  the  case  of  a  thin,  low 
aspect  ratio  wing.  On  the  contrary,  as  a  consequence  of  large  de¬ 
flections,  there  may  be  a  stiffening  of  the  wing  due  to  the  develop¬ 
ment  of  in-plane  membrane  type  stresses  which  help  carry  the  load. 

In  this  section  a  method  is  developed  for  including  this 
effect.  It  permits  the  determination  of  the  deflected  shape  for  a 
given  set  of  applied  loads,  together  with  the  attendant  stress  dis¬ 
tribution,  and  the  flexibility  of  the  structure  for  small  displace¬ 
ments  about  the  deflected  shape.  The  latter  is  stated  by  means  of  a 
tangent  flexibility  matrix  which,  of  course,  is  dependent  upon  the 
particular  loading  condition. 

The  procedure  can  be  broadly  divided  into  three  steps  which 
are  repeated  cyclically  until  a  sufficiently  accurate  solution  is 
obtained.  The  steps,  each  of  which  is  discussed  later  in  detail,  are: 

1.  The  calculation  of  the  stress  distribution  in  the  middle 
plane  consistent  with  an  assumed  or  calculated  approx¬ 
imate  set  of  deflections 

2.  The  calculation  of  the  lateral  loads  sustained  by  the 
structure  in  this  deflected  configuration,  and 

3.  The  calculation  of  the  tangent  flexibility  matrix  and 
its  use  to  obtain  a  better  set  of  approximate  deflec¬ 
tions  . 

B.  Membrane  Stresses  -  Step  1 

The  membrane  stresses  for  a  given  distribution  of  thermal 
strains  and  for  a  given  lateral  displacement  configuration  can  be 
easily  calculated  using  the  basic  matrix  force  method  reviewed  in 
section  III.  The  procedure  is  to  simply  evaluate  the  in-plane  strains 
due  to  large  deflections,  and  to  add  these  values  to  the  in-plane 
thermal  strains  of  the  type  discussed  previously.  The  combined  values 
are  identified  hereafter  as  €.jq  end  become  the  input  data  for  the 
present  problem.  The  output,  namely  the  in-plane  redundant  load  dis¬ 
tribution,  is  correspondingly  identified  hereafter  as 

As  for  the  calculation  of  the  large  deflection  strains,  when 
the  panels  are  rectangular,  the  usual  finite  difference  plate  approx¬ 
imation  can  be  used  without  change.  Referring  to  Fig.  9,  the  strain 
in  the  segment  of  stringer  shown  on  the  right  is  thus 

Referring  to  Figure  10,  the  shear  strain  in  the  panel  shown  (assuming 
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that  it  is  rectangular)  is 

-  (  J,  -  sj 


J.n  the  case  of  parallelogram,  shear  panels,  and  the  more 
general  quadrilateral  shapes,  other  analogous  expressions  of  compar¬ 
able  accuracy  can  be  formulated. 

Later  on,  for  the  calculation  of  the  tangent  flexibility 
matrix  (step  3)  it  will  be  required  to  know  the  increments  in  the  in¬ 
plane  loads  <i;#  corresponding  to  increments  in  the  various  lateral 
deflections,  it  is  convenient  to  calculate  the  associated  rates  here 
in  step  1.  Designating  these  quantities  in  matrix  form  as 
and  recalling  from  section  III  that  the  unit  strain  analysis  yields 
the  matrix  C  fjj  1  ,  the  formula  for  step  1  can  be  written 


Since  the  Sfe's  are  simple  quadratic  functions  in  the  deflections, 
calculation  of  their  derivatives  with  respect  to  the  deflections  is 
straight  forward. 


G .  Lateral  Loads  -  Step  2 

It  will  be  recalled  that  eqn  (5),  which  gives  a  relationship 
between  lateral  deflections  and  lateral  loads,  was  derived  to  include 
the  effect  of  in-plane  stresses.  The  same  equation  clearly  applies 
in  the  present  situation  without  change.  Solving  it  for  the  applied 

loads, 


(9) 


The  superscript  o  is  henceforth  appended  to  Z  A,*"]  to  indicate  that 
it  has  been  calculated  based  upon  the  assumption  of  small  deflec¬ 
tions;  then  is  obtained  simply  from 
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D.  Tangent  Flexibility  Matrix  -  Step  3 

It  is  convenient  to  calculate  the  tangent  flexibility  matrix 
corresponding  to  a  given  set  of  deflections  by  first  calculating  its 
inverse,  the  tangent  stiffness  matrix.  Differentiation  of  eqn.  (9) 
with  respect  to  a  particular  deflection,  say  ,  and  bearing  in 

mind  that  [  F„«  1  is  now  dependent  upon  all  of  the  deflections 
gives  the  t”’  column  of  the  required  matrix;  thus 


With  [  1  ,  [  F„„  1  and  (  \  already  determined, 

there  remains  only  the  job  of  calculating  [  J  7 .  This  is  ob¬ 

tained  from  eqn.  (4);  thus 


The  [  1  have  already  been  calculated  in  step  1.  Substituting 

these  values,  and  letting 


the  resulting  tangent  stiffness  matrix  may  be  written 


<)G,‘ 


(ii) 


The  tangent  flexibility  matrix  [  Aw„ 1 


is  simply  [  Km*  1 


E.  Iteration  Procedure 


The  deflections  assumed  in  step  1  and  used  throughout  the 
cycle  are  the  correct  ones  for  the  loads  calculated  in  step  2,  and  the 
tangent  flexibility  matrix  also  corresponds  to  these  loads.  The  pro¬ 
blem  however  is  usually  to  calculate  these  quantities  for  a  given 
set  of  loads,  so  that  a  set  of  deflections  must  first  be  assumed  and 
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those  corresponding  to  the  given  loads  obtained  by  successive  itera¬ 
tions.  To  obtain  an  improved  set  of  deflections,  assume  that  with 
the  structure  in  the  deflected  position  for  which  everything  i6 
known,  the  loads  are  adjusted  to  the  values  for  which  the  solution 
is  sought,  and  that  the  structure  deflects  linearly  from  the  known 
position  under  the  correcting  loads.  Using  the  tangent  flexibility 
matrix  to  describe  the  linear  deflection  from  the  known  position, 
the  equation  for  the  improved  deflections  is 


m  •  (?i 


(12) 


In  eqn.  (12)  the  superscript  (2)  refers  to  "improved,"  and  (l)  refers 
to  the  current  equilibrium  position.  The  applied  loads  for  which  a 
solution  is  sought  are  written  without  any  superscript. 

In  a  given  problem,  for  the  initial  set  of  deflections  one 
might  well  use  the  values  given  by  the  small  deflection  theory, 
eqn.  (6). 

F.  Example  -  Square  Plate 

The  method  just  described  was  applied  to  the  structure  dis¬ 
cussed  earlier,  a  simply  supported  square  plate.  It  was  assumed 
that  there  exists  no  resultant  loading  on  the  edges  but  that  the 
latter  are  constrained  to  remain  straight,  making  the  problem  iden¬ 
tical  to  one  for  which  a  large  deflection  plate  theory  solution  is 
given  by  S.  Levy  in  ref.  11.  The  lateral  loading  (in  non-dimensional 
form,  (j.aVEh*  )  was  chosen  as  75,  large  enough  to  produce  an  ap¬ 
preciable  large  deflection  effect.  The  4x4  grid  representation 
of  section  III  was  used,  along  with  some  data  from  the  small  deflec¬ 
tion  analysis  of  section  IV.  Among  these  were  the  deflections,  which 
were  used  as  a  first  approximation.  In  Fig.  13  an  attempt  is  made  to 
present  a  summary  of  the  analysis.  The  analysis  results  have  been 
superimposed  on  a  load-deflection  graph  from  ref.  11.  The  arrows 
indicate  the  direction  in  which  the  calculation  progressed.  The 
numbered  points  represent  calculated  large  deflection  equilibrium 
positions.  Their  corresponding  loading  and  deflection  parameters,  are 
given  in  the  table  below,  together  with  the  ratios  of  the  loads  and 
deflections  at  the  three  grid  points,  which  are  given  as  fractions  of 
P,  and  w,  respectively.  The  theorjtical  results  were  obtained  from 
a  curve  in  ref .  11 . 


550 


Lansing,  Jones,  Ratner 


EquHibriun 
Configuration  No. 

IT  <  K4  s  Wi  :  *rt ) 

1 

3.031  (1  :  .717  :  .514) 

243  (1  :  .431  :  .101) 

2 

2.114  (1  :  .723  :  .529) 

115  (1  :  .481  :  .303) 

3 

1.857  (1  :  .729  :  .536) 

92.1  (1  :  .587  :  .485) 

4 

1.633  (1  :  .739  :  .548) 

76.4  (1  :  .862  :  .878) 

5 

1.607  (1  :  .741  :  .551) 

MUWIB 

Exact  So^n 

Ref.  11 

1.63  (  ...  ) 

75.0  (1  :  1  :  1  ) 

As  can  be  seen,  good  agreement  with  the  Levy  solution  was  obtained 
in  the  fifth  iteration.  The  final  rate  of  growth  of  the  central 
deflection  with  loading  parameter  is  of  course  given  by  the  tangent 
flexibility  matrix  for  equilibrium  configuration  5«  If  it  were 
plotted  on  Fig.  13,  it  would  show  as  a  straight  line  through  point 
5,  and  to  the  eye  at  least,  parallel  to  the  tangent  to  the  curve 
at  (ja^/Eh4*  75  . 

The  corresponding  calculated  membrane  stresses  across  the 
mid-section,  again  compared  with  the  Levy  solution,  are  shown  in 
Fig.  14-  For  the  maximum  stress,  which  occurs  at  the  edge,  the  cal¬ 
culated  value  was  approximately  6.5%  higher  than  the  theoretical. 
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BENDING  MOMENT  AND  DEFLECTION 
AT  MIDSECTION  OF  PLATE  UNDER  UNIFORM  LOADING. 
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NORMAL  STRESS  D ! STRIBUTION  ,  TEST  WING 
LATERAL  LOAD  P5  =IOOO# 
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CHORDWISE  TEMPERATURE  PROFILE-TEST  WING 


FIGURE  7. 
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NORMAL  STRESS  DISTRIBUTION 
TEST  WING  THERMAL  LOADING 


FIGURE  8 
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CENTRAL  DEFLECTION  OF  SQUARE  PLATE 
UNDER  COMBINED  LATERAL  a  EDGE  LOADS 

(  SMALL  DEFLECTIONS  ) 
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CENTRAL  DEFLECTION  OF  SQUARE  PLATE 
(LARGE  DEFLECTIONS) 
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MEMBRANE  STRESS  AT  MIDSECTION  OF  PLATE 
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ABSTRACT 


Methods  for  determining  the  deformational  characteristics  of 
heated  lifting  surfaces  are  described.  With  regard  to  analysis,  the 
extension  of  displacement  approaches  to  low  aspect  ratio  wing  analysis 
to  account  for  the  effects  of  aerodynamic  heating  on  stiffness  and  the 
shape  of  the  lifting  surface  are  outlined.  Compatible  testing  tech¬ 
niques  are  also  described.  Analyses  of  two  types  of  structures,  a 
plate  and  a  multiweb  wing,  are  performed  for  static  load  conditions 
and  the  results  compared  with  test  data. 
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I.  INTRODUCTION 


Methods  for  analyzing  the  dynamic  behavior  of  cotsplex  low 
aspect  ratio  wing  structures  have  reached  a  stage  in  their  develop¬ 
ment  where  the  significant  effects  of  shear  lag,  sweep,  cutouts,  and 
two-dimensional  stress  fields  can  be  taken  into  account  with 
accuracy.  These  effects  on  the  structural  response  input  to  the 
dynamic  equations  are  dealt  with  by  means  of  procedures  wherein  the 
structure  is  represented  by  an  assemblage  of  discrete  elements,  each 
of  which  is  assumed  to  behave  in  a  simplified  manner.  The  two  most 
widely  used  approaches  to  the  solution  of  such  systems  are  the 
"force"  and  "displacement"  techniques.  In  the  former,  a  solution  is 
first  achieved  for  the  internal  forces  in  the  system,  i.e.,  the 
forces  acting  upon  the  discrete  elements,  and  subsequent  evaluations 
are  made  of  the  displacements  at  the  element  juncture  points. 
Conversely,  in  the  displacement  approach,  the  element  juncture  point 
displacements  are  initially  determined,  followed  by  the  evaluation 
of  the  internal  force  system. 

As  a  consequence  of  the  operational  environment  and  con¬ 
figuration  specified  for  proposed  hypersonic  vehicles,  there  is  a 
need  to  extend  both  the  force  and  displacement  approaches  to  account 
for  elevated  temperature  effects.  Severe  heating  rates  will  be 
experienced,  resulting  in  a  structural  temperature  rise  that  is  non- 
uniformly  distributed.  The  elevated  temperatures  and  the  associated 
thermal  stress  systems  cause  stiffness  reductions  which  influence  the 
dynamic  response  to  the  extent  that  the  deformational  characteristics 
affect  the  total  dynamic  solution. 

The  primary  purpose  of  this  paper  is  to  outline  the  ex¬ 
tension  of  the  displacement  approach  to  account  for  the  more 
significant  of  these  effects;  force  methods  are  dealt  with  by  other 
authors  at  this  conference.  With  either  approach  it  is  possible  t.o 
employ  various  structural  idealizations.  The  complete  catalog  of 
associated  displacement  formulations  for  these  many  idealizations 
would  consist  of  an  extremely  large  number  of  equations,  and  it  would 
be  beyond  the  scope  of  the  paper  to  detail  the  extension  of  each. 
What  has  been  done  is  to  discuss  the  individual  phenomena  resulting 
from  heating  in  terms  of  physical  behaviox,  their  relationship  to  the 
various  idealizations  in  common  use,  their  influence  on  the  total 
formulation  of  the  problem  as  a  set  of  matrix  equations,  and  their 
influence  on  solution  procedures.  A  detailed  development  of  basic 
relationships  is  given  for  one  idealization,  the  equivalent  plate 
representation,  and  this  embodies  concepts  directly  applicable  to  the 
other  representations  treated.  While  this  paper  restricts  its 
attention  to  the  inclusion  of  additional  phenomena  and  their  effect 
on  the  solution  of  the  final  equations,  it  should  be  noted  that  the 
success  of  this  general  approach  to  analysis  is  dependent  on  a  high 
degree  of  automation  in  the  computer  programs  to  be  employed.  The 
latter  questions  are  discussed  in  References  1  and  2,  among  others. 
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For  purposes  of  clarification  it  is  useful  to  define, 
briefly,  the  consequences  of  elevated  temperatures  on  deformational 
response  before  discussing  the  phenomena  of  interest  individually. 

The  principal  effects  of  aerodynamic  heating  occur  as  the  result  of 
(a)  influences  on  the  material  properties,  and  (b)  nonlinear 
temperature  distributions.  With  regard  to  material  properties, 
elevated  temperatures  not  only  reduce  stiffness  by  elastic  modulus 
deterioration,  but  also  intensify  the  likelihood  of  inelastic 
deformations  being  experienced.  When  the  wing  is  inelastically 
deformed  it  will  have  a  new  shape  in  the  unloaded  state. 

The  most  important  effects  of  nonuniform  temperature 
distributions  are  the  change  in  shape  of  the  lifting  surface  and  the 
reduction  in  stiffness  with  respect  to  displacements  normal  to  the 
surface,  by  what  is  effectively  a  compressed-plate  action.  In  past 
investigations,  based  on  elementary  theory,  the  latter  effect  has 
appeared  as  a  reduction  in  torsional  stiffness.  This  phenomena  must 
be  accounted  for  in  a  realistic  approach  to  deformational  analysis. 

The  net  effect  of  the  above-cited  stiffness  reductions  can 
be  deflections  in  the  presence  of  loads,  and/or  dynamic  behavior  that 
are  many  times  greater  than  the  thickness  of  the  wing.  This  will 
result  in  the  development  of  a  "large  deflection"  stress  system  in 
the  midplane  of  the  wing,  having  the  same  type  of  effect  on 
deflection al  stiffness  as  a  midplane  stress  system.  The  large 
deflection  stress  system  is  nonlinearly  related  to  the  deflections, 
however,  and  the  entire  problem  becomes  nonlinear.  Under  such 
conditions  initial  deformations  have  a  bearing  on  stiffness.  Sub¬ 
sequent  paragraphs  discuss  these  and  the  other  phenomena  cited  above 
at  greater  length. 


II.  ANALYSIS 

a.  Review  of  the  Displacement  Approach 

Historically  speaking,  displacement  approaches  to 
complex  structure  analysis  did  not  progress  from  any  particular 
development  that  received  widespread  acceptance  as  a  common  basis  for 
practical  applications.  Dating  from  1?53,  many  approaches  were 
presented  in  the  literature,  varying  in  both  the  procedures  to  be 
followed  in  forming  the  equations  to  be  solved  and  in  the  represen¬ 
tation  of  the  structure.  Advances  in  computing  machines  used  to  form 
and  solve  the  governing  equations  have  led  to  the  general  acceptance 
of  specific  procedures  for  these  purposes,  but  a  diversity  in  possible 
structural  representations  remains.  The  following  representations  are 
most  common: 

1.)  The  Equivalent  Plate.  Here,  the  internal  members  may  be 

transformed  into  an  equivalent  skin  thickness  and  the  entire 


569 


Gallagher 


wing  treated  as  a  thin  plate  in  flexure.  It  is  also  possible 
to  deal  with  the  internal  members  as  discrete  elements  (See 
References  3  and  U), 

2.)  An  assemblage  of  beam  segments  (flexural  elements)  and 
torsion  cells.  (References  5  and  6), 

3*)  An  assemblage  of  skin  panels  in  a  two-dimensional  state  of 
stress,  and  flexural  elements  representing  the  internal 
members.  (References  1  and  2). 

li.)  An  assemblage  of  axial  force  members  and  shear  panels. 

(Reference  2).  For  clarity,  web  shear  panels  are  not  shown. 

The  last  representation  is  most  often  employed  with  the 
"force"  approach.  Examples  of  all  but  the  first  of  the  above 
idealizations  are  illustrated  in  Figure  1.  The  coordinate  systems 
used  in  succeeding  paragraphs  are  also  shown. 

In  each  of  the  above  representations  the  discrete  elements 
are  joined  at  specified  points,  and  every  such  element  is  displaced 
in  an  idealized  manner  under  the  application  of  loads  to  these 
attachment  points.  For  every  type  of  discrete  element^ i t  is 
necessary  to  establish  general  relationships  between  loads  applied 
to  the  points  and  the  displacements  of  the  points.  Although  actual 
flight  conditions  result  in  distributed  loads  being  applied  to  the 
lifting  surface,  only  concentrated  applied  loads  at  the  element 
juncture  points  are  considered  here.  This  is  consistent  with  the 
geometric  representation.  For  dynamic  analyses  it  will  be  necessary 
to  "lump"  the  distributed  masses  at  the  juncture  points. 

The  coordinates  used  to  define  the  load- displacement 
properties  of  a  lifting  surface  will  vary,  dependent,  among  other 
factors,  upon  whether  or  not  the  shear  displacements  are  directly 
accounted  for.  If,  for  example,  the  wing  is  to  be  analyzed  as  a 
plate  in  flexure,  then  it  is  possible  to  deal  only  with  displacements 
normal  to  the  plane.  Generally,  however,  the  representations  in  use 
deal  with  a  minimum  of  three  displacement  components.  When  the  wing 
is  represented  as  an  assemblage  of  flexural  elements  and  torsion 
boxes,  the  unknowns  will  be  the  displacements  normal  to  the  plane 
of  the  lifting  surface  and  the  angular  rotations  of  normals  to  this 
surface  in  each  of  the  two  inplane  directions.  For  other  represen¬ 
tations,  the  latter  two  are  replaced  by  the  inplane  displacement 
components  of  points  on  either  the  upper  or  lower  surface  of  the  wing. 

As  complex  structure  analysis  procedures  advance  to  dealing 
with  nonuniform  temperature  effects,  the  displacement  unknowns  will, 
in  effect,  increase  by  two.  These  are  midplane,  inplane  displacements 
not  bound  by  the  type  of  conditions  which  relate  the  inpiane  dis¬ 
placements  of  upper  and  lower  surface  points  to  each  other. 
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For  simplicity,  subsequent  paragraphs  will  deal  primarily 
with  the  relationships  between  the  loads  and  displacements  in  the 
Z-direction  (See  Figure  1),  i.e. ,  in  the  direction  normal  to  the 
middle  surface  of  a  planar  wing.  It  is  possible  to  "reduce"  a 
formulation  in  three  coordinates  to  a  single  coordinate  as  follows  t 
when  a  flexural  element-torsion  box  idealization  is  applied  in  a  wing 
analysis,  the  resulting  governing  equations  have  the  form 


K«.  1 

>=  Kxvl  i  Kx*.  K/y 

|^/Ay  \  Kyi  J  fty*  K/Y 

Pi  represents  the  reference  point  loads  normal  to  the  plane, 

Alx.  and /Hy  are  applied  moments  in  the  X  and  V  directions,  and 
w  i  and  Py  are  corresponding  displacement  coordinates. 

The  terms  Kii  ,  K^y  ,  etc.,  are  the  stiffness  coefficients  for  the 
complete  structure.  Solving  the  moment  equations  ( those  below  the 
dotted  partitioning  line)  for  the  displacements  and  &y  ,  and 

substituting  the  result  into  the  equation  for  P?-  yields: 


+  [Ka*  Kiyl  fa* 

L  -1  iKya  KyyJ  (AV3 


which  can  be  concisely  expressed  as 

-  [Ki  ]  [w]  +  |  A]  (3) 

The  definitions  of  f  1  and  {Ac  follow  from  a  comparison 

of  (2)  and  (3).  -J  C  3 


The  above  reduction  process  demonstrates  the  transformation 
of  moment  loadings  into  Z-displacements.  Also,  it  is  clear  from  (2) 
that  any  addition  to  the  out-of -plane  stiffness  (  )  is  not 

affected  by  the  reduction.  For  example,  if  it  is  found,  subsequent  to 
the  formation  of  (3),  that  the  original  relationship  between  and 

W  is  CKnJ  +  [TvJ  >  ^her  than  alone,  then  it  is 

only  necessary  to  add  to  (3)  thusly.  1 

[Pij  =  [C.Ka.  ]  +  M  "*■  (k) 
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These  factors  are  noted  because  phenomena  described  in 
subsequent  paragraphs  will  be  shown  to  be  analytically  equivalent  to 
either  additional  loadings  or  additional  deflect! anal  stiffnesses.  The 
abovo  comments,  although  based  on  angle  change  coordinates  (frf*  4-  $y) 
apply  equally  well  for  tf.  and  if  coordinates  in  either  the  upper  or 
lower  skin  surfaces. 

b.  Thermal  Stress  Effects 

Thermal  stresses  result  from  the  equilibration  of 
thermal  strains  in  a  nonuniformly  heated  structure.  Since  this  paper 
is  concerned  with  effects  on  stiffness,  details  of  thermal  stress 
analysis  techniques  will  be  avoided  to  the  extent  possible.  To  be 
consistent  with  the  deformation al  response  determinations,  the  thermal 
stress  analysis  model  should  correspond  to  the  one  used  in  evaluating 
displacements  due  to  applied  loadings.  Also,  since  the  thermal  stress 
evaluation  is,  in  itself,  a  deforma ti anal  analysis,  the  resulting 
displacements  may  be  so  large  as  to  be  of  concern. 

Three  types  of  thermally-induced  displacements  would  appear 
possible,  based  on  the  displacement  coordinate  choices  discussed 
previously.  The  first,  displacements  in  the  Z-direction,  represent 
the  expansions  of  the  wing  thickness  and  will  therefore  be  insignifi¬ 
cant.  The  other  two  types  of  displacements  are  net  displacements  of 
the  middle  surface  and  equal  and  opposite  displacements  of  corre¬ 
sponding  upper  and  lower  surface  points.  (These  two  types  may 
represent  a  distinction  that  is  made  after  a  solution  is  affected  for 
all  thermal  displacements). 

For  net  displacements  of  the  middle  surface,  the  associated 
thermal  stress  system  is  important  due  to  its  effect  on  stiffness, 
as  will  be  discussed  below.  The  displacements,  being  entirely  in  the 
plane  of  the  wing,  will  not  be  of  concern  in  the  present  context, 
however.  The  other  type  of  inplane  displacement  system  involves  a 
curvature  of  the  midplane ,  occasioning  deflections  normal  to  the 
plane.  Reference  8  has  shown  that  the  terms  required  for  the 
evaulation  of  these  deflections,  for  a  flexural  element-torsion  box 
idealization,  are  in  the  form  of  applied  moments.  Hence,  from  the 
reduction  process  described  previously,  the  net  effect  is  to  yield 
equivalent  lateral  loadings  LAp|J.  Specific  details  for  the  plate 
representation  are  given  in  the  Appendix.  The  application  to  the 
other  representations  of  interest  follow  directly  from  the  concepts 
given  above  and  in  the  Appendix. 

In  turning  to  questions  of  thermally-induced  stiffness  loss, 
the  physical  behavior  of  concern  is  most  simply  illustrated  by  the 
action  of  an  axial  force  amber  (Figure  2).  Consider  end  point  2. 
There,  in  the  displaced  state,  the  end  force  Ft.  (evaluated 
independently  in  a  thermal  stress  analysis)  will  have  a  component  in 
the  Z-direction  equal  to  Ft.  (Wj,-  W<)  .  The  other  axial  force 

members  meeting  at  point  2  will  each  have  end  forces  with  a  Z- 
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component  that  is  also  a  linear  function  of  Z -displacements.  In  an 
unheated  wing,  the  net  effect  of  these  Z-direction  components  at  a 
planform  reference  point  will  be  zero;  the  basic  Z-direction 
equilibrium  equation  is  entirely  derivable  from  the  internal  vertical 
shears.  With  a  thermal  stress  system  the  net  midplane  force  might 
not  be  zero,  and  such  a  system  contributes  to  the  equilibration  of 
the  applied  load. 

For  a  system  of  equations  that  have  been  completely  reduced 
to  relationships  between  loads  and  displacements  in  the  Z-direction, 
the  formulation  to  account  for  effects  due  directly  to  thermal 
strains  and  stresses  becomes: 

{pj[  -  [K.]  {w]  +[nt]  +  <*> 

The  equivalent  loadings,  -f Xm  j  have  already  been  described  above. 

CNrJ  is  matrix  of  the  multipliers  of  the  displacements  in 
the  terms  representing  contributions  of  the  raidplane  forces  to 
vertical,  equilibrium. 

The  example  cited  above  need  only  be  implemented  by  counter¬ 
part  relationships  for  the  vertical  components  of  shear  panel  forces 
to  complete  the  inclusion  of  thermal  stress  effects  in  an  axial 
force  member- shear  panel  idealization.  The  necessary  details  are 
indicated  by  the  formulations  of  the  Appendix.  Also,  it  is  not 
necessary  to  extend  the  above  concepts  further  for  the  plate  segment 
skin -internal  element  representation,  since  it  is  again  a  matter  of 
forming  the  terms  of  the  ^trlx  consistent  with  the  element 

comer  forces  at  each  point.  Corner  force-displacement  equations  for 
the  individual  elements  can  be  obtained  from  Reference  7. 

The  flexural  element-torsion  cell  representation  provides  a 
choice  in  the  formulation  of  the  problem.  On  one  hand,  as  shown  in 
Reference  8,  it  is  possible  to  derive  flexural  element  force-dis¬ 
placement  equations  that  directly  account  for  the  presence  of  the 
axial  force.  This  corresponds  to  a  direct  formation  of  the  total 
stiffness  matrix  FCKJ  +  C.Nt3j  >  but  has  811  important 

practical  shortcoming  in  that  the  element  stiffness  coefficients 
involve  complicated  trigonometric  functions.  As  an  alternative,  it 
would  appear  sufficiently  accurate  to  assume  linear  displacements 
when  evaluating  the  out-of -plane  components  of  the  midplane.  The 
procedure  then  corresponds  to  those  discussed  above  and  simplifies 
the  inclusion  of  the  shear  panel  consonants. 
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c.  Large  Deflections 

With  or  without  the  stiffness  reducing  effects  of 
aerodynamic  heating  it  is  possible  for  a  wing  to  experience  large 
deflections  under  load.  If  ihe  wing  is  sufficiently  flexible  these 
deflections  will  take  place  elastically.  The  specific  large  de¬ 
flect  ional  phenomena  towards  which  attention  has  been  drawn  are  the 
midplane  stress  systems  produced  in  consequence  of  the  wing  assuming 
a  displacement  state  that  is  not  a  developable  surface.  The  simplest 
exaiqple  of  this  effect  is  a  flexural  element  hinged  at  either  end  to 
fixed  walls  (Figure  3).  The  length  of  the  neutral  line  under  trans¬ 
verse  lord  is  greater  than  in  the  unloaded  state,  requiring  the 
existence  of  an  axial  load  whose  magnitude  is  a  function  of  the 
deflection. 

Clearly,  in  the  beam  theory  representation  of  a  wing  as  a 
cantilever,  there  can  be  no  effects  of  this  type.  It  follows  that 
the  onset  of  significant  large  deflection  midplane  stress  systems  in 
low  aspect  ratio  wings,  will  occur  for  deflections  much  greater  than 
the  thickness  of  the  wing.  The  latter  value  is  often  used  to 
establish  the  significance  of  large  deflection  effects  for  beams  and 
plates  supported  at  all  boundaries.  Nevertheless,  the  effect  may 
prove  of  importance  for  highly  solid  heated  wings  where  deflections 
as  much  as  10,  or  even  more,  times  the  wing  thickness  have  been 
recorded  (Reference  9). 

In  terms  of  the  effects  on  deflect! anal  behavior,  the  mid- 
plane  stress  systems  due  to  large  deflections  influence  stiffness  in 
the  same  manner  as  do  the  midplane  stress  systems  due  to  temperature. 
The  result,  however,  will  generally  be  to  increase  stiffness.  Al¬ 
though  a  fixed  midplane  thermal  stress  system  will  be  entirely 
associated  with  linear  behavior,  the  large  deflection  stresses  are 
nonlinear  functions  of  the  displacements,  which  are  in  turn  a  function 
of  the  large  deflection  stresses.  Of  importance  to  the  dynamic 
analyst  under  such  conditions  is  the  nonlinear  relationship  between 
load  and  displacement  with  the  result  that  displacement  characteristics 
about  an  equilibrium  state  are  dependent  on  the  values  of  the 
particular  equilibrium  state. 

Since  the  large  deflection  effects  are  in  the  nature  of  mid¬ 
plane  stress  effects  it  is  not  necessary  to  consider  the  modification 
to  the  out-of-plane  equations.  The  terms  to  be  introduced  enter  into 
the  midplane  analysis.  Consider  again  the  bar  shown  in  Figure  2. 

Due  to  deflection,  a  differential  length  along  the  member  axis 
is  deformed  to  a  length  ell-  ,  By  geometry,  the  difference  (  d  AU-) 
in  these  lengths  can  be  expressed  as 
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and,  by  expanding  the  square  root  by  the  binomial  theorem  and  dis¬ 
carding  higher  order  terms 


d-AU-  =  (7) 

it  follows  that  the  change  In  length  (  AU.)  of  the  ends  of  the  member 
is  given  by 

<•> 


and  the  force  (  Paw  )  required  for  this  displacement  is 

--  <9) 


With  regard  to  phenomena  considered  thuB  far,  the  stiffness  of 
an  element  can  be  viewed  as  the  sum  of  internal  forces  due  to  relative 
displacement,  the  restraint  of  thermal  expansion,  and  the  above 
mentioned  large  deflection  force.  A  summation  of  the  same  form  will 
be  retained  when  the  stiffness  matrix  for  the  complete  structure  is 
assembled.  Hie  first  type  of  internal  force  is  the  inplane  stiffness 
matrix  J^Kxy^  multiplied  by  the  inplane  displacements.  The 
second  can  be  simply  designated  as^  £  T y.  ,  Ty  J  5  and  the 
third  as  f  ,  PaWX7j  .  Hie  three  terms  in  the  "large 

deflection"  loading  column  does  not  imply  a  partitioning  of  these 
terms.  Such  terms  will  be  combined  in  the  matrix  assembly  operations 
to  yield  a  number  of  runs  conformable  with  the  number  in  £  7x  ,  Ty  J  . 

With  these  definitions,  the  inplane  force -displacement 
equations  can  be  written  as: 


The  temperature  term  is  retained  only  for  consistency.  As  mentioned 
in  the  previous  section,  the  analysis  for  thermal  displacements  can 
be  carried  out  without  distinctions  between  inplane  and  out-of -plane 
behavior.  An  independent  thermal  displacement  analysis  is  in  fact 
desirable  since  it  is  entirely  linear.  Also,  it  is  unlikely  that 
loads  will  be  applied  in  the  plane  of  the  wing;  -£px  Pyi  is 

therefore  usually  zero.  These  and  other  factors  associated  with 
solutions  to  Equation  (10)  are  discussed  in  Paragraph  f. 
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Equation  (9)  suffices  to  define  the  large  deflection  terms 
in  axial  force  member  relationships.  Orientation  in  the  X  or  V 
directions  is  accounted  for  by  proper  coordinate  transformations. 
Analogous  terms,  based  on  plate  twist,  need  be  evaulated  for  the 
shear  panels.  It  is  noteworthy  that  an  axial  force  member-3hear  panel 
representation  is  the  raidplane  analysis  counterpart  of  the  flexural 
element-torsion  box  representation.  Large  deflection  formulations 
for  the  equivalent  plate  and  the  skin  plate  element  idealizations  are 
given  in  the  Appendix  and  Reference  7,  respectively. 

d.  Initial  Displacements 

Under  linear  conditions  the  initial  displacements  of 
the  wing  middle  surface  from  a  planar  form  will  not  influence  de¬ 
formations!  characteristics.  They  will  effect  these  characteristics 
in  the  presence  of  nonlinear  behavior  since  the  absolute  magnitude 
of  a  displaced  state  governs  the  relationship  between  applied  loads 
and  displacements  about  this  state.  For  this  reason,  initial  dis¬ 
placements  were  taken  into  account  in  Reference  10  in  the  analysis 
of  a  heated  plate.  Agreement  with  test  data  was  achieved.  Reference 
10  also  presented  a  parametric  study  of  the  influence  of  various 
pertinent  factors,  including  initial  displacements,  on  the  stiffness 
of  a  simple  heated  plate.  The  results  demonstrated  that  an  initial 
twist  did  have  beneficial  effects  on  stiffness. 

Initial  displacements  can  be  included  in  a  discrete  element 
analysis  by  a  reformulation  of  the  basic  relationships.  Their 
inclusion  can  be  achieved  more  expeditiously,  however,  on  the  basis 
of  direct  reasoning.  Consider  first  out-of -plane  behavior  (Equation 
h).  Since  the  basic  stiffness  represents  a  change  in 

curvature  from  the  unloaded  state,  the  multiplying  column  of  dis¬ 
placements  must  be  replaced  by  £ w  -  ,  where  the  W '  values 

are  the  initial  displacements  of  the  reference  points.  The 
multiplier  of  the  matrix  [LhQ  13  not  affected,  since  these  terms 
represent  the  upward  components  of  inplane  forces  and  as  such  depend 
on  absolute  displacements,  nor  is  the  column  of  thermal  displacements, 
£  affected,  hence.  Equation  h  becomes 

{?*]  =  [M  +  [n]]  {w]  -  [w]  +  [A/h] 

The  raidplane  Equations  (Equation  10)  are  similarly  modified. 
They  involve  Z -displacements  only  in  the  large  deflection  terms, 

P&Wy  )  Pa which  represent  slopes.  Hence,  these 
slopes  are  replaced  with  changes  in  slope.  Designating  the  latter 
as  ,  Equation  (10)  becomes: 
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{p*  >  Py]  [K*v]  ia,v]  +■  {Tx)ry}  .wy)B^- 


(10a) 


e .  Inelasticity 

For  the  convenience  of  engineering  analysis  inelastic 
behavior  is  assumed  to  arise  from  two  sources:  time  independent 
plastic  flow,  and  creep.  The  former  behavior  results  from  stress 
levels  in  excess  of  the  elastic  limit,  while  the  latter  may  occur  at 
any  stress  level,  as  a  function  of  time.  Elevated  temperatures  can 
severely  reduce  the  elastic  limit  and  greatly  increase  the  rate  of 
creep  deformation.  Thus,  either  or  both  forms  of  inelastic  behavior 
become  important  to  the  extent  that  they  cause  stress  redistributions, 
residual  stresses,  and  permanent  deformation  of  the  lifting  surface. 

As  a  consequence,  the  inelastic  deformations  will  have  an  indirect, 
but  possibly  significant,  effect  on  stiffness.  These  effects  can  be 
beneficial,  since  the  stiffness-reducing  midplane  thermal,  stress 
systems  will  themselves  be  reduced  in  magnitude  and,  as  already 
noted,  certain  forms  of  permanent  displacements  will  reduce  the  dis¬ 
placements  due  to  load  in  the  nonlinear  range. 

The  application  of  discrete  element  approaches  to  the 
solution  of  creep  and  time -independent  plastic  flow  problems  is  in 
its  beginning  stages,  and,  as  far  as  is  know,  there  has  been  no  such 
analysis  of  a  practical  wing  structure  performed.  In  Reference  11, 
however,  a  discrete  element  approach  was  applied  to  the  inelastic 
analysis  of  a  plate  with  a  centrally  located  hole  subjected  to  the 
cyclic  application  of  loads  and  temperatures.  Rules  for  the  prediction 
of  inelastic  strains,  the  matrix  formulation  of  the  problem  and 
proceduxal  details  were  described  at  length  in  the  same  reference.  A 
necessarily  brief  outline  of  the  basic  concepts  is  given  in  the 
following  paragraphs. 

To  extend  element  force-displacement  relationships  to  include 
inelastic  behavior  the  total  direct  and  shear  strains  at  any  instant 
are  defined  as 


=  £  x  e  -+■  £  *rc  +-  T 

Txy  - 


(H) 
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vhere  the  subscripts  £  and  p  c  indicate  the  elastic  and 
plastic  strain  components  of  the  total  strain,  respectively.  The 
plastic  strain  component  is  the  sum  of  both  the  time -independent 
plastic  and  creep  strains.  The  X  and  y  coordinates  are 
employed  for  convenience}  similar  expressions  can  be  written  with 
reference  to  all  three  coordinates. 

The  inelastic  strain  components  will  be  a  nonlinear  function 
of  stress  and  temperature  and  their  histories  and  it  is  not  possible 
to  effect  a  closed-form  solution  for  deformational  response.  An 
approximate  solution  can  be  achieved,  however,  by  assuming  the 
accumulated  inelastic  strains  to  be  constant  at  the  beginning  of  a 
finite  time  interval.  An  analysis  for  stress  and  displacement  for 
the  beginning  of  the  interval  can  then  be  achieved.  By  using  the 
so-determined  stresses  to  evaluate  the  inelastic  strains  accumulated 
during  this  interval,  stresses  and  displacements  at  the  end  of  the 
time  interval  can  be  determined.  Many  such  determinations  will  be 
required  to  accurately  analyze  a  given  flight  plan. 

Consider  as  an  illustration  of  the  required  stiffness  matrix 
formulation  an  axial  force  member  of  the  type  shown  in  Figure  2,  In 
the  presence  of  inelastic  strain,  the  following  relationships  can  be 
written: 


Strain-Displacement : 

e  =  ^i)/L 

(12) 

Applied  Load-Stress: 

=  cr  A 

(13) 

Modified  Hooke's  Law: 

o  -  E  (  e  -  T  -  £  pc) 

(HO 

Combining  Equations  (12) 

to  (lit)  yields: 

(«-*• 

-  u()-£a-<T -  EACrc 

(15) 

In  a  determination  of  displacements  at  a  given  time, 
c*  T  and  &  pc  will  be  known  quantities.  The  last  two  terms  in 
(15)  therefore  contribute  to  the  formation  of  equivalent  loadings, 
thermal  and  plastic,  in  the  assembly  of  the  stiffness  matrices  for 
the  complete  structure.  The  nature  of  thermal  loadings  has  already 
been  discussed,  and  on  this  basis,  the  formulation  of  the  governing 
equations  to  include  accumulated  inelastic  strain  is  seen  to  be: 

For  out-of -plane  behavior 

{a}  ■  [ra + m]  H  -  M  M  *  m  (Ub> 

+  [Ace] 
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For  in-plane  behavior 

0*  3  =  [KxJ  +  {rX  ,  j  +  ^r0 3 

~f~  yj  P AWy)  (10b) 

where  ,  \PkP(.-)  Py^  >  P^pcl  represents  the  equivalent 

loadings  due  to  ac cumulated  inelastic  strains. 


f.  Solution  Procedures 

A  solution  for  the  de forma tional  behavior  of  a  heated 
lifting  surface  on  the  basis  of  the  approach  described  above  presents 
no  Inherent  difficulty,  apart  from  the  size  of  the  system  under 
analysis,  if  the  problem  is  linear.  When  large  deflections  or  in¬ 
elasticity  are  dealt  with,  the  factors  involved  will  not  only 
anplify  the  complexity  of  the  problem,  but  may  also  preclude  the 
possibility  of  obtaining  a  convergent  solution  by  means  of  seemingly 
useful  techniques. 

To  simplify  the  discussion  of  the  solution  process  for  a 
large  deflection  elastic  problem,  it  can  be  assumed  that  initial 
displacement  terms  are  zero  and  that  the  complete  deflec tional 
analysis  formulation  has  been  reduced  to  relationships  between  the 
Z-displacements  and  applied  loads.  This  does  not  restrict  the 
generality  of  the  discussion  since  the  former  can  be  transformed  in¬ 
to  equivalent  loads.  The  latter  operations  are  performed  in 
Equations  (2)  and  (3)  above.  The  reduced  load-deflection  relation¬ 
ships  can  be  written  as: 


~  [K*J  +  [N7]  +  QnAvmJ  (-c) 


Probably  the  most  straightforward  approach  to  the 
solution  is  the  following  iterative  technique.  The  midplane  dis¬ 
placement  and  force  equations  are  first  linearized  by  neglect  of  all 
large  deflection  terras.  Midplane  forces  evaluated  in  this  manner 
are  the  thermal  forces.  Since  these  provide  for  the  complete 
evaluation  of  t  3  it  is  convenient  to  replace 

LKil  +  R  Single  matrix, 

is  zero  and  a  first-pass  solution  to  (  4-c  )  can  be 


-/ 


effected  thusly 

{>.}  -  oW 


(Ud) 
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Graphically,  (see  Figure  U),  Equation  Ud  represents  the  intersection 
of  a  line  tangent  to  the  exact  solution  curve  at  the  origin  with  a 
characteristic  load  to  yield  the  corresponding  deflection  Wo,. 

The  slope  of  this  line  is  consistent  with  the  stiffhess  £ 

The  so-determined  ^  W,  ^  values  permit  an  analysis  for  the 
midplane  forces  due  solely  to  large  deflections,  leading  to  a  first 
estimate  for  £/\/^vjJ*  With  a  revised  total  stiffness,  £JLKit3  + 
£/W.wJ]~l,  a  second,  improved  solution  for  the  displacements  can  now 
be  obtained  as  We  •  Diagramatically  (Figure  U) ,  the  point  b  is 
established  on  the  true  solution  curve  consistent  with  the  displacement 
Wo*  *  At  point  b,  the  slope  to  the  origin  is  the  revised  total 
stiffness,  rC-Kerll  +  L/W>w,Iy  •  This  stiffness  establishes  the 
improved  deflectional  solution  Wc.  at  point  c,  which  in  turn 
defines  a  more  accurate  large  deflection  midplane  force  system  and 
then  still  better  deflectional  stiffnesses.  The  process  would  have  to 
continue  to  convergence. 

At  convergence  (point  e),  the  coefficient  in  the  total 
stiffness  matrix,  £k  2.1  *  CKivl  +  >  relating  P*iL  to  the 

corresponding  vj  0  ,  is  the  slope  of  the  line  “from  the  origin  to  the 
point  on  the  true  solution  curve.  This  is  the  case  for  all  terms  in 

•  Hence,  £ K *  1  is  a  "secant"  stiffness,  representative  of 
an  equilibrium  solution.  Aeroelastic  analyses  may  require  the 
"tangent”  stiffness,  £  -  the  stiffness  for  incremental  displace¬ 

ments  about  the  equilibrium  state.  Reference  7  developed  expressions 
for  the  direct  determination  of  tangential  stiffness  for  axial  force 
and  triangular  plate  elements.  The  resulting  equations  prove  to  be  of 
a  relatively  complicated  form.  An  attempt  can  be  made  to  derive  an 
approximate  tangential  stiffness  by  effecting  secant  solutions  some¬ 
what  above  and  below  the  load  levels  of  interest  and  then  evaluating 
the  intermediate  slope.  The  most  serious  defect  in  this  approach 
would  appear  to  arise  from  round-off  error. 

In  applying  the  iterative  technique  described  above  to  the 
solution  of  actual  problems,  the  authors  have  encountered  a  difficulty 
which  often  precluded  true  convergence.  This  difficulty  can  be 
characterized  as  "oscillatory  convergence",  (see  Figure  5).  Assume 
the  iterations  on  Equation  ijc  have  proceeded  to  the  definition  of  a 
set  of  displacements  characterized  by  Wo.  for  the  loading  Pi  .  Then, 
a  revised  stiffhess  can  be  determined  at  point  "b"  and  used  to  determine 
the  corresponding  flexibility  (line  0-b),  followed  by  the  evaluation 
of  Wc.  and  the  flexibility  0-d.  This  returns  the  process  to  point 
"a11  and  the  displacement  Wo.  •  Subsequent  iterations  will  therefore 
continuously  follow  the  path  a-b-c-d  without  convergence.  From  a 
physical  behavior  standpoint,  the  mi dplane  force  components  for  Wo*are 
so  large  that  the  stiffness  is  overestimated.  Ibis  leads  to  smaller 
displacements  and  an  underestimation  of  the  stiffness. 

Alternate  iterative  solution  approaches  include  the  following* 
First,  Equation  Uc  can  be  rearranged  to  read 
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LKtr]  {w]  -  £Pa]  -  [N-w]  {wj  (l»e) 

then,  by  inversion  of  the  linear  stiffness  matrix,  E.Ke.-rIl 

{w  }  =  [K[r]'' j{P.}  -  [N^w]  {w}]  (W 

To  effect  a  solution,  £w  ^  is  initially  assumed  zero  on  the 
right-hand  side.  The  first  approximation  to  is  therefore 

i  pi  .  This  then  is  used  in  an  evaluation 

of  J~  >  M(1)  together  with  £/sl  >  is  employed  on  the 

right-hand  side  to  obtain  an  improved  on  the  left-hand  side,  and 

so  forth  until  convergence. 

This  technique  can  be  improved  upon  to  yield  more  rapid 
convergence.  For  simplicity,  let  £.N^.w^he  designated  as 

LAJ  •  Also,  let  {Wo}  =  O^tX' 

Then,  Equation  Uf  becomes:  CO- 

{«}  *  {w.]  -  M  [w]  M 

Further,  let  the  left-hand  side  value  of  determined  in  a  "first 

pass"  be  designated  as  £w  1;  *  Th*13 

£w}°  -  -  [Aj  (to) 

The "second  pass"  can  then  be  written  as: 

(w„J  -  LA]{w]<0  (l*i) 

Substitution  of  hh  into  Ui  yields: 

[p  ^  -  m]  {w°}  +•  M 1  {w}  (Uj) 

Equation  Uj  is  a  formula  that  can  now  be  applied  in  the  same  manner 
as  Equation  Iif,  It  is  clear  that  any  number  of  additional  formulas, 
involving  higher  powers  of  could  be  derived  by  continued 

application  of  the  above  technique. 


III.  EXPERIMENTAL  DETERMINATIONS 


To  assure  the  integrity  of  a  heated  structure  design 
against  dynamic  failure  it  would  be  necessary  to  perform  a  wind 
tunnel  test,  subjecting  the  design  to  a  close  approximation  of  the 
anticipated  history  of  applied  loadings  and  tenqperatures.  This 
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necessity  arises  in  consequence  of  the  complexity  of  the  phenomena 
occurring  as  a  result  of  the  elevated  temperature  conditions.  By  the 
same  token  it  is  extremely  difficulty  if  not  impossible,  to  obtain  from 
such  tests  information  that  would  lead  to  a  clarification  of  the 
fundamental  mechanisms  affecting  deformational  response.  The  latter 
objective  can  be  achieved  through  tests  for  deflection  influence 
coefficients,  which  provide  a  direct  experimental  comparison  with  the 
output  of  the  type  of  analyses  described  in  previous  paragraphs. 

The  technology  of  deflection  influence  coefficient  testing  is 
not  well  documented,  due,  possibly,  to  the  fact  that  the  need  to 
define  the  deformational  characteristics  of  a  wing  in  this  form  has 
existed  only  since  the  advent  of  the  low  aspect  ratio  wing.  Many 
difficulties  enter  into  the  problem  when  elevated  temperature 
conditions  are  imposed.  It  proves  difficult  to  simulate  the  true 
support  conditions  realistically.  Temperatures  and  displacements  must 
be  simultaneously  measured  at  each  point  while  both  the  loads  and 
tenperatures  are  applied,  and  the  instrumentation  must  be  protected 
from  the  effects  of  the  latter. 

A  scheme  to  surmount  these  difficulties  wa3  developed  three 
years  ago  at  Bell  Aerosystems  Company.  Detailed  descriptions  of  the 
associated  apparatus  and  techniques  have  been  published  elsewhere 
(8)  (12),  and  for  this  reason  only  a  brief  review  of  the  work  is 
given  here. 

The  basic  concept  is  to  3imply  support  the  model  to  be  tested 
in  a  fixture,  and  surround  it  with  the  proper  heating  apparatus.  By 
orientation  of  the  heating  devices  and  control  of  their  input  it  is 
possible  to  impose  and  maintain  temperature  profiles  that  approximate 
conditions  at  a  particular  time  in  a  flight  plan.  Temperature 
differences  between  internal  members  and  the  skins  can  be  simulated 
by  coolant  passages  incorporated  in  the  internal  members. 

To  apply  load,  cables  are  attached  to  the  reference  points 
on  the  underside  of  the  wing,  and  to  measure  deflections  variable 
permeance  extensometers  can  be  employed,  if  they  are  remote  from  the 
heated  area  and  otherwise  protected  from  the  temperature  effects. 

The  displacement  travel  is  transmitted  from  the  heated  area  by 
joining  the  reference  points  to  the  extensometers,  with  long,  small 
diameter  quartz  rods  when  the  extensometers  are  placed  above  the 
model. 


The  use  of  a  simple-support  system,  in  the  form  of  throe 
"point"  supports  satisfies  two  objectives.  First,  a  properly 
designed  point  support  will  eliminate  constraints  that  would  lead  to 
localized,  severe  thermal  stresses,  and  will  circumvent  large  heat 
sinks  at  the  support.  Secondly,  deflection  influence  coefficients 
obtained  from  a  model  supported  in  this  fashion  can  be  adapted  to 
other  types  of  support  conditions.  The  necessary  analytical 
procedures  are  given  in  Reference  13. 
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This  test  scheme  was  first  used  in  the  experimental 
determination  of  deflection  influence  coefficients  for  two  stainless 
steel  multiweb  wings.  The  models  possessed  a  number  of  geometric 
similarities,  the  differences  being  primarily  confined  to  the  planfonw. 
One  model  was  of  rectangular  planform  (Figure  6).  The  other  model  was 
swept  U5>°  (Figure  7)  •  Due  to  the  condition  of  a  three-point  support, 
each  wing  had  a  carry- through  segment  12"  long.  Tests  were  performed 
at  room  temperature,  at  uniform  elevated  temperatures,  and  in  the 
presence  of  a  number  of  nonuniform  temperature  distributions*  Figure 
8  illustrates  the  nonuniform  temperature  distributions  on  a  typical 
chordwise  cross-section  of  the  rectangular  planform  wing  (temperatures 
were  constant  in  the  spanwise  direction).  Similar  temperature  pro¬ 
files  were  imposed  on  the  swept  wing. 

Recently,  a  fuselage  model,  fabricated  of  stainless  steel, 
was  subjected  to  a  similar  series  of  tests.  The  model  is  illustrated 
in  Figure  9.  It  is  shown  attached  vo  the  rectangular  planform  wing 
described  above,  since  combined  wing-fuselage  tests  were  performed. 

The  fuselage  was  supported  at  its  four  corner  points  and  loaded 
symmetrically  about  the  longitudinal  axis  at  the  indicated  points.  All 
loads  were  applied  normal  to  the  surface  of  the  structure. 

Tests  were  scheduled  for  tenperature  profiles  consistent 
with  both  the  heat  transfer  characteristics  of  the  fuselage  structure 
and  the  severity  of  the  conditions  imposed  on  the  counterpart  wing 
structures.  Gradients  along  the  longitudinal  axis,  at  an  average 
temperature  of  500°F.  were  maintained  by  the  orientation  and  voltage 
regulation  of  radiant  heat  lamps.  Radial  temperature  gradients, 
represented  by  the  differences  between  the  ring  and  adjacent  skin 
temperatures,  were  established  using  coolant  tubes  attached  to  the 
ring  surfaces. 

In  the  sequence  of  planned  tests,  influence  coefficients  for 
the  fuselage  alone  were  determined  for  unheated,  uniform  elevated 
temperature,  and  nonuniform  elevated  temperature  conditions.  Then, 
corresponding  tests  were  performed  for  the  combined  wing-fuselage 
arrangement.  Temperature  profiles  for  the  wing  were  in  conformity 
with  those  imposed  on  the  wing  alone  in  previous  tests. 


IV.  TEST- THEORY  COMPARISONS 


a.  Cantilevered  Plate 

The  assessment  of  procedures  for  predicting  elevated 
temperature  effects  on  wing  deforma ti onal  behavior  is  at  present 
severely  limited  by  a  lack  of  test  data  useful  for  comparison 
purposes.  One  set  of  available  data  is  that  given  in  Reference  9  for 
a  cantilevered  plate.  Other  test  information  was  recorded  for  the  two 
multiweb  wings  discussed  in  the  preceding  section.  Both  series  of 
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testa  excluded  curvature-producing  depthwise  temperature  gradients 
and  none  of  the  structures  are  believed  to  have  experienced  signifi¬ 
cant  inelastic  effects  during  testing. 

The  cantilevered  plate,  composed  of  aluminum  alloy,  is 
illustrated  in  Figure  10.  Also  shown  is  the  network  of  points 
employed  in  analyses  based  on  the  approach  shown  in  the  Appendix. 

The  initial  displacements  of  the  plate  and  the  measured  chordwise 
temperature  profiles  for  three  times  in  the  heating  cycle,  as  re¬ 
ported  in  References  9  and  10,  are  given  in  Figures  11  and  12. 
Temperatures  were  constant  in  the  span  wise  direction.  Figures  11  and 
12  also  show  the  analytical  idealizations  of  the  initial  displacements 
and  the  temperature  distributions. 

In  the  tests  of  interest  to  the  present  paper,  concentrated 
loads  of  20  lb.  each  were  applied  to  the  tip  corner  points  to  fonn 
twisting  action.  All  condi tions-geone trie,  temperature,  and  load- 
were  therefore  either  symmetric  or  antisymmetric  about  the  50^  chord 
line,  making  possible  an  analysis  of  half  the  plate.  The  gridwork 
of  points  employed  in  the  analyses  to  be  discussed  is  shown  in 
Figure  10. 


Since  only  the  measured  tip  twist  angles  were  reported,  the 
analytical  results,  which  are  obtained  in  terms  of  the  displacements 
of  the  reference  points,  have  been  transformed  into  tip  chord  twist 
angles  by  dividing  the  comer  point  displacement  by  the  half-chord 
length.  The  analytical  and  test  results,  in  the  form  of  the  tip 
chord  twist  angle  versus  elapsed  time  of  the  heating  sequence,  is 
shown  in  Figure  13.  The  representation  is  based  entirely  on  results 
for  the  unheated  condition  (time  zero)  and  the  three  times  in  the 
heating  cycle  indicated  on  Figure  12. 

Two  approaches  to  solution  had  to  be  attenuated  before  the 
results  were  obtained.  The  first,  the  conventional  iteration 
technique,  encountered  numerous  difficulties.  For  one,  it  was  not 
possible  to  advance  the  analysis  for  the  16.5  seconds  case  beyond  the 
first  iterative  cycle  due  to  the  fact  that  the  linear  portion  of  the 
out-of-plane  stiffness  matrix,  +•  NjU  ,  represented  a 

buckling  condition.  In  addition,  both  other  heated  conditions  (10 
and  30.5  seconds)  experienced  oscillatory  convergence  characteristics. 
The  solution  technique  represented  by  Equation  Uj  was  therefore 
resorted  to.  This  proved  successful  for  each  condition,  requiring 
less  than  10  iterative  cycles  for  convergence  to  the  values  plotted 
in  Figure  13. 

The  test  and  theoretical  results  are  in  reasonable  agreement, 
considering  the  crudity  of  the  representation.  A  variational  solution, 
employing  a  functional  representation  of  all  varying  quantities,  was 
presented  in  Reference  10.  The  results  were  in  closer  agreement  with 
test  than  those  given  here.  This  is  to  be  expected  in  view  of  the 
simplicity  of  actual  conditions,  each  of  which  could  be  closely 
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approximated  by  a  continuous  function.  It  is  to  be  noted)  however, 
that  the  major  advantages  of  the  present  approach  lie  in  the  ability 
tc  deal  with  built-up  wings  of  irregular  planforra  and  thickness  taper. 

b.  Multiweb  Wings 

Extensive  results  were  obtained  from  the  elevated  temper¬ 
ature  deflection  influence  coefficient  tests  of  the  multiweb  wings 
shown  in  Figures  6  and  7.  The  results  were  reported  in  Reference  8, 
where  assessments  of  the  significance  of  thermal  effects  on  the  basis 
of  comparisons  of  the  elevated  temperature  results  with  the  room 
temperature  tests  were  effected.  Recently,  analyses  were  performed 
using  the  flexural  element-torsicn  box  representation  and  are  to  be 
published  in  the  near  future  (Reference  lu).  The  following  paragraphs 
summarize  results  obtained  for  the  rectangular  planform  wing.  Results 
obtained  for  the  swept  wing  lead  to  conclusions  similar  to  those 
given  below. 

The  comparison  of  influence  coefficients  on  a  number  to 
number  basis  often  proves  unsatisfactory,  due  to  localized  phenomena 
which  will  have  an  uncertain  effect  on  the  overall  behavior  under 
distributed  load  or  in  the  presence  of  dynamic  response.  This 
problem  was  heightened  in  the  subject  series  of  tests  by  difficulties 
in  testing  in  an  elevated  temperature  environment  and  by  the  small 
differences  in  stiffness  between  the  various  test  sets  of  influence 
coefficients.  These  differences  were  often  on  the  order  of  a  reason¬ 
able  experimental  error.  For  these  reasons,  "flexibility"  parameters 
which  incorporate  all  significant  values  in  each  test,  have  been 
resorted  to.  It  is  on  the  basis  of  these  parameters  that  the  follow¬ 
ing  comparisons  are  effected. 

A  comparison  of  test  results  for  the  rectangular  planform 
wing  model  will  provide  a  fuller  explanation  of  the  "flexibility" 
parameter  chosen  and  its  application.  A3  shown  in  Figure  8,  the  two 
most  severe  temperature  conditions  imposed  on  this  model  occurred 
during  tests  IVa  and  Va.  In  Case  Va,  a  300°F.  chordwise  gradient 
and  a  550°F.  average  temperature  condition  prevailed.  The  recorded 
influence  coefficients  exceeded  those  measured  during  a  room  temper¬ 
ature  test  by  about  1C$.  Material  property  evaluations  of  the  model 
material,  indicated  that  the  reduction  in  elastic  modulus  value 
between  room  temperature  and  55Q°F.  would  be  9%.  The  other  1%  could 
not  clearly  be  defined  at  each  point  in  the  presence  of  a  reasonable 
experimental  error.  This  is  made  more  evident  when  a  comparison  is 
made  between  material  property  data  determinations  and  deflection 
measurements  for  the  model  in  a  uniformly  heated  condition.  Results 
presented  in  Reference  8  show  that  this  difference  may  be  as  much  as 
2%  for  a  550°F.  uniform  temperature  condition. 

In  Case  IVa,  a  similar  chordwise  gradient  (300°F.  from  lead¬ 
ing  to  trailing  edge)  and  a  lower  average  temperature  (310°F.)  were 
imposed  on  the  model.  The  measured  influence  coefficients  exceeded 
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those  measured  at  room  temperature  by  about  9%  as  compared  with  an 
elastic  modulus  reduction  for  this  average  temperature  condition  of 
hjt%.  This  was  the  largest  difference  between  the  apparent  elastic 
modulus  effect  and  the  total  measured  change  in  a  thermal  environ¬ 
ment,  for  tests  performed  on  this  model. 

To  average  out  the  experimental  error  and  to  compress  the 
available  data  for  comparison  purposes,  all  influence  coefficients 
for  points  1  through  10  were  added  together  to  yield  a  "flexibility" 
parameter.  This  group  of  points  1  through  10,  were  the  outboard 
points  on  the  wing,  and  thus  were  the  points  for  which  deflection 
measurements  were  of  significant  magnitude. 

The  test  and  theory  "flexibility"  parameters  are  listed  in 
Table  I.  A  comparison  between  these  values  is  given  in  Table  II, 
where  there  is  shown  the  percentage  change  in  these  parameters  from 
the  corresponding  room  temperature  parameter.  Each  temperature 
condition  is  represented  by  parameter  changes  due  to  both  the  thermal 
stress  and  elastic  modulus  effects  ("total  change"),  the  modulus 
effect  alone,  and  the  thermal  stress  effects  alone  ("other  effects"). 
The  latter  value  was  obtained  as  the  difference  between  the  first  two 
values. 


Coirparing  the  analytical  and  test  changes,  it  is  apparent 
that  although  there  is  a  good  correlation  with  regard  to  the  effect 
of  modulus  change,  the  correlation  is  poor  for  thermal  effects.  In 
each  case,  small  or  negligible  thermal  stress  effects  are  predicted 
by  the  analytical  method. 

To  further  emphasize  these  comparisons.  Table  III  has  been 
constructed.  This  table  presents  the  ratios  between  the  analytical 
and  test  changes.  For  modulus  effects  it  is  seen  that  the  analytical 
predictions  were  in  the  range  of  89  to  116%  of  changes  indicated  by 
material  property  tests.  In  only  one  case  (Case  la)  is  the  analytical 
prediction  of  thermal  stress  effects  in  excess  of  21%  of  the  value 
indicated  by  test  data. 

The  existence  of  experimental  errors  would  be  a  possible 
cause  for  these  discrepancies.  It  is  unlikely  that  this  factor  is 
significant  in  the  present  case,  due  to  the  extensive  averaging  of 
recorded  data  entering  into  the  test  flexibility  parameter.  It  is 
reasonable  to  question  if  the  results  truly  represent  the  theory 
upon  which  they  are  based.  Evidence  that  they  do  is  given  by 
similar  analyses  performed  elsewhere  and  reported  in  Reference  15. 

One  deformational  behavior  mechanism  not  represented  by  the 
basic  theory  employed  is  the  local  instability  effect  on  the  skin 
panels.  These  panels  may  "bow  out"  and  bend  under  direct  loads, 
resulting  in  reduced  stiffness.  The  correlation  of  surface  strain 
gage  measurements  with  a  beam  theory  thermal  stress  solution 
(Reference  8)  demonstrated  that  this  mechanism  was  insignificant  in 
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the  presence  of  thermal  stresses  alone.  It  is  possible  that  the 
addition  of  applied  loading  did  introduce  such  effects  to  a  modest 
extent,  and  this  may  account  for  a  portion  of  the  test-theory  dis¬ 
crepancy. 


In  summary  of  the  above  results  and  comparisons, it  has  been 
found  that  small  changes  in  general  flexibility  were  experienced  by 
the  actual  wing  model  in  consequence  of  temperature  effects  other 
than  elastic  modulus  deterioration.  Discrepancies  between  the  stiff¬ 
ness  changes  predicted  by  theory  and  measured  during  tests  are  likely 
due  to  the  following  sources  of  error: 

(a)  Experimental  error 

(b)  Numerical  errors  in  the  analyses  (round-off  errors) 

(c)  Phenomena  not  accounted  for  by  the  theory 
(e.g.,  the  bowing  out  of  skin  panels) 


V.  SUMMARY 


The  present  paper  has  discussed  how  the  newer  approaches  to 
the  deformational  response  analysis  of  built-up  low  aspect  ratio 
lifting  surfaces  can  be  extended  to  account  for  the  effects  of  aero¬ 
dynamic  heating.  Each  phenomena  introduced  by,  or  intensified  by, 
heating  conditions  can  be  incorporated  in  the  basic  formulation  of 
these  approaches  as  either  loadings  or  additional  stiffnesses.  Such 
concepts  provide  a  physical  insight  into  these  effects  and  should 
assist  in  forming  an  estimate  of  their  importance  prior  to  under¬ 
taking  the  massive  sequence  of  operations  required  in  an  application 
to  a  practical  stinacture.  It  has  also  been  indicated  that  many 
unique  difficulties  are  to  be  expected  when  attempting  to  effect  a 
solution  to  a  nonlinear  formulation  of  the  problem.  Negligible 
experience  has  been  thus  far  recorded  in  the  analysis  of  discrete 
element  systems  for  nonlinear  behavior.  Although  the  original 
studies  of  heating  effects  on  stiffness  could  be  severe  enough  to 
warrant  the  inclusion  of  nonlinear  midplane  stress  system  effects, 
the  structures  involved  were  simplified  and  relatively  solid. 
Practical  structures  that  have  recently  been  designed,  which  required 
the  application  of  complex  structure  analysis  techniques,  have  been 
built-up  and  have  therefore  not  sustained  significant  stiffness 
losses  due  to  heating.  The  design  of  vehicles  for  higher  performance 
continues,  however,  and  it  is  to  be  expected  that  the  problem  will 
have  to  be  dealt  with  in  future  practical  analyses. 
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C.  AXIAL  FORCE  MEMBE 


FIGURE  I 


TYPICAL  IDEALI 
SYSTEMS 
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DEFLECTED  STATE (FOR  PURPOSES  OF 


FIGURE  2.  AXIAL  FORCE  MEMBER 


FIGURE  3.  BEAM  BETWEEN  WALLS 
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FIGURE  5.  OSCILLATORY  CONVERGENCE  BEHAVIOR 
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TEMPERATURE,  °F 


DISTANCE  FROM  LEADING  EDGE,  IN. 


FIGURE  8.  SKIN  CHORDWISE  TEMPERATURE 
PROFILES  -  FIRST  HEATED  WING  MODEL 
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TEMPERATURE, °F 


TEMPERATURE,  °F 


TEMPERATURE, °F 


MEASURED  TEMPERATURES  (FROM  REF  9) 
ANALYTICAL  IDEALIZATION 


FIGURE  12.  TEMPERATURE  IDEALIZATIONS- 
CANTILEVER  PLATE 
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TIME,  SECONDS 

FIGURE  13.  RESULTS -HEATED  CANTILEVER  PLATE 
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TABLE  I 

FLEXIBILITY  PARAMETERS 
(Values  Tabulated  Below  are  in  Inches) 


Model  I 

Room 

Temp. 

Case 

la 

Case 

Ha 

Case 

IVa 

Case 

Va 

Test 

3.668 

3.810 

3.869 

i*.006 

i*.063 

Analysis  -  Mod. 
Effects  Only 

3.67  6 

3.779 

3.71*3 

3.850 

Hi 

Analysis 

Total  Effects 

3.676 

3.781* 

3.769 

3.81(9 

TABLE  II 

PERCENTAGE  changes  in  FLEXIBILITY  PARAMETERS 
DUE  TO  TEMPERATURE  CONDITIONS 


Percentage  Changes  From  Room  Temperature  Parameter 


Test 

Theory 

Total 

Change 

fed. 

Effects 

Other 

Eff. 

Total 

Change 

Mod. 

Effects 

Other 

Eff. 

Case  I 

3.88 

2. a 

0.1*7 

2.91* 

2.79 

.15 

Case  Ila 

5.1t7 

HUES 

| 

2.53 

.70 

Case  IVa 

9.23 

HI 

1*.  73 

'  1 

Case  Va 

10.78 

1  9 

9.88 

m 

TABLE  III 

COMPARISON  OF  TEST  AMD  THEORY  FLEXIBILITY 
PARAMETER  CHANGES  DUE  TO  TEMPERATURE 
RATIO  OF  ANALYTICAL  AND  TEST  PARAMETER  CHANGES 
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APPENDIX 

e 


Let  it  be  assumed  for  the  conditions  discussed  that  the  wing 
is  planar,  loaded  normal  to  the  plane,  and  experiences  a  temperature 
variation  chordwise,  spanvise,  and  throughout  the  depth.  Restricting 
the  analysis  to  the  pair  of  skins  or  to  an  equi valent  plate  that 
accounts  for  the  stiffness  of  internal  members,  the  approach  considers 
the  structure  to  be  representable  by  axial  stress  carrying  and  shear 
carrying  segments.  Direct  stress  carrying  segments  exist  in  both  the 
x  and  y  directions  (see  Figure  lh),  lying  between  successive  reference 
points.  The  geometric  and  material  properties  are  assumed  constant 
within  each  element. 

Based  on  the  actual  temperature  distribution,  certain 
equivalent  temperature  characteristics  must  be  defined.  For  the 
intervals,  the  average  temperatures  (  Tx  and  Ty)  must  be  evaluated. 
Other  equivalent  temperature  characteristics,  the  thermal  curvatures 
(  Ax  and  Ay  )>  are  defined  at  the  reference  points.  A  thermal 
curvature  is  that  due  to  a  depthwise  temperature  gradient  alone,  and 
is  calculated  as  follows 


A 


Jr  AT 


(A-l) 


The  coordinate  T  is  measured  normal  to  the  wing  midplane  and  t  is 
the  thickness  of  an  equivalent  solid  plate. 

Because  it  is  characteristic  of  plate  analysis  to  consider 
distinct  in-plane  and  out-of -plane  behaviors,  it  is  possible  to 
formulate  one  group  of  relationships  between  midplane  forces  and  dis¬ 
placements,  and  another  group  between  the  loads  and  displacements 
normal  to  the  plane.  Consider  first,  the  behavior  normal  to  the 
plane.  The  vertical  shears,  Q*  and  Qy,  are  taken  as  constant  in  each 
axial  stress  element.  The  axial  element  forces,  Nx  and  Ny,  and  shear 
element  forces,  Nyy,  are  each  constant  within  the  respective  elements. 
The  net  upward  value  of  the  shears  at  point  0,  expressed  in  terms  of 
reference  point  deflections,  forms  a  contribution  to  the  equilibrium 
of  the  applied  load  PZq .  (Under  distributed  load  conditions, 

Pio  -  ,  where  is  the  average  intensity  of  distributed 

load  on  the  area  subtended  by  point  0). 
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The  net  upward  force  is 

JL  (Q*  o- 1  ”  -  A.  (Qv.-, "  Qvo-i) 


where,  for  example 


n  cl  ( a'w 

dvl 


A  A  +  V  A  y) 


(A-2) 


and,  in  terms  of  finite  difference  approximations  to  the  differentials 


Q 


-5w, 


-  w2  -  Ws-W^  +  Wi- 


(A-3) 


+  Wy 


•) 


+ 


*0i-V 


The  plate  flexural  rigidity  (  D  =  E-t  /lZ.(j-}jz  )  can  be  taken 
as  the  value  at  point  0,  or  consistent  with  the  wing  average  temperature. 
This  parameter  actually  varies  from  point  to  point  and  inclusion  in  this 
form  would  appear  in  a  more  exact  development.  Its  effects  should  be 
insignificant,  however. 

The  midplane  forces  also  contribute  to  the  equilibration  of 
PiD  .  As  indicated  by  Figure  liyb,  the  differences  in  value  and 
inclination  between  Ny^-^and  |Sy0_^_result  in  a  net  upward  component 


Nv0.x(w°-^)-  Nvo-^K'W o") 

Similarly  (Figure  lUa) ,  the  Ny  forces  contribute  a  net  upward  force  of 

N  *0-3  (W  o  '  Wa)  -  Nxo-i  (w‘  -  Vn/o') 
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and  the  shear  forces  have  an  upward  component 


°-'5\XN*V3_  *  N*yc  -  NxVp- NxYd)vs/ o  -  Nx^sNs 

^  ^  XYcW7  4-NxYdW,] 


Thus,  the  complete  expression  for  i3 


~  NYo-x^X0.3  +  N 


Y  O 


d  XVa.  ^  Nxyc  Nx Yt,  Nxvc 

2.  7.  7-  ~  -2. 


)Wo  "0e +Nxo/)w’ 


(  X"  ^  N  Y0_z)w^  (-^7  ^  NV3)w3 ' 0F  + 


<A-W 


+  0re  -t  ^  -t-  Nxyb)w6  +  Q^-N*ye)w7 

■+  (~£*  ^NxyJ)vs/g  +  jA (vj7  +  w,o+w„  t  Wn/j 

h  D  |(A  *  i  +  Ay*.  +  A  x3  +  Ay^)  '  2-0  t  l/)(Ax0  +  Xy  o') 

+  V  (Ay,  +  Ax*  +Ay3  + 
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A  similar  equation  can  be  written  for  each  loaded  point.  A 
full  set  of  equations  for  the  conplete  structure  is,  in  matrix  form. 


[kJ  +[n]  [wj  +  [a 


1 

•J 


(A-5) 


Here,  £.h^Jis  the  familiar  plate  flexure  stiffness  matrix,  T  N3 
represents  terms  dependent  on  /V*>  N y  ,  and/Vxy,  and  is 

the  column  of  values  due  to  the  thermal  curvatures.  Equation  A-5  is 
identical  to  Equation  (U)  of  the  text. 


Three  mechanisms  can  contribute  to  the  development  of  mid¬ 
plane  stresses:  (1)  Externally  applied  midplane  forces,  (2)  nonlinear 
chordwise  and  spanwise  temperature  gradients,  and  (3)  the  midplane 
strains  arising  in  consequence  of  the  deflections  of  such  a  nondevelop- 
able  surface.  As  discussed  in  Paragraph  2c,  if  this  last  effect  is 
significant  enough  to  merit  attention,  the  problem  is  nonlinear. 

The  disregard  of  explicit  compatibility  conditions  for 
regions  between  reference  points  and  their  satisfaction  at  the  refer¬ 
ence  characterizes  the  approach  to  the  solution  for  midplane  behavior. 
For  an  arbitrary  plate  element,  the  usual  3tress-strain,  strain-dis¬ 
placement,  and  equilibrium  relationships  yield 


N: 


E  t 


3  UL 


0-u')  | 

E  t  [ 

f  3 

i-(i-v')  [ 

\  AkJ 

_  El t 

rav 

V 

ay 


_  Et  o<T 


(A-6) 


E-tdCT 


(A— 7) 
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Nxy  - 


_  at. 


ra 


a  ~o  da- 
7JPv)  [ay 


+ 


Ay 

c>A 


aw  a  w  I 

a7  ^TJ 


(A-8) 


where  the  first  derivatives  in  w  represent  the  effects  of  large  de¬ 
flections  on  the  stretching  of  the  middle  surface  of  the  wing.  Next, 
consider  equilibrium  at  point  0  with  respect  to  an  applied  load 
.  In  equation  form,  one  can  write  (see  Figure  lit). 


-  X(N x  0.3' Nx0-()+ ^(fVxyb-+  N*yc-  Nxy^- H xy^  (A-9) 


Equations  (A-6)  and  (A-8)  are  then  substituted  in  Equation  (A-9)  and, 
after  applying  finite  difference  approximations,  the  result  is 

_  (u^-t  u.t+  u-j-hUg)  - 

(A-10) 

•+  (t^,  -  t*  0.3)  -  w0y~  (w«  -  w3yj 


+  -y  +  Wfe-Wz  -VVo)(w,  +  Wo  -Wi  -W4) 


-+  (wo  +  Wu-W7  -Yv^^o+Wa-VW-wi)  -  (w,dWff-W»-W4) 
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(yJ^.  -f-  'W^'-Wo-  Wi)  —  ^Wo  +W4 -  W3 -Ws')(w S-f  W4  -  Wo  -W3) 


V 

31  J£ 


^W4"t  Wy  -  Wi  -Wi^  —  fvV++Wj  "  VVt.  -  V/7^ 


A  similar  equation  can  be  written  for  equilibrium  with 
respect  to  applied  loads  P-y  and  for  all  points  in  the  x  and  y 
directions.  The  complete  set  of  equations,  when  assembled,  will  be 
of  the  form 


[r*>  {a>v}  +  {T*>T? 


3 


+ 


ffkw. 


(A-ll) 


'X.  5  P  ^ *^Xy 

The  thermal  and  large  deflection  "loadings",  T*-  ^  ~7~y  /  and 
£  ,  Pa  v^y  ,  Pa sM^y  J  ,  result  from  correspond¬ 

ing  terms  in  Equations  (A-6)  through  (A-8).  Solving  Equation  (A-ll) 
yields 

-If 


{u->v3=[Km]  [p.,Fy}  -{r.^Ty J 


(A-12) 


-  P 


AW^  y  P  A-Vs/  ^  y  P AVJ.^ 


ie  ^  CL  ,  vj  displacements  can  then  be  used  in  Equations  (A-6 ) 
irough  (A-8)  to  effect  solutions  for  /Vx^/Vy  ^  <5t  /Vxy  • 


Techniques  for  solving  the  entire  problem  (i.e.,  both 
Equations  (A-5)  and  (A-ll),  in  combination),  are  discussed  in 
Paragraph  II. f  of  this  paper. 
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AN  APPROACH  TO  THE  1HERMAL 
STIFFNESS  PROBLEM 


L.  J.  Topp,  D.  L.  Grande,  R.  R.  June,  and  C.  D.  Newsom 
Boeing  Airplane  Company 
Wichita,  Kansas 


A  method  is  developed  for  calculating  stiffness  influence 
coefficients  of  plate  and  stringer  type  structures  with  arbitrary 
boundary  conditions,  loads,  and  steady-state  temperature  distribu¬ 
tions.  Plate-type  elements  are  approximated  by  a  lattice  network 
of  axially  loaded  members.  Increasing  the  fineness  of  the  lattice 
network  improves  the  accuracy  of  results.  The  method  is  well 
suited  for  use  with  automatic  digital  computing  equipment. 

The  method  is  illustrated  by  application  to  a  simple  truss 
and  a  rectangular  flat  plate. 


SYMBOLS 


A 

c 

CL. 

Cp 

E 

Es 

F 

DO 

Po] 

Q 

S 

T 

T. 

t 

u,v 

V 

oC 


p 

cross-sectional  area,  in.  3 

specific  heat  capacity,  in. -lb/in.  -deg  F  ^ 

specific  heat  capacity  at  constant  length,  in. -lb/in. ''-deg  F 

specific  heat  capacity  at  constant  pressure,  in. -lb/in.  -deg  F 

modulus  of  elasticity,  Ib/in.  2 

isentropic  modulus  of  elasticity,  Ib/in. 

isothermal  modulus  of  elasticity,  Ib/in. 

force,  lb 

matrix  of  thermomechanical  stiffness  influence  coefficients 

matrix  of  isothermal  stiffness  influence  coefficients 

heat  flow,  in. -lb 

entropy,  in.-lb/deg  F 

absolute  temperature,  deg  R 

reference  temperature,  deg  R 

plate  thickness,  in. 

displacement  in  x  and  y  directions,  respectively 
volume ,  in. ^ 

linear  coefficient  of  thermal  expansion,  in. /in. -deg  F 
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&  =  displacement,  in. 

©  =  temperature  increment  above  a  reference  temperature,  deg  F 
A,>x.  =  direction  cosines 
i)  —  Poisson's  ratio 


(1)  INTRODUCTION 

High-speed  flight  presents  to  the  structural  dynamicist 
many  real  and  practical  problems  that  were  only  of  academic  interest 
a  few  years  ago.  Among  these  is  the  problem  of  determining  the 
effects  of  elevated  temperature  on  the  elastic  behavior  of  aircraft 
structures.  Such  knowledge  is  necessary  for  vibration  and  flutter 
analyses,  static  and  dynamic  load  calculations,  and  analyses  of 
stability  and  control. 

This  paper  presents  a  method  for  determining  the  stiffness 
of  complex  structures  subjected  to  elevated  temperatures  as  well  as 
conventional  loads.  The  method  utilizes  simple  input  data  to  develop 
simultaneous  equations  in  matrix  form  that  are  easily  solved  with 
automatic  digital  computing  equipment. 

The  method  of  direct  stiffness  calculation  as  presented  by 
Turner,  et  al.  £l]  has  proved  very  useful  in  isothermal  analysis  of 
complex  elastic  structures.  The  direct  stiffness  method  satisfies 
the  basic  conditions  of  continuity  and  equilibrium  at  selected  node 
points  on  the  structure.  This  type  of  analysis  neglects  the  small 
reciprocal  coupling  between  temperature  and  deformation.  Classical 
thermodynamics,  however,  shows  that  under  certain  conditions  a 
change  of  tempera ture  produces  a  deformation  and,  in  turn,  a  deforma¬ 
tion  produces  a  change  in  temperature . 

A  more  rigorous  formulation  of  the  direct  stiffness  rela¬ 
tions  would  include  the  reciprocal  coupling  of  deformations  and 
temperatures.  This  coupling,  which  is  usually  quite  small  for 
structural  applications,  becomes  a  valuable  tool  for  use  in  the 
analysis  of  thermally  affected  structures.  Consideration  of  this 
coupling  in  the  analysis  of  temperature  induced  stresses  has  been  pre¬ 
sented  by  Biot  £2]. 

The  thermomechanical  stiffness  relation  for  a  heated  elastic 
system  is  obtained  by  introducing  the  concept  of  entropy  "displace¬ 
ment".  The  entropy  displacement  is  defined  such  that  the  temperature 
at  a  point  in  the  system  may  be  considered  the  conjugate  "force",  i.e. 
the  scalar  product  of  entropy  displacement  and  temperature  force 
represents  energy  the  same  way  that  the  scalar  product  of  displacement 
and  force  represents  energy.  Because  of  the  reciprocal  coupling  re¬ 
lations,  a  temperature  applied  at  some  point  on  the  elastic  system 
produces  a  mechanical  displacement  at  some  other  point  on  the  system. 
For  this  case  temperature  is  analogous  to  force  and  the  mechanical 
displacement  is  its  conjugate.  An  entropy  displacement  can  also  occur 
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if  a  mechanical  force  is  applied  such  that  the  deformation  is  iso¬ 
thermal.  In  this  case  the  entropy  is  the  displacement  while  the 
force  is  its  conjugate. 

The  thermcmechanical  stiffness  matrix  is  defined  in  the 
same  way  as  the  isothermal  stiffness  matrix.  That  is,  the  force 
coefficients  for  all  points  are  determined  by  imposing  a  unit  dis¬ 
placement  at  a  particular  point  while  requiring  zero  displacements 
at  all  other  points.  Therefore,  the  thermomechanical  stiffness 
matrix  has  the  form 


_  _  _ Kji _ |  _ a. _  _ 

_©J-[k2i  j 


where 

F~  is  the  column  matrix  of  mechanical  forces; 

Q  is  the  temperature  column  matrix; 

S  is  the  mechanical  displacement  column 
matrix; 

S  is  the  entropy  displacement  column  matrix. 

It  is  apparent  from  the  form  of  the  thermomechanical 
stiffness  matrix  that  the  K;q  and  K21  submatrice3  must  be  determined 
for  the  isentropic  case.  The  elements  of  K}2  and  %22  roust  be  deter¬ 
mined  for  the  case  where  all  mechanical  displacements  are  equal  to 
zero.  A  necessary  condition  for  the  conservation  of  energy  is  that 
the  matrix  be  symmetrical.  In  obtaining  these  relations  reference 
will  be  made  to  the  work  of  Parke s  \_3~\y  particularly  in  connection 
with  the  uniaxial  stress  system. 

It  has  been  common  practice  to  use  truss-type  structures  to 
evaluate  new  methods  since  trusses  lend  themselves  to  simple  and  quick 
solutions.  It  is  possible  to  use  trusses  to  approximate  plate  ele¬ 
ments  through  the  use  of  the  lattice  analogy.  This  paper  combines  the 
truss  analogy  and  the  thermomechanical  relations  for  the  analysis  of 
heated,  built  up  structures.  The  thermomechanical  stiffness  relations 
for  uniaxial  members  are  developed  in  the  following  section.  Sections 
(3)  and  (4)  show  the  application  of  this  method  to  a  simple  truss  and 
a  heated  plate. 
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(2)  DEVELOPMENT  OF  THE  THERMOMECHANICAL  STIFFNESS  MATRIX 

The  direct  stiffness  method,  as  given  by  Turner  1  , 
has  force  deflection  relations  of  the  form 

M  =  H  {*} 


is  a  column  matrix  of  external  forces; 

is  the  matrix  of  stiffness  influence  coefficients; 

is  a  column  matrix  of  displacements. 


The  following  discussion  expands  this  method  to  include 
the  effects  of  structural  heating.  Material  properties  are  assumed 
to  be  independent  of  temperature;  the  method  is,  however,  readily 
adaptable  to  the  case  of  temperature  dependent  properties. 

The  submatrices  K-i ,  K1?>  ,  and  in  Eq.  (l)  are  de¬ 

fined  as  follows; 

Kn  is  the  coupling  between  force  and  dis¬ 
placement  at  constant  entropy; 

K12  is  the  uupling  between  force  and  entropy 
at  cons  .  nt  length; 

K21  is  the  coupling  between  temperature  and 
displacement  at  constant  entropy; 

K22  is  the  coupling  between  temperature  and 
entropy  at  constant  length. 

The  coupling  between  force  and  displacement  at  constant 
entropy  is  given  by 


K„  = 


(2) 


Parke s  [3]  has  derived  an 


expression  for  the  isentropic  modulus  of 
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elasticity  in  terms  of  the  isothermal  modulus.  The  relation  is 


Et  qc2-  T 

<=■  p 


(3) 


Submatrix  K^2>  the  coupling  between  force  and  entropy 
at  constant  length,  is  derived  as  follows.  If  a  temperature  incre¬ 
ment  ©  above  a  reference  temperature  Tr  is  applied  uniformly  and 
slowly  to  an  incremental  volume  Adx,  the  second  law  of  thermodynamics 
can  be  written  as 
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derives  such  a  specific  heat  capacity,  in  terms  of  the  constant 
pressure  heat  capacity,  for  a  uniaxial  stress  system.  The  relation 
between  cl  and  Cp  is  the  same  as  between  E«p  and  Es,  or 

c  u  _ 
c  P 

Eq.  (6)  is  thus 

F  = 

and 


K.z. 

The  submatrix  represents  the  temperature  change  due 
to  isentropic  deformation.  This  relation  is  obtained  by  using  the 
Maxwell  relation 

*4“  Mp  <8> 

Eq.  (8)  is  obtained  from  the  definition  of  enthalpy  and  the  theorem 
of  the  exact  differential.  For  the  stringer,  deformation  at  con¬ 
stant  pressure  is  assumed  to  occur  along  the  longitudinal  axis  of 
the  stringer  with  the  cross-sectional  area  remaining  constant.  This 
assumption  is  the  same  as  that  made  in  obtaining  the  force-deforma¬ 
tion  relation  and  hence  the  force-entropy  relation.  With  this  as¬ 
sumption  the  volume  at  constant  pressure  is 

VP  —  A  L  [j+o£©^] 

The  relation  between  entropy  and  temperatusa^ Eq.  (4),  is  used  to 
express  the  volume  at  constant  pressure  in  terms  of  the  entropy,  or 


I  - 


Et  T- 


Et  qc  TV  Cj 
L  c . 


£  ErcX.Tr- 
L-c  . 


(7) 
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Performing  the  operation  indicated  on  the  right  hand  side  of 
Eq.  (8)  gives 


/ 3  _  oi  "TV 

(9) 

v=>  s  yp  c  P 

By  specifying  an  isentropic  process  and  by  making  use  of  Eq.  (9), 
Eq.  (8)  may  be  rearranged  and  put  in  integral  form  to  give 


r.  d  p 

C  p 


(10) 


Treating  d  and  c^  as  being  independent  of  the  pressure  (stress) 
and  by  using  the  relation  for  uniaxial  stress,  P  =  F/A,  Eq.  (10) 
yields 


T-  Tr  =  &  =.  (11) 

c  P  H 

For  an  isentropic  deformation  the  force-deformation  relation  is 
given  by 


F  _  Mi  S 

Using  this  relation  for  F  in  Eq.  (11)  gives  the  desired  expression 
for  temperature  due  to  isentropic  deformation 


Therefore 


Since 


e  =  £^3,  s 

Lc  p 


(12) 


4 


f£s£<Tr\ 

\  LCP  ) 


(13) 


Et  -  cu  =  (  _  E-r  q<3T 
E  a  c  P  <=.  P 
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then 


Et 
e  u 


(14) 


and  from  Eqs.  (7),  (13),  and  (14)  it  is  obvious  that  the  thermo- 
mechanical  matrix  in  Eq.  (l)  is  symmetrical.  This  is  a  necessary 
condition  for  energy  to  be  conserved  during  any  loading  and  unload¬ 
ing  sequence. 

The  sutmatrices  Kn,  Ki2>  and  K21  are  determined  from 
Eqs.  (2),  (7),  and  (13).  Submatrix  K22  may  be  determined  from  Eq.  (4) 
by  specifying  a  zero  deformation  process  (constant  length).  Eq.  (1) 
then  has  the  form 


The  individual  elements  of  the  submatrices  in  Eq.  (15)  are 
determined  by  the  geometry  and  boundary  conditions  of  the  system.  A 
simple  example  is  presented  to  illustrate  the  method. 

Consider  the  stringer  of  length  L  and  cross-sectional  area 
A  shown  in  Fig.  1 . 


'J.v- 


x ,  a 


Fig.  1.  Stringer. 

Assume  that  the  stringer  is  fixed  at  the  origin  and  is  axially  loaded 
in  the  x-direction.  The  sign  conventions  used  ares 

1.  A  positive  force  is  one  that  causes  a  positive  displace¬ 
ment  in  the  coordinate  system  shown. 


616 


Topp,  Grande,  June,  and  Newsom 


2..  A  positive  temperature  difference,  i.e.  an  applied 
temperature  that  is  above  a  reference  temperature, 
causes  a  positive  entropy  displacement.  It  should  be 
noted  that  the  applied  temperature  and  the  associated 
entropy  displacement  are  scalars. 

The  thermomechanical  stiffness  relation  for  the  system  of  Fig.  1  is 


*  ' 

M*. 

L- 

& 

-  AES 
u 

o 
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— 

Boundary  conditions  are  imposed  by  striking  out  rows  and  columns 
corresponding  to  zero  displacements.  Thus, 


■\ 

■  ■ 

— | 

r  \ 

AE,  _ 

Et  «x  Tr- 

LA., 

L_ 

l_C  !_ 

r 

JGk*tT- 

Tr 

Lcp 

flLe,_ 

“A 

V  J 

N.  ^ 

(17) 


Solving  Ea.  (17)  for  displacements  gives 


a  ,  = 

RE*  / 

P"*,  +  E-r°<  A 

(18) 

L  \ 

c  p  / 
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The  substitution  of  Eq.  (3)  in  Eq.  (18)  gives 


a.  = 


AEt 


(F- 


+  Et  <*  A  ©, 


(19) 


For  the  isothermal  case  with  an  applied  load,  Eq.  (19)  yields 


-  -wrr 


which  is  in  agreement  with  simple  theory.  For  the  case  of  an  applied 
temperature  and  no  external  load,  Eq.  (19)  yields 


u. ,  —  o<  U  & 

which  is  also  in  agreement  with  simple  theory. 

The  ratios  E^/Eg  and  c^/cp  for  a  typical  aluminum  alloy  at 
room  temperature  are  about  0.996.  While  the  difference  from  unity  is 
negligible  for  most  computational  purposes,  and  indeed,  available 
material  property  values  may  not  be  of  this  accuracy,  the  concept  of 
the  thermomechanical  stiffness  relation  requires  cognisance  of  the 
distinction.  The  ratios  decrease  with  increasing  temperature,  how¬ 
ever,  and  may  be  significantly  less  than  unity  at  elevated  tempera¬ 
ture  s . 


(3)  APPLICATION  OF  THE  THERMOMECHANICAL  STIFFNESS  MATRIX 
TO  A  SIMPLE  TRUSS 

The  truss  shown  in  Fig.  2  is  analyzed  to  illustrate  the 
method  of  treatment  of  structures  of  more  than  one  member.  The 
method  used  in  forming  the  matrix  of  stiffness  influence  coefficients 
is  similar  to  that  described  in  Reference  CO¬ 


COS  /3X 
COS  /3y 


i/JZ 
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The  stiffness  relations  for  members  1-2  and  1-3  of  Fig.  2  are  found 
in  a  manner  similar  to  that  used  to  obtain  Eq.  (16).  The  relation  for 
the  diagonal  member  2-3  is  obtained  from 


{:}-[»  Thm  {i} 

where  is  of  the  form  of  Eq.  (16)  and 


*  ~*1 
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The  result  for  the  diagonal  member  i3 
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The  thermomecbanical  stiffness  relation  for  the  truss  is  obtained 
by  adding  corresponding  elements  of  individual  members.  The  result¬ 
ing  9x9  matrix  is  the  complete  thermomechanical  stiffness  matrix 
and  it  is  necessary  to  apply  the  appropriate  boundary  conditions  to 
this  matrix  for  static  equilibrium.  This  is  accomplished  by  elimi¬ 
nating  the  rows  and  columns  corresponding  to  the  truss  support  of 

u  |  -  '\r,  =u.3=ir3  =  o 


s 
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With  these  boundary  conditions  imposed,  the  resulting  matrix  is 
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L.  2J*. 

-fi£a-U  i  0 

1_  2^  ° 

EV«*Xr 

i 

2. 

>- 

-E’s<><TV 

o  !  TV 

—  —  — 

— 

C 

LcP 

|  0Vcu 

o 

F*«c"Tr  { 

L*--P  * 

Ef 5«cTV  \  i  c> 

Lci>  a  | 

TV  1 

ALcu 

** 

For  a  uniform  increment  of  temperature 


©iz  =  =  © 

and 

~  Fldz  =  ° 

Eq.  (21)  gives 

a  a  l.  © 

ana 

=  -  o<  i_  & 

which  are  in  agreement  with  simple  theory.  If  an  external  force  but 
no  temperature  increment  i3  applied  to  the  truss,  then 

“*■  =  *  p*) 
and  ' 


which  are  also  in  agreement  with  simple  theory. 
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(4)  STIFFNESS  ANALYSIS  OF  A  FLAT  PLATE 

The  analyses  in  the  previous  sections  were  concerned  with 
uniaxial  stress  systems  in  that  structural  members  were  assumed  to 
carry  loads  and  deform  only  along  their  longitudinal-  axes.  A  similar 
concept  was  employed  in  the  lattice  approximation  of  a  plate  developed 
by  Topp  [4].  The  lattice  approximation  is  applied  to  the  stiffness 
analysis  of  a  plate  with  mechanical  loading,  a  plate  with  temperature 
gradient,  and  a  plate  with  temperature  gradient  and  mechanical  loading 

A  flat  plate  in  plane  stress  is  replaced  by  the  pin  jointed 
lattice  shown  in  Fig.  3.  The  areas  of  the  rods  sure  determined  such 
that  the  basic  equations  of  elasticity  are  satisified  by  the  lattice 
approximation  to  give  the  same  deflections  at  the  corners. 

The  required  areas  of  these  rods  are  developed  in 
Reference  £  4]  and  are 

A,  -  t  (  ba  -  azZ»  (22a) 

Jb  (1  -  2/^) 


(22b) 


b  (l  -  J*1) 


(22c) 


where  b  >  c»  < 

Poisson's  ratio  is  restricted  to  1/3  in  Eqs.  (2?). 


Fig.  3.  Lattice  Approximation  to  a  Rectangular  Plate. 
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(a)  Stiffness  Analysis  of  a  Plate  with  Mechanical  Loading 

The  plate  shown  in  Fig.  4  was  replaced  by  the  lattice 
network  shown  in  Fig.  5.  Only  node  points  1,  3,  7,  and  9  in  Fig.  5 
were  considered  in  the  4-node  method.  The  deflections  due  to  uniform 
loading  along  one  edge  are  tabulated  in  Table  1. 


Fig.  4.  Clamped  Rectangular 
Plate  Subjected  to 
Uniform  Tensile  Loading. 


Fig.  5.  Nodes  and  Supports 
for  Clamped  Rec¬ 
tangular  Plate. 


TABLE- 1 


Method 

U1 

u2 

Relaxation 

2.70 

2.61 

Simple  Theory 

2.72 

2.72 

Ref.  1-4  Node 

2.60 

Ref.  1-9  Node 

2.69 

2.58 

Lattice-  4  Node 

2.64 

Lattice-  9  Node 

2.69 

2.60 

Displacements  x  10^  (in.) 


u4 

u5 

V1 

V4 

1.39 

1.25 

-0.686 

-0.562 

1.36 

1.36 

-0.635 

-0.740 

1.36 

1.20 

-0.680 

-0.913 

-0.568 

1.34 

1.23 

-0.684 

-0.606 

1.  Figs.  4  and  5  and  Methods  1  through  4  in  Table  1  were  taken  from 
Reference  CO  .  Methods  5  and  6  were  taken  from  Reference  w. 
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(b)  Stiffness  Analysis  of  --a  Plate  with  Temperature  Gradients 

The  in-plane  displacements  of  the  plate  shown  in  Fig.  6 
having  the  steady  state  temperature  distribution  of  Fig.  7  were 
determined. 


Fig.  6.  Rectangular  Plate.  Fig.  7.  Temperature  Distri¬ 

bution  in  Rectang¬ 
ular  Plate. 

As  a  first  approximation,  the  plate  was  replaced  by  the  network  shown 
in  Fig.  8. 


Fig.  8. 


Four  Node  Approximation 
to  a  Rectangular  Plate. 
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Eq.  (15)  can  be  written,  for  the  lattice  of  Fig.  8,  as 


where  SLj  is  the  average  temperature  difference  between  member  (  Lj ) 
and  the  reference  temperature. 


The  inversion  of  the  large  matrix  of  Eq.  (23)  can  be  avoided,  however, 
if  only  mechanical  displacements  are  of  interest.  Eliminating  the 
entropy  from  Eq.  (15)  and  solving  for  displacements  gives 


The  elements  of  the  submatrices  Kqi,  K]_2,  K21,  K22  in  Eq.  (24) 
require  use  of  the  parameters  indicated  in  Eq.  (15).  A  considerable 
saving  of  computation  time  can  be  realized  by  the  following. 

Let  J^K11  J  =  J^KllJ  “  |^K12 J  QK2lJ 

By  matrix  manipulation  and  the  use  of  Eq.  (3),  it  can  be 

shown  that 
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Then  Eq.  (24)  becomes 


r  ' 
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(25) 


The  cross-sectional  areas  of  the  individual  members  were  calculated 
by  use  of  Eqs.  (22).  An  apparent  specific  heat  capacity  was  deter¬ 
mined  for  each  of  the  three  types  of  members  such  that  the  product 
of  volume  and  specific  heat  capacity  was  the  same  for  all  members. 
The  lattice  was  then  made  "thermally  equivalent"  to  the  plate.  This 
was  accomplished  by  equating  the  total  heat  content  of  the  lattice 
to  that  of  the  plate.  Submatriy  [[K22]]  is  thus  reduced  to  a  scalar 
multiplied  by  a  unit  matrix.  The  submatrices  for  the  conditions 
shown  in  Figs.  6,  7,  and  8  are 


106x 


2.19375 

0.48750 

0 

0 


0.48750  0 

0.97500  0 

0  2.19375 

0  0.48750 


0 

0 

0.48750 

0.97500 


(26) 


k21  =  k12 


-70.7304  0 

0  0 

0  -13.8386 
0  0 

0  0 

-39.9780  -59.9670 


0  0 

-70.7304  0 

0  0 

0  -13.8386 

-39.9780  -59.9670 
0  0 


(27) 


0.24835 


0 

0 

0 

0 

0 


0  0 
1  0 
0  1 
0  0 
0  0 
0  0 


0  0 
0  0 
0  0 
1  0 
0  1 
0  0 
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The  submatrices  of  Eqs.  (26)  through  (30)  were  substituted  in  Eq.  (25) 
and  the  indicated  operations  performed.  The  results  are  tabulated  in 
Table  2. 

The  plate  was  then  replaced  by  a  9-node  and  a  25-node 

lattice . 


Fig.  9.  Node  Numbering  for 

Lattice  Approximation. 
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The  results  of  a  relaxation  solution  and  4»  9,  and  25-node 
lattice  approximations  are  tabulated  in  Table  2.  The  nodes  are 
numbered  as  shown  in  Fig.  9* 


TABLE  2 


2 

Displacements  x  10 

(in.) 

Relaxation 

4-Node 

9-Node 

25-Node 

u2 

1.59 

1.60 

1.59 

u3 

2.48 

2.47 

2.49 

2.49 

v4 

2.12 

2.07 

2.12 

u5 

1.58 

1.57 

1.56 

v5 

1.94 

1.96 

1.97 

”6 

2.54 

2.49 

2.49 

v6 

1.68 

1.81 

1.76 

v? 

4.47 

4.35 

4.46 

4.50 

u8 

2.11 

1.80 

1.92 

v8 

3.83 

3.90 

3.90 

Ug 

3.23 

2.68 

2.83 

3.00 

V9 

2.94 

3.38 

3.19 

3.07 

(c)  Stiffness  Analysis  of  a  Heated  Plate  with  Mechanical  Loading 

A  uniform  stress, <r*  ,  of  5000  psi  was  assumed  at  the  right- 
hand  edge  of  the  plate  shown  in  Fig.  6.  The  temperature  distribution 
was  that  shown  in  Fig.  7.  Results  were  obtained  from  relaxation  and 
lattice  approximations  of  4,  9,  and  25  nodes.  The  results  are  tabu¬ 
lated  in  Table  3,  where  the  nodes  are  numbered  as  shown  in  Fig.  9. 


TABLE  3 


Displace!.’ 

ents  x  10^ 

(in.) 

Relaxation 

4-Node 

9-Node 

25-Node 

u2 

1.85 

1.89 

1.88 

u3 

3.06 

3.05 

3.07 

3.07 

V/ 

1.98 

1.93 

1.97 

Uc 

1.87 

1.86 

1.85 

Vr 

1.80 

1.82 

1.82 

3.12 

3.07 

3.07 

v6 

1.54 

1.67 

1.62 

v7 

4.18 

4.06 

4.17 

4.22 

u8 

2.40 

2.09 

2.20 

v8 

3.54 

3.61 

3.61 

U,-, 

3.81 

3.26 

3.40 

3.55 

v9 

9 

2.64 

3.09 

2.91 

2.78 
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(5)  CONCLUDING  REMARKS 

The  proposed  thermomechanical  stiffness  matrix  extends  the 
direct  stiffness  method  of  Turner  to  cover  the  case  of  heated 
structural  elements.  This  extension  is  accomplished  with  a  modest 
increase  in  complexity.  The  method  can  handle  complex  structure  with 
steady  state  temperature  distributions  while  retaining  the  inherent 
simplicity  of  the  direct  stiffness  method  and  its  ease  of  applying 
boundary  conditions. 

Examination  of  Tables  1  through  3  shows  that  the  displace¬ 
ments  calculated  with  the  proposed  method  converge  satisfactorily  as 
the  lattice  network  becomes  finer.  A  relaxation  solution  is  given 
for  comparison.  Although  the  relaxation  solution  solves  the  exact 
equations  of  the  plate,  it  too  is  an  approximation  since  the  equations 
are  satisfied  only  at  pre-selected  points.  The  comparison  of  the 
25-node  lattice  with  the  relaxation  solution  is  in  all  cases  good. 

The  proposed  method  can  be  easily  extended  to  the  analysis 
of  complex  built  up  structure  using  tie  basic  structural  elements 
presented  herein.  The  built  up  structure  is  replaced  by  an  elasti¬ 
cally  and  thermally  equivalent  structure  made  uo  of  uniaxial  members 
pin-jointed  at  the  nodes.  Thus  a  three  dimensional  thermomechanical 
stiffness  relation  can  be  obtained  for  the  entire  structure  and  dis¬ 
placements  determined  as  shown  in  the  previous  sections. 
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ACOUSTIC  FATIGUE  TESTS  RELATING  TO  THE  DESIGN  OF 

STRUCTURES  FOR  ELEVATED  TEMPERATURES 

Philip  M.  Edge,  Jr. 

Langley  Research  Center 
Langley  Field,  Va. 


INTRODUCTION 


The  supersonic  transport  and  some  types  of  reentry  vehicles 
will  have  acoustic  fatigue  problems  for  which  combined  acoustic,  air¬ 
flow,  and  elevated  temperature  environments  may  be  significant.  On 
the  one  hand,  the  supersonic  transport  will  be  required  to  operate  for 
long  periods  of  time  at  elevated  temperature  and  relatively  high 
dynamic  pressures.  The  reentry  vehicle,  on  the  other  hand,  must  with¬ 
stand  the  combined  acoustic,  airflow,  and  elevated  temperature  envi¬ 
ronments  during  exit  flight  without  failure  in  order  to  be  able  to 
subsequently  perform  its  reentry  mission.  At  the  Langley  Research 
Center,  several  acoustic  fatigue  studies  relating  to  such  high-speed 
vehicles  have  recently  been  made.  These  studies  have  included  some 
effects  of  intense  noise  on  structures  under  conditions  of  elevated 
temperature  and  have  involved  some  unique  applications  of  existing 
research  facilities.  The  purpose  of  this  paper  is  to  describe  some  of 
these  studies  along  with  the  testing  techniques  employed  and  to  sum¬ 
marize  some  of  the  results  obtained. 


NATURE  OF  THE  ACOUSTIC  FATIGUE  PROBLEM  FOR  HIGH-SPEED  FLIGHT 


The  nature  of  the  acoustic  fatigue  problem  is  illustrated 
schematically  in  figure  1.  The  response  of  the  structure  is  noted  to 
be  a  function  of  the  acoustic,  temperature,  and  airflow  environments 
and  the  type  of  structure. 

Much  of  the  experience  and  know-how  for  minimizing  noise- 
induced  structural  fatigue  has  been  accumulated  to  date  from  jet  air¬ 
craft  operations  (refs.  1  and  2).  This  experience  relates  largely  to 
the  engine  noise  which  is  random  in  nature  and  is  most  intense  for 
short  periods  of  high-power  operation,  such  as  during  ground  testing 
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and  take-offs.  There  is  thus  a  question  about  the  application  of  the 
present  experience  to  conditions  where  elevated  temperature  is 
believed  to  be  significant  and  where  airflow  and  the  use  of  new  mate¬ 
rials  and  fabrication  methods  may  be  complicating  factors. 

For  conventional  aircraft  the  airflow  environment  is  the 
primary  factor  in  determining  the  overall  aircraft  configuration  and 
the  design  of  its  structure.  For  certain  critical  regions,  however, 
the  acoustic  environment  may  '  e  the  dominant  factor  in  determining  the 
detail  structural  design.  For  vehicles  where  elevated  temperature  is 
an  important  design  consideration,  newmaterials,configurations,  and 
fabrication  methods  are  required.  Structures  designed  primarily  to 
withstand  the  high-temperature  environment,  however,  may  not  be  ade¬ 
quate  to  withstand  the  airflow  and  acoustic  environments.  Thus,  for 
vehicles  operating  at  elevated  temperature,  all  of  the  factors  of 
figure  1  are  believed  to  be  significant  and  are  noted  to  be  inter¬ 
related.  Of  particular  significance  is  the  fact  that  all  environments 
of  figure  1  may  simultaneously  influence  the  response  of  the  structure. 

In  the  past  for  acoustic  fatigue  studies,  it  has  been  suf¬ 
ficient  to  simulate  only  the  acoustic  input.  It  follows  that  for  some 
future  designs,  the  simulation  of  combined  environments  may  be  a 
requirement.  To  date,  only  limited  experience  is  available  in  com¬ 
bined  environmental  testing  of  this  type.  The  remainder  of  this  paper 
will  deal  with  acoustic  fatigue  studies  of  structures  designed  for 
elevated  temperature  conditions,  and  of  particular  interest  are  some 
preliminary  studies  in  combined  environments. 


THE  SCOPE  OF  THE  PRESENT  STUDIES 


The  scope  of  the  studies  and  the  order  in  which  each  will  be 
discussed  are  indicated  in  figure  2.  Illustrated  schematically  in  the 
left  column  are  the  configurations  and  at  the  right  are  the  conditions 
indicated  by  means  of  check  marks  under  which  each  was  investigated. 

A  Project  Mercury  capsule,  complete  with  escape  tower,  was  tested  in 
an  intense  noise  environment  only.  There  were  two  rather  unusual 
aspects  of  this  study.  A  unique  application  was  made  of  the  noise 
field  of  a  large  wind  tunnel  to  accomplish  this  full-scale  test,  and 
the  main  onboard  systems  were  operational  to  the  extent  that  an 
astronaut  was  on  board  and  participated.  Project  Mercury  full-scale 
heat  shield  shingles  were  investigated  in  intense  noise  only,  in  com¬ 
bined  noise  and  elevated  temperature  environments,  and  in  combined 
noise  and  airflow  environments.  Corrugation  stiffened  panels  of  the 
type  illustrated  and  which  are  of  interest  for  application  to  boost- 
glide  vehicles  were  investigated  in  noise  only  and  a  combined  noise 
and  elevated  temperature  environment.  Of  particular  interest  is  a 
light  gage  truss-core  sandwich  panel  which  was  investigated  over  a 
range  of  combined  noise  and  elevated  temperature  environments. 

Studies  of  the  first  three  configurations  shown  in  figure  2  were 
exploratory  in  nature  and  were  related  to  hardware  development.  In 
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the  study  of  the  truss-core  sandwich,  effort  was  directed  toward  a 
systematic  study  of  the  effects  of  combined  elevated  temperature  and 
noise  environments. 


EXPLORATORY  ACOUSTIC  TESTS  OF  STRUCTURES  FOR  ELEVATED 
TEMPERATURE  APPLICATION 


Full-Scale  Project  Mercury  Capsule 

Environmental  studies  of  the  structure  and  the  onboard 
systems  were  made  for  a  full-scale  Project  Mercury  capsule  in  intense 
noise  only.  These  studies  made  unique  application  of  the  noise  field 
of  the  Langley  9-  by  6-Foot  Thermal  Structures  Blowdown  Wind  Tunnel 
(refs.  5  and  4).  Illustrated  schematically  in  figure  3  is  a  plan  view 
of  the  area  near  the  diffuser  exit  and  the  contour  lines  of  overall 
noise  level.  Although  testing  is  limited  to  runs  of  approximately 
30  seconds  duration  and  to  ambient  temperatures,  there  is  the  capa¬ 
bility  for  testing  large  specimens.  As  a  matter  of  information,  the 
spectra  were  noted  to  vary  markedly  at  various  locations  along  any 
given  contour  line.  The  two  test  locations  indicated  in  figure  3  were 
chosen  to  simulate  (l)  the  Atlas  rocket  booster  engine  spectrum,  and 
(2)  the  aerodynamic  boundary-layer  noise  spectrum,  respectively. 

Tests  were  made  with  the  capsule  in  both  manned  and  unmanned 
conditions,  and  the  noise  measured  during  the  run  was  found  to  be 
closely  representative  of  that  predicted  for  Project  Mercury  flight 
conditions  (ref.  5)-  Structural  behavior,  the  operation  of  onboard 
systems,  and  voice  communications  between  the  astronaut  and  the  ground 
station  were  monitored  throughout  the  tests.  Monitoring  during  the 
tests  and  subsequent  inspections  of  the  equipment  indicated  no  adverse 
effects.  From  a  structural  standpoint,  the  heat  shield  shingles  of 
the  capsule  were  among  the  primary  items  of  concern  in  this  test. 

The  ability  of  the  shingles  to  successfully  withstand  this  noise 
exposure  is  in  general  agreement  with  the  results  of  more  extensive 
random  noise  tests  of  the  individual  shingle  components. 


Project  Mercury  Capsule  Type  Heat  Shield 

From  the  standpoint  of  acoustic  fatigue,  more  testing  expe¬ 
rience  has  been  obtained  on  Mercury  capsule  type  heat  shields  in  com¬ 
ponent  testing  rather  than  in  complete  capsule  testing.  For  this  type 
of  study  and  other  intense  noise  tests  of  structures  up  to  several 
square  feet  in  size,  the  noise  environment  around  the  exhaust  of  a 
12-inch-diameter  air  jet  is  used  at  the  Langley  Research  Center 
(ref.  6). 
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Some  of  the  noise  spectra  obtainable  are  presented  in  fig¬ 
ure  4  along  with  schematic  illustrations  of  two  model  test  arrange¬ 
ments  for  elevated  temperature  studies.  Overall  noise  levels  of  above 
160  db  are  obtainable  at  the  model  for  the  arrangement  shown  in  the 
upper  right-hand  sketch.  It  is  noted  that  quartz  tube  heat  lamps  are 
located  below  the  model  in  such  a  manner  that  the  model  receives  the 
heat  from  below.  Where  it  is  desirable  to  simulate  the  condition 
wherein  the  heat  and  the  noise  are  received  from  the  same  direction, 
the  test  arrangement  shown  in  the  lower  sketch  has  been  used.  Since 
for  this  arrangement  the  model  is  farther  from  the  noise  source,  noise 
levels  obtainable  at  the  model  are  limited  to  about  155  db. 

The  noise  levels  and  frequency  spectra  can  be  varied  some¬ 
what  by  varying  /jet  exit  velocity  or  by  shifting  position  of  the  model 
relative  to  the  exhaust  jet.  By  moving  the  model  into  the  exhaust 
stream,  effects  of  partial  or  total  aerodynamic  flow  attachment  can 
be  combined  with  intense  noise.  An  air  jet  facility  now  under  con¬ 
struction  will  have  the  capability  for  combined  random  noise  and 
heated  airflow  testing  at  temperatures  up  to  3>000°  F. 

By  the  use  of  the  12-inch-diameter  air  jet  facility,  heat 
shield  shingles  of  a  type  designed  for  the  conical  portion  of  the 
Mercury  capsule  were  tested.  Tests  were  made  using  fixtures  of  the 
same  wall  construction  as  the  capsule  itself  and  in  conditions  of 
intense  noise  only,  of  combined  intense  noise  and  elevated  temperatures 
up  to  1,700°  F,  and  of  combined  intense  noise  and  airflow. 

Illustrations  of  the  types  of  failure  that  occurred  on  a 
shingle  during  combined  noise  and  airflow  tests  are  shown  in  the  photo¬ 
graph  of  figure  5*  Shown  is  an  example  of  an  early  design  of  the  skin 
surface  heat  shield  shingle  of  0.010  gage  stainless-steel  construction. 
Two  of  the  main  features  to  note  are  the  stamped-in  beads  running 
perpendicular  to  the  direction  of  airflow  and  the  oversized  holes 
which  allow  for  expansion  due  to  heat.  Also  shown  in  the  photograph 
are  examples  of  three  types  of  failure  encountered.  The  most  obvious 
is  the  long  fatigue  crack  at  the  right-hand  edge  in  the  area  of  the 
termination  of  the  beads.  Cracks  were  noted  to  originate  in  or  near 
the  radius  of  the  bead,  due  probably  to  a  stress  concentration,  and 
then  to  link  up  in  the  manner  shown.  Small  fatigue  cracks  were  also 
noted  to  emanate  from  the  oversized  bolt  holes  as  indicated  in  the  top 
center  of  the  figure.  Another  significant  result  is  the  elongation  of 
the  bolt  holes  such  as  is  indicated  in  the  bottom  of  the  figure. 

These  failures  were  obtained  in  the  combined  intense  noise  and  airflow 
test  which  was  judged  to  be  more  severe  than  the  simpler  acoustic 
tests . 


It  should  be  pointed  out  that  the  production  capsule  incor¬ 
porates  shingles  having  thicker  skin  gage,  longer  beads,  and  somewhat 
different  materials.  Acoustic  fatigue  is  not  believed  to  be  of 
serious  concern  for  the  present  design. 
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Corrugation  Stiffened  Structure 

Acoustic  fatigue  studies  have  been  made  of  a  hot  structure 
designed  for  lifting  reentry  vehicles  (ref.  7)-  The  shin  structure 
tested  consisted  of  a  sandwich  of  0.010  gage  Inconel  X  with  the  con¬ 
struction  details  illustrated  in  figure  6.  The  outer  surface  is  a 
beaded  skin  to  which  is  welded  an  inner  surface  of  corrugated  design. 
Terminating  the  inner  surface  is  a  Z  stiffener  which  is  seam  welded  to 
the  outer  skin  and  spot  welded  at  two  points  on  each  corrugation. 

Acoustic  fatigue  tests  were  conducted  at  high  noise  levels 
for  the  purpose  of  determining  the  weak  points  in  the  above  structural 
design.  It  was  determined  that  initial  failure  occurred  in  the  spot 
welds  attaching  the  inner  skin  to  the  Z  stiffener .  'Skin,  cracks  were  also 
observed  near  the  termination  of  the  panels  in  the  vicinity  of  the 
seam  welds  attaching  the  outer  skin  to  the  Z  stiffener.  A  panel  con¬ 
figuration  incorporating  rivets  instead  of  spot  welds  had  a  time  to 
failure  approximately  twice  as  long  as  that  of  the  spot-welded  panel. 

In  this  latter  test  the  rivets  did  not  fail  and  the  fatigue  cracks  in 
the  outer  skin  again  occurred  in  the  region  of  the  seam  weld  as  indi¬ 
cated  in  figure  6.  There  is  thus  a  suggestion  that  a  local  weakening 
of  the  material  occurs  in  the  region  of  the  welds  for  the  type  and 
gage  material  used  ( 0.010-inch-thick  Inconel  X). 

A  brief  intense  noise  test  has  been  made  of  an  open-faced 
sandwich  panel  of  the  type  shown  in  figure  7  (back  side  view)  and 
which  is  used  as  a  fairing  panel  on  the  X-15  airplane.  The  material 
of  this  structure  was  Inconel  X;  the  outer  skin  being  of  0.020  gage 
and  seam  welded  to  the  inner  beaded  skin  of  0.012  gage.  A  0.016  gage 
hat  section  stiffener  was  installed  down  the  center  of  the  back  side 
as  indicated  in  the  sketch  of  the  figure  to  prevent  the  growth  of 
inner  skin  cracks  which  were  initiated  during  flutter  tests.  The 
purpose  of  the  noise  tests  was  to  determine  if  further  crack  growth 
or  other  damage  would  result  from  exposure  of  the  outer  surface  to 
high  noise  levels.  The  only  damage  resulting  from  these  tests  was 
failure  of  the  rivets  attaching  the  hat  section  stiffener  to  the  inner 
beaded  skin.  As  a  matter  of  interest,  some  typical  rivet  failures 
are  illustrated  by  the  photograph  in  the  lower  part  of  figure  7-  This 
photograph  is  a  closeup  of  a  section  near  the  center  of  the  stiffener 
and  shows  rivets  in  various  stages  of  failure.  First,  the  periphery 
of  the  rivet  head  is  deformed  (see,  for  example,  the  rivet  in  lower 
right-hand  part  of  photograph).  This  peripheral  deformation  progresses 
inward  toward  the  center  of  the  rivet  head  until  complete  failure 
occurs.  The  photograph  shows  an  example  of  progressive  fatigue  fail¬ 
ures  of  rivets  due  to  acoustic  excitation. 
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EFFECTS  OF  ELEVATED  TEMPERATURE  ON  ACOUSTIC  FATIGUE  LIFE 
OF  A  TRUSS-CORE-TYPE  SANDWICH  PANEL 


A  systematic  series  of  acoustic  fatigue  tests  was  run  on 
panels  constructed  from  a  commercially  available  lightweight  truss- 
core-type  sandwich  material.  The  panels  were  of  welded  construction 
of  the  type  illustrated  in  figure  8,  and  were  fabricated  from  type  301 
steel.  The  overall  thickness  is  about  5/32  inches;  the  skin  surfaces 
being  of  0.006  gage  and  the  core  of  0.002  gage.  One  of  the  main  fea¬ 
tures  of  this  type  of  construction  is  the  use  of  rows  of  tiny  spot 
welds  to  attach  the  core  to  the  facing  sheets. 

Also  illustrated  schematically  in  figure  8  are  the  types  of 
failure  observed  during  these  acoustic  fatigue  tests.  It  is  a  general 
result  of  these  tests  that  the  facing  sheet  becomes  separated  from  the 
core  due  to  failure  of  the  welds.  This  results  in  a  region  of  local¬ 
ized  weakness  which  grows  in  extent  as  more  weld  failure  occurs.  As 
these  failures  progress  and  affect  larger  areas  of  the  panel,  loose¬ 
ness  of  the  facing  sheets  may  be  detected.  Eventually  skin  surface 
cracks,  as  illustrated  in  figure  8,  will  occur,  usually  along  the  weld 
lines  and  will  be  followed  by  core  deterioration.  Core  cracks  progress 
along  the  weld  lines  also  as  indicated  in  figure  8,  and  in  the  extreme 
case  small  segments  of  the  core  become  detached.  In  most  cases  the 
first  failures  were  detected  at  the  weld  line  associated  with  the 
overlap  joint  of  the  core. 

Panels  having  overall  dimensions  15  inches  by  15  inches  were 
tested  in  combined  elevated-temperature — intense-noise  environments 
over  a  temperature  range  up  to  750°  F  and  a  noise  level  range  from 
151  db  to  162  db.  The  specimens  were  supported  on  all  four  sides  with 
a  resulting  free  panel  size  of  12  Inches  by  12  inches.  The  panels 
were  restrained  by  clamping  frames  in  such  a  manner  that  thermal 
expansion  could  be  accommodated  without  panel  deformation.  As  a 
matter  of  interest,  the  noise  and  heat  were  applied  as  indicated  in 
the  upper  sketch  of  figure  4. 

The  results  obtained  for  the  panels  of  figure  8  at  a  noise 
level  of  162  db  and  for  a  range  of  temperature  from  about  70°  to  575° 
are  shown  in  the  bar  graph  of  figure  9*  The  length  of  each  bar  indi¬ 
cates  the  total  time  of  the  test  at  each  temperature.  The  test  in 
each  case  was  terminated  at  the  time  of  the  first  perceptible  skin 
surface  crack.  The  intermediate  times  at  which  inspections  were  made 
are  indicated  by  vertical  lines  within  each  bar.  The  shading  at  the 
end  of  the  bar  indicates  the  time  interval  of  each  test  for  which 
local  weaknesses  were  known  to  exist  (thus  indicating  internal 
failures) . 


It  can  be  seen  from  the  data  of  the  figure  that  for  this 
random  noise  environment  of  162  db  the  panel  fatigue  life  varied  from 
approximately  3  hours  at  70°  F  to  only  a  few  minutes  at  575°  F.  It 
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has  been  reported  in  reference  8  that  the  static  shear  strength  of 
this  type  of  panel  is  reduced  only  about  15  percent  due  to  this  order 
of  temperature  increase.  Thus  there  is  a  suggestion  that  the  decrease 
in  fatigue  life  shown  in  figure  9  may  he  due  to  increased  local  stress 
rather  than  changes  in  material  properties  due  to  increased 
temperature . 

The  results  of  combined  elevated  temperature  and  noise 
environment  tests  for  the  above  panels  are  presented  for  a  range  of 
noise  levels  in  figure  10.  The  data  of  figure  9  are  included  and  con¬ 
stitute  the  highest  points  (162  db).  Although  not  enough  data  were 
obtained  to  properly  define  the  curves ,  the  dashed  lines  have  been 
drawn  in  to  indicate  possible  trends  in  the  data.  Short  seg¬ 
ments  of  bar  graph  are  used  to  indicate  the  approximate  times  at  which 
skin  surface  failures  were  observed.  The  open  symbol  at  151  db  is 
meant  to  indicate  that  no  failures  occurred  for  the  duration  of  that 
test  at  750°  F.  It  can  be  seen  that,  at  a  given  temperature,  the  time 
to  failure  is  decreased  markedly  by  an  increase  in  the  noise  level. 

It  is  concluded  that,  for  a  test  of  combined  elevated  temperature  and 
noise  environments  in  the  range  covered  by  the  above  tests,  both  the 
noise  level  and  the  temperature  have  significant  effects. 


CONCLUDING  REMARKS 


In  conclusion,  a  description  has  been  given  of  some  explor¬ 
atory  experimental  studies  dealing  with  acoustic  fatigue  of  some  types 
of  skin  surface  construction  proposed  for  elevated  temperature  applica¬ 
tion.  Results  of  these  studies  indicate  that  elevated  temperature  or 
airflow  environments  combined  with  intense  noise  environments  can 
accelerate  acoustic  fatigue  damage.  It  is  thus  concluded  that  for 
come  future  vehicles  It  is  desirable  to  simulate  combined  environments 
for  structural  testing. 
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Figure  2.-  Scope  of  recent  acoustic  fatigue  studie 
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Figure  }.-  Near- field  overall  sound-pressure-level  contours  for  exhaust 
Jet  of  the  Langley  9-  "oy  b-Foot  Thermal  Structures  Tunnel  showing  two 
locations  for  environmental  tests  of  a  Project  Mercury  capsule. 
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Figure  4.-  Random  noise  spectra  obtainable  during  elevated  temperature 
acoustic  fatigu^  tests  with  the  Langley  air  jet  facility. 
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Figure  Acoustic  fatigue  rivet  failure. 
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I.  INTRODUCTION 

Throughout  the  past  decade,  attention  has  been  increasingly 
focused  on  the  vibration  of  flight  vehicles.  This  increased  atten¬ 
tion,  of  both  industry  and  government,  haB  been  forced  by  an  increas¬ 
ing  number  of  vehicle  failures  end  malfunctions.  There  is  strong 
reason  to  suspect  that  excessive  vibration  may  have  contributed  to 
the  malfunction  of  critical  components. 

These  failures  and  malfunctions  have  resulted  in  costly, 
continuous  maintenance  programs  and  occasionally  in  catastrophic 
accidents.  Further,  they  have  required  extensive  vibration  test 
programs,  with-resulting  retro-fits  to  restore  the  mission  capability 
of  existing  military  flight  vehicles.  In  addition,  during  the  period 
of  test  and  retro-fit,  the  mission  capability  of  the  class  of 
vehicles  is  often  severely  restricted,  reducing  their  effectiveness 
as  military  weapons. 

Significant  advances  have  been  made  in  the  analysis  and 
control  of  vibration.  However,  as  recent  history  amply  demonstrates, 
these  advances  have  lagged  behind  the  creation  of  new  problems,  each 
problem  seemingly  more  formidable  than  the  one  previously  solved. 


*The  material  described  in  this  paper  is  drawn  from  a  much 
larger  study  of  Structural  Vibrations  in  Space  Vehicles  (ref.  1) 
which  has  been  conducted  by  the  Norair  Division  of  Northrop  Corp.  and 
the  Western  Electro-Acoustic  Laboratory,  Inc.,  as  co-contractors. 

The  basic  study  was  sponsored  by  the  United  States  Air  Force, Vibra¬ 
tion  and  Acoustical  Section,  Dynamics  Branch,  Structures  Laboratory, 
Wright  Air  Development  Division,  under  Contract  AF33(6l6)-6486. 
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It  is  reasonable  to  ask  why  this  lag  has  developed;  and  further,  does 
the  recent  history  portend  a  similar  trend  for  the  future?  The 
answer  to  the  "why"  of  the  present  dilemma  can  be  found  in  three 
basic  factors  of  our  current  technological  explosion. 

First,  the  rate  of  advance  in  the  design  and  concept  of 
flight  and  space  vehicles  is  increasing  at  a  rapid  pace.  In  former 
years,  new  aircraft  designs  evolved  from  immediate  predecessors,  as 
witness  the  Douglas  aeries  of  DC  commercial  aircraft.  Although 
catastrophic  failures  often  accompanied  the  introduction  of  a  new 
aircraft  with  a  few  "radical"  design  features,  these  problems  were 
usually  found  during  preliminary  testing  and  either  corrected  or  the 
"radical"  approach  was  discarded.  Today,  a  new  design  often 
represents  a  significant  advance  in  the  "state  of  the  art"  over  a 
broad  front.  Consequently,  few  designs  evolve  from  their  predeces¬ 
sors,  and  the  majority  represent  new  design  solutions  to  new  problems. 
Each  of  these  novel  designs  engenders  many  potential  vibration 
problems,  which  must  be  discovered  during  the  design  process  or 
during  lengthy  vibration  tests,  if  they  are  not  to  be  discovered 
later  during  the  vehicle's  operational  lifetime. 

Second,  each  new  design  represents  a  maximum  effort  to 
minimize  weight  and  maximize  performance.  The  effort  to  maximize 
performance  leads  to  increased  propulsion  with  a  concomitant  increase 
in  vibratory  forcing  functions  of  all  types.  The  effort  to  minimize 
weight  requires  elimination  of  all  unjustifiable  safety  factors. 

Thus,  the  necessity  to  maximize  the  thrust /weight  ratio  makes 
mandatory  the  careful  design  of  each  part. 

The  third,  and  most  important  factor  for  space  vehicles, 
is  the  fantastic  increase  in  the  reliability  requirement  which 
accompanies  the  development  of  the  missile,  both  as  a  weapon  and  as 
a  launching  vehicle  for  space  exploration.  For  example.  Figure  1 
shows  that  to  obtain  10-to-l  odds  for  survival  of  the  complex 
electronics  in  a  space  vehicle  attempting  a  two-year  mission  into 
space,  the  mean  time  to  failure  for  the  total  vehicle  system  must 
be  20  years!  Similarly,  to  obtain  10-to-l  odds  against  occurrence 
of  structural  failure  during  a  launch  into  space  requires  the  mean 
time  to  failure  for  structure  exposed  to  the  launch  environment  to 
be  approximately  22  times  the  duration  of  the  launch  phase. 

Regarding  future  trends ,  it  is  clear  that  the  magnitudes 
of  the  forcing  functions,  which  historically  have  kept  pace  with 
propulsive  power,  will  increase  in  the  next  decade,  particularly 
when  one  considers  the  atomic  hydrogen  rocket  and  hypersonic  flight. 
Also,  the  design  projects  presently  under  way  call  for  significant 
new  advances  in  many  areas  of  vehicle  design.  Thus,  the  course  of 
future  vibration  problems  depends  upon  the  hindsight  and  foresight 
of  both  industry  and  government,  upon  the  success  of  vibration 
research,  and  upon  the  skill  utilized  in  applying  the  tools  of 
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vibration  engineering  to  the  design,  construction  and  test  of  flight 
vehicles . 


In  order  to  assist  in  reversing  the  unfavorable  historical 
trend,  it  is  desirable  to  assess  the  probable  operational  vibration 
environment  of  a  vehicle  during  the  design  stage.  Correct  evaluation 
of  the  probable  environment  at  this  early  date  is  required  to  guide 
both  system  and  mission  concepts  toward  increased  reliability  at 
minimum  penalty(2) • 

The  major  excitation  for  vibration  in  space  vehicles  and 
high  performance  aircraft  generally  results  from  Jet  or  rocket 
noise,  power  plant  vibrations,  boundary  layer  and  other  aerodynamic 
pressure  fluctuations,  which  are  primarily  characterized  by 
continuous  frequency  spectra  and  random  amplitudes.  Hence,  the  task 
of  predicting  vibratory  responses  and  stresses  for  these  vehicles  is 
more  formidable  than  formerly  when  the  exciting  forces  were  primarily 
sinusoidal  in  nature.  Furthermore,  although  structural  fatigue 
usually  results  from  excitation  at  frequencies  below  500  cps,  the 
problem  of  equipment  malfunction  and  electronic  component  fatigue 
extends  the  frequency  range  of  concern  to  at  least  10,000  cpe. 
Therefore,  the  prediction  of  vibration  response  for  advanced  aircraft 
and  space  vehicles  must  include  concern  for  all  frequencies  below 
10.,  000  cps . 


The  vibration  of  any  portion  of  the  vehicle  depends  upon 
the  characteristics  of  the  source,  the  path  between  the  source  and 
the  receiver,  and  the  characteristics  of  the  receiver  itself,  as 
illustrated  in  Figure  2.  At  low  frequencies,  the  response  of  the 
entire  vehicle  to  external  sources  is  maximum  at  the  basic  body 
mode  s ,  and  the  magnitude  of  the  response  depends  primarily  upon  the 
location  relative  to  the  body  mode  shape,  the  magnification  factor 
for  the  mode,  and  the  magnitude  of  the  forcing  function  over  the 
entire  vehicle.  At  higher  frequencies  the  maximum  responses  occur 
at  the  resonances  of  the  various  panels  and  the  magnitude  of  the 
response  depends  on  the  characteristics  of  the  source,  the  panel, 
the  transmission  path  between  panel  and  receiver,  and  the  receiver. 

At  frequencies  above  the  panel  fundamental  resonances,  the  factors 
influencing  response  become  very  complex  and  the  possibility  of 
resonances  along  the  path  becomes  sufficiently  high  as  to  suggest 
that  the  path  be  treated  with  transmission  line  parameters  which, 
in  addition  to  source  and  receiver  characteristics,  determine  the 
vibration  response. 

From  this  brief  discussion,  it  is  clear  that  a  detailed 
step-wise  approach  to  the  prediction  of  vibration  for  any  general 
case  would  be  exceedingly  complex  and  cumbersome.  Further,  it  is 
clear  that  a  practical  analytical  solution  of  the  vibration  charac¬ 
teristics  of  a  mechanical  system  must  lie  in  judicious  simplification 
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of  the  system  to  a  series  of  sub-systems  whose  solutions  are  known. 
It  is  also  clear  that  an  analytical  approach  is  not  feasible  for 
detailed  prediction  at  the  early  design  stages  where  the  structure 
is  not  reasonably  fixed  in  concept.  However,  many  preliminary 
decisions  regarding  equipment  location,  isolation  and  specification, 
and  the  definition  of  potential  structural  fatigue  problem  areas 
must  be  resolved  in  the  early  design  stage. 

In  order  to  attain  the  overall  vehicle  design  reliability 
target,  detailed  vibration  analysis,  together  with  component  and 
sub-assembly  testing,  must  proceed  throughout  the  entire  design 
stage.  When  completed  vehicles  are  available,  they  must  be  tested 
in  their  entirety  to  determine  their  capability  of  withstanding 
their  expected  environments.  However,  it  must  be  noted,  as  seen  in 
Figure  2,  that  vibration  in  a  vehicle  is  subject  to  a  complex  inter¬ 
action  of  many  factors.  Further,  structural  or  electronic  fatigue 
failures  usually  begin  with  the  one  component  in  a  structural  series 
of  components  which  ha3  the  lowest  ratio  of  fatigue  strength  to 
vibration  stress.  Consequently,  each  component  part  of  the  vehicle 
may  be  a  potential  source  of  vibration  failure. 

In  order  to  eliminate  or  minimize  potential  future  vibra¬ 
tion  problems,  it  is  clear  that  the  vibration  specialist  must  be 
able  to  predict  the  characteristics  of  each  vibration  source,  the 
acceptance  of  vibratory  energy  by  the  structure  and  the  responses 
and  stresses  at  various  points  in  the  structure.  Further,  he  must 
be  able  to  relate  the  predicted  responses  to  damage  -  either  fatigue 
failure  or  malfunction.  Then  he  must  be  able  to  design  and  evaluate 
tests  which  demonstrate  that  the  final  article  has  the  target 
probability  for  reliability  for  it3  design  mission.  These  factors 
will  be  briefly  reviewed  in  the  succeeding  sections. 

II.  SOURCES  IF  VIBRATION 


In  order  to  obtain  a  qualitative  orientation  for  some  of 
the  major  forcing  functions,  it  is  helpful  to  consider  an  analysis 
that  was  recently  made  of  the  noise  telemetered  from  a  microphone 
located  in  a  missile  nose  cone  and  recorded  during  flight. 

Figure  3,(3),  illustrates  the  several  phases  of  noise  or 
vibration  environment  which  are  usually  found  in  missile  flight  data. 
The  rocket  noise  at  launch  provides  a  high  level  of  vehicle  response, 
which  decreases  rapidly  as  the  vehicle  leaves  the  pad  and  acceler¬ 
ates.  However,  as  vehicle  velocity  increases,  the  pressure 
fluctuations  in  the  turbulent  boundary  layer  increase  in  magnitude 
and  the  vehicle  response  begins  to  increase.  The  transients  shown 
on  the  graphic  level  recording  represent  a  shock  as  the 
vehicle  passed  through  the  transonic  region,  and  a  second  shock 
when  the  sustainer  engine  was  ignited.  As  can  be  seen,  the  response 
continued  to  increase  until  the  maximum  dynamic  pressure  ($p)  was 
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reached,  at  which  time  in  the  flight  profile  the  boundary  layer 
pressure  fluctuations  are  maximum.  As  the  vehicle  continued  to 
accelerate  into  less  dense  atmosphere,  the  q  decreased,  as  did  the 
response.  However,  when  the  vehicle  descended  into  moire  dense 
atmosphere  in  the  terminal  portion  of  the  flight,  the  vehicle  q  and 
response  both  increased. 

It  is  evident  from  Figure  3  that  the  two  most  severe 
vibration  environments  are  a  result  of  rocket  noise  at  launch,  and 
aerodynamic  phenomena  at  maxi mum  q.  The  relative  severity  of  these 
two  forcing  functions  and  their  responses  in  a  specific  vehicle 
depends  on  many  factors,  including  the  flight  profile  and  the  launch 
configurations. 

It  may  be  fairly  stated  at  the  outset  that  many  of  these 
sources  are  only  now  being  quantitized  with  the  degree  of  precision 
often  desired  by  an  engineer.  This  results  both  from  the  complex 
nature  of  some  of  the  sources  and  the  short  historical  transition 
which  is  occurring  from  subsonic-manned  aircraft  to  supersonic  and 
hypersonic  missiles  ana  space  vehicles.  Fortunately,  the  relative 
importance  of  these  sources  can  be  readily  determined  and  their 
parameters  can  be  roughly  estimated.  Further,  and  perhaps  more 
important,  the  fundamentals  of  the  major  sources  are  becoming  better 
understood. 

Rocket  Noise  and  Vibration 

The  noise  from  the  rocket  engine  is  generated  primarily 
in  the  subsonic  portion  of  the  rocket's  turbulent  exhaust  gas  stream. 
This  noise  is  characterized  by  a  very  broad  frequency  spectrum  of 
random  amplitude  extending  throughout  the  audible  frequency  range. 
Therefore,  because  acoustic  energy  is  available  in  all  frequency 
regions,  resonant  responses  can  be  excited  over  the  entire  skin  of 
the  vehicle,  transferring  acoustic  energy  into  vibratory  energy 
which  is  transmitted  throughout  the  vehicle. 

Fortunately,  little  of  the  available  acoustic  energy  in 
the  rocket  noise  excites  the  vehicle's  low  frequency  fundamental 
resonances  because  the  wavelengths  of  this  low  frequency  noise  are 
generally  much  larger  than  the  diameter  of  the  vehicle.  However, 
at  higher  frequencies  above  approximately  100  cps,  where  the  wave¬ 
length  of  the  sound  becomes  comparable  and  less  than  mini. im na  vehicle 
dimensions,  the  available  external  acoustic  energy  is  more  readily 
accepted  by  the  vehicle,  exciting  resonances  in  external  panels  and 
substructure  and  higher  frequency  resonant  responses  in  electronic 
equipment  and  other  components. 

The  total  acoustic  power  of  free  jets  and  rockets  has 
been  found w  to  correlate  with  a  modified  Lighthill  parameter (4, 5) 
as  shown  in  Figure  4.  The  departure  of  the  data  from  the  mean  line 
at  the  higher  values  of  the  Lighthill  parameter  can  be  viewed  as  a 
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function  of  temperature  as  illustrated  in  Figure  5 •  Since,  for  the 
jet  flows  which  have  been  studied,  both  the  density  (/  )  and  the 
speed  of  sound  in  the  flow  (a*)  are  functions  of  temperature. 

Figure  4  gives  the  net  result  of  both  variables.  Thus,  it  may  be 
expected  that  the  first  approximation  to  the  deviation  of  total 
acoustic  power  from  the  Lighthill  parameter  for  a  jet  whose  density 
at  ambient  temperature  is  much  lighter  than  air,  may  be  evaluated 
from  Figure  5  by  determining  an  equivalent  temperature  of  air  which 
is  required  to  give  the  proper  jet  density. 

The  concept  of  total  acoustic  power  is  useful  in  examining 
the  influence  of  various  rocket  parameters.  However,  it  is  the 
sound  pressures  and  their  spaclal  correlations  over  the  vehicle 
surface  which  are  of  importance  as  vibration  sources.  Those  sound 
pressures  are  a  function  of  both  the  total  power  and  its  distri¬ 
bution  in  space.  In  fact,  although  interaction  of  the  jet  with  a 
surface  usually  decreases  the  total  acoustic  power,  the  noise 
environment  of  the  vehicle  increases.  This  paradox  results  from 
changes  in  the  distance  between  the  vehicle  and  noise-producing 
portion  of  the  flow,  and  changes  in  the  directional  characteristics 
of  the  new  flow  geometry.  A  hypothetical  example  of  the  launch 
noise  exposure  for  two  points  on  a  typical  medium  siaed  vehicle  is 
given  in  Figure  6.  Note  the  large  increase  in  noise  exposure  between 
the  free  jet  at  T  =  2  seconds  and  the  jet  impinging  on  the  ground, 
and  the  even  larger  increase  found  when  the  missile  was  launched 
from  a  silo  which  had  no  acoustical  treatment.  These  increases 
are  particularly  evident  at  the  forward  vehicle  positions  where 
sensitive  equipment  is  often  located. 

This  figure  stresses  the  opportunity  to  reduce  launch 
noise  by  the  design  of  the  launch  configuration.  Fortunately,  the 
design  configuration  can  be  experimentally  investigated  by  dupli¬ 
cating  all  flow  parameters  on  a  small  scale.  Here,  then  is  a 
major  vibration  source  which  can  be  partially  controlled  by  design. 

Direct  .excitation  by  the  rocket  engine  itself  is  also  a 
major  source  of  vibration,  particularly  in  structure  near  the  engine 
mounts.  Total  RMS  accelerations  on  liquid  rocket  engines,  including 
all  frequencies  below  12,000  cps,  are  generally  of  the  order  of  4 
to  10  g  with  peak  amplittxie  during  firing  as  much  as  10  times  the 
RMS  values.  However,  in  soma  cases  total  RMS  accelerations  of  the 
order  of  50  to  500  g  have  been  reported.  Further,  it  appears  that 
random  frequency  thrust  variations  from  rough  burning  may  be 
expected  to  be  less  than  5%  of  the  engine  thrust.  However,  the 
screaming  resulting  from  resonant  burning  in  the  longitudinal  mode 
of  the  chamber  may  result  in  RMS  forces  which  are  as  much  as  25%  of 
engine  thrust.  Other  combustion  instabilities  which  are  capable  of 
producing  significantly  higher  dynamic  forces  are  generally 
eliminated  during  engine  design,  in  order  to  prevent  engine  failure. 
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Unfortunately,  the  majority  of  available  data  cannot  be 
generalized  in  a  form  useful  to  the  designer  because  the  mechanical 
impedances  of  the  test  stand  mounts  are  unknowns  which  obviously 
c^^er  from  those  of  any  practical  vehicle.  One  possible  experimental 
solution  to  this  dilemma  is  the  simulation  of  sufficient  vehicle 
structure  in  the  test  stand  rig  so  that  the  mount  impedance  would 
approximate  that  of  the  actual  vehicle,  or  at  least  enable  resonablo 
calculation  of  impedances  and  proper  interpretation  of  the  resulting 
data.  However,  regardless  of  these  technical  problems  in  evaluating 
existing  data,  rocket  engine  vibration  environment  is  very  severe, 
and  any  engine  control  equipment  mounted  on  the  engine,  or  its 
immediate  structure,  must  be  very  rugged  to  achieve  reliability. 
Similarly,  great  care  must  be  exercised  throughout  the  engine  area 
to  avoid  fatigue  failures. 

Noise  From  AerodvnanH  o  Phenomena 

There  are  many  potential  vibration  sources  which  can  result 
from  the  flow  of  air  over  the  vehicle.  Fortunately,  the  majority  of 
these  aerodynamic  sources  can  be  eliminated  or  minimized  by  the 
designer.  However,  the  recurrence  of  certain  of  these  problems  on 
the  prototype  vehicles  indicates  the  need  for  effective  cognizance 
during  the  design  process. 


The  moat  familiar  and  basic  aerodynamic  source  of  vibration 
is  the  fluctuating  pressure  on  the  skin  from  the  turbulent  boundary 
layer.  These  pressure  fluctuations  result  directly  from  the 
turbulent  eddies  in  the  boundary  layer  and  are  often  referred  to  a3 
pseudo-sound.  The  level  of  the  RMS  fluctuating  pressures 


resulting  from  the  normal  turbulent  boundary  layer  over  a  flat 
surface,  are  of  the  order  of  .005  times  the  free  stream  dynamic 
pressure  ( ft  )  at  low  Mach  numbers .  However,  recent  experimental 


data  (6)  indicates  that  this  ratio  of  / *¥  decreases  with 

increasing  Mach  number.  Figure  7  summarizes  these  relationships 
and  indicates  a  prediction  of  the  variation  of  the  ratio  with  Mach 
number,  based  on  the  variation  in  density  resulting  from  increased 
temperature  near  the  skin. 


More  data  are  required,  particularly  at  supersonic  Mach 
numbers,  if  engineering  predictions  of  the  vibration  response  to 
boundary  layer  pressure  fluctuations  are  to  be  refined  to  an 
acceptable  level.  Furthermore,  future  measurements  should  not  be 
limited  to  single  microphones  but  must  include  several  adjacent 
microphones  to  enable  definition  of  the  area  over  which  a  single 
pressure  fluctuation  is  correlated.  Without  this  latter  information, 
analytical  prediction  involves  severe  approximations. 


The  value  of 


.OOS  ,  which  was  found  for  the 
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normal  turbulent  boundary  layer,  can  be  increased  to  the  order  of  .1 
when  flow  separation  occurs  around  abrupt  geometrical  changes  behind 
a  normal  3hock,  or  during  buffet.  This  higher  value  of  .1  can 
impose  severe  dynamic  structural  loads  which  have  been  responsible 
for  failures  in  many  cases,  including  some  of  the  duct  inlet  problems. 
Hence,  separated  flow  phenomena  should  be  eliminated  wherever  possible 
by  careful  aerodynamic  design.  However,  when  such  phenomena  are 
unavoidable,  the  structure  must  be  upgraded  for  the  expected  high 
loads  and  adequate  test  programs  must  be  initiated  if  serious  failures 
are  to  be  avoided. 

Closely  related  to  some  of  the  separated  flow  phenomena  are 
the  occurrence  of  oscillating  shocks.  The  forces  involved  with 
shock  oscillation  approximate  the  pressures  across  the  normal  shock 
at  low  supersonic  Mach  numbers,  but  decrease  considerably  above 
Mach  2-3.  Oscillating  shocks  may  be  anticipated  as  a  general 
problem  for  reentry  bodies  whose  high  drag  design  shape  often 
encourages  shock  oscillation.  Recent  NASA  wind  tunnel  tests  of  a 
Mercury  capsule  demonstrate  the  effectiveness  of  model  testing  to 
determine  probable  occurrence  of  these  oscillations  and  the  effect 
design  modifications  which  minimize  these  occurrences.  Transient 
aerodynamic  shocks  occurring  in  the  transonic  speed  range  must  also 
be  considered  in  addition  to  mechanical  shocks  which  occur  at  launch 
and  stage  separation. 

Many  severe  vibration  problems  have  resulted  in  aircraft 
when  bomb  bay  and  other  similar  compartments  have  been  opened  during 
flight.  The  investigators  of  cavity  resonance  phenomena  (7), (8), (9; 
have  all  suggested  that  the  resonance  results  from  interaction  be¬ 
tween  an  acoustic  wave  and  the  boundary  layer  -  vortex  flow,  where 
an  acoustic  wave  propagated  from  the  aft  bottom  corner  of  the  cavity 
affects  the  boundary  layer  flow  over  the  cavity.  This  interaction 
with  the  boundary  layer  results  in  a  modulation  of  the  momentum 
transferred  from  the  boundary  layer  to  the  vortex  and,  hence,  a 
modulation  of  the  vortex  circulation  velocity  and  the  resultant 
stagnation  pressures  in  corners  of  the  cavity.  Although  the  exact 
form  of  this  interaction  is  unknown,  experimental  evidence  suggests 
that  the  length  of  the  cavity  is  on  the  order  of  one  wavelength  at 
the  dominant  resonant  frequency.  Figure  8  gives  the  cavity  Strouhal 
number  associated  with  the  dominant  resonant  frequency  as  a  function 
of  freestream  Mach  number  for  the  data  of  (8)  and  (9).  As  can  be 
seen,  the  fundamental  cavity  resonant  frequency  is  inversely 
proportional  to  its  length  and  directly  proportional  to  approximately 
the  two- thirds  power  of  the  freestream  velocity.  Examination  of 
the  full  scale  data  from  (7)  indicates  an  additional  small  altitude 
effect  on  the  frequency. 

Other  cavity  resonance  frequencies,  including  one-half, 
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one  and  one-half,  and  two  times  the  dominant  frequency,  have  been 
found  together  with  the  dominant  frequency.  The  occurrence  of  these 
other  frequencies  in  both  the  experiments  (8)  and  (9)  was  dependent 
upon  either  boundary  layer  turbulence  or  the  dimensions  of  the  cavity. 

The  maximum  RMS  amplitude  of  the  pressure  fluctuation 
appears  to  be  on  the  order  of  .03  to  .06  of  the  freestream  dynamic 
pressure  (q),  (7)  and  (9).  Note  that  these  overall  amplitudes 
represent  energy  concentrated  at  the  fundamental  frequency  and  its 
harmonics.  Hence,  coincidence  of  cavity  resonance  frequency  with 
the  resonant  frequency  of  the  structure  enclosing  the  cavity  leads 
to  the  imposition  of  unusually  high  vibration  amplitudes  and  stresses. 


Base  pressure  fluctuations  on  dive  brakes  and  blunt  based 
space  vehicles  represent  another  class  of  potential  vibration 
sources.  Figure  9  summarizes  the  frequency  spectra  obtained  in  a 
recent  wind  tunnel  experiment  (10)  which  determined  the  pressure 
fluctuations  at  two  positions  on  the  base  of  a  small  body  of 
revolution.  Values  of  the  overall  ^JP^y'^/  fy  ranged  from  .007 


in  the  center  of  the  base  to  .015  at  the  65$  radius  position.  More 
data,  particularly  in  the  supersonic  flight  region,  are  required  to 
supplement  these  low-speed  tests  if  prediction  for  a  full  scale 
vehicle  is  to  be  made  with  confidence. 


Advanced  Propulsion  Systems  for  Space 

There  are  many  devices  which  have  been  conceived  for 
eventual  use  in  3pace  propulsion  and/or  providing  auxiliary  power 
for  space  vehicles.  Many  of  these  are  classified  as  "exotic" 
systems  and  only  a  few  are  past  the  conceptual  stage  and  transferred 
to  the  experimental  research  phase.  However,  it  is  possible  to 
evaluate  the  potential  utility  of  the  majority  of  these  conceptual 
devices  for  space  flight  and,  in  a  limited  way,  to  assess  their 
potential  as  vibration  sources. 

Figure  10  gives  an  overall  view  of  the  various  types  of 
propulsion  units  which  may  become  practical,  together  with  their 
thrust  weight  ratios,  specific  impulses,  advantages,  disadvantages 
and  possible  applications.  This  material  has  been  taken  from  (12), 

In  addition,  the  table  gives  the  authors '  assessment  of  the  categories 
of  vibration  sources  which  will  accompany  each  type  of  propulsion 
engine,  together  with  an  estimate  of  present  knowledge  of  these 
problems . 


It  is  clear  from  Figure  10  that  the  major  sources  of 
vibratory  energy  from  these  propulsion  engines  will  be  from 
auxiliaries.  Thus,  for  the  majority  of  the  proposed  systems, 
vibratory  problems  will  be  of  the  conventional  types  associated  with 
rotating  machinery.  However,  for  many  of  the  electrical  engines 
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(Ion  and  Plasma  Drives)  the  thrust  vri.ll  be  either  pulsed  or  follow 
a  full  wave  rectified  alternating  current  signal.  The  frequencies 
which  will  be  encountered  range  from  a  few  pulses  per  day  to  the 
order  of  10,000  per  second.  The  electric  engines  will  be  utilized 
(if  they  become  practical  in  the  distant  future)  primarily  for  very 
low  thrust  inter-space  acceleration.  Hence,  their  vibratory  forces 
involved  are  expected  to  be  small.  It  is  expected  that  the  thermal 
engine  will  be  the  mainstay  of  space  research  for  the  next  decade  at 
least,  with  a  transition  occurring  from  primary  reliance  on  chemical 
fuels  to  reliance  on  nuclear  fuels. 

It  should  be  noted  that  the  thermal  engines  will  all 
produce  jet  noise  which  will  be  important  during  the  boost  phase  at 
vehicle  velocities  below  Mach  1.  Although  the  magnitude  of  this 
noise  can  be  evaluated  crudely  by  existing  methods,  the  velocities 
expected  for  nuclear'  rockets  utilizing  hydrogen  as  a  propellant  are 
of  the  order  of  20,000  feet  per  second.  This  is  approximately 
three  times  exit  velocities  for  conventional  chemical  rockets  and, 
hence,  prediction  of  noise  should  be  supplemented  by  measurement  at 
the  earliest  practicable  date. 

Summary  of  Sources 

Figure  11  gives  a  tabular  summary  of  the  major  sources, 
including  those  previously  discussed,  together  with  an  estimate  of 
the  probable  relative  severity  of  each  source.  As  can  be  seen,  the 
sheer  number  of  important  potential  vibration  sources  which  can  be 
minimized  by  proper  analysis,  test  and  design  emphasizes  the 
requirement  for  thorough  evaluation  of  all  potential  sources  during 
the  design  stage.  Without  such  thorough  evaluation,  vibration 
sources  which  could  have  been  controlled  in  design  may  be  discovered 
during  flight  tests  and  require  structural  fixes  which  penalize 
vehicle  capability. 

IH,  RESPONSE  OF  STROCTURE 


The  prediction  of  vibration  response  throughout  a  vehicle 
is  much  more  difficult  than  the  prediction  of  the  external  forcing 
'unction.  Although  there  has  been  considerable  research  effort  to 
develop  analytical  approaches,  the  application  of  these  approaches 
is  st  present  confined  to  simplified  analytical  models  of  the 
vehicle  or  its  sub-structure.  Therefore,  fundamental  and  higher 
modes  of  the  entire  vehicle,  skin  panels,  bulkheads,  equipment 
mounting  sub-structure,  etc.,  can  be  defined  analytically  in  useful 
form.  However,  the  complex  transmission  pattern  throughout  the 
vehicle,  or  vibratory  energy  which  results  from  the  interaction  of 
a  large  number  of  component  complex  impedances,  does  not  lend  itself 
to  analytical  solution.  Considerable  more  research  is  required  to 
define  the  physical  constants  required  for  analysis,  and  to 
validate  the  interpretation  of  new  theoretical  parameters. 
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The  prediction  of  vibration  environment  for  a  new  vehicle 
design  is  required  in  the  earliest  design  stages,  long  before  the 
design  is  sufficiently  advanced  to  be  considered  analytically. 

This  early  estimate  of  vibration  environment  enables  consideration 
of  vibration  in  the  arrangement  of  equipment,  determination  of 
preliminary  vibration  specifications  for  equipment,  and  evaluation 
of  the  probable  size  and  design  of  the  vibration  analysis,  control, 
and  test  program  for  the  new  vehicle. 

These  early  estimates  of  vibration  are  based,  of  necessity, 
upon  empirical  data  from  past  experience.  For  this  purpose  it  is 
desirable  to  be  able  to  modify  earlier  data  to  reflect  any  differ¬ 
ences  in  source  and  vehicle  parameters  between  the  past  and  future 
vehicle.  A  considerable  effort  was  made  in  (11)  to  correlate 
vibration  data  from  aircraft,  and  in  (l)  to  correlate  vibration 
data  for  various  classes  of  missiles.  The  median  curves  from  these 
two  analyses  of  data  are  summarized  in  Figure  12.  It  should  be 
realized  that  these  median  curves  are  useful  only  as  trend 
indicators,  since  there  ,1s  a  very  considerable  scatter  in  the  data 
with  a  standard  deviation,  generally  on  the  order  of  a  factor  of 
2  times  the  median.  Furthermore,  the  vibration  frequency  spectrum 
at  any  one  location  in  response  to  the  various  random  forcing 
functions,  is  characterized  by  a  series  of  maxima  resulting  from 
local  resonances  and  amplifications  in  the  path  between  the  source 
and  receiver.  Thus,  the  RMS  data  which  are  considered  in  Figures  12 
and  14  represent  the  RMS  amplitudes  at  frequencies  when  the  ampli¬ 
tudes  are  maximum. 

The  data  for  both  the  aircraft  and  missiles  in  Figure  12 
were  obtained  primarily  from  high  power  or  high  dynamic  pressure 
flight  regimes.  It  can  be  seen  in  Figure  12  that  the  median  of  the 
data  for  the  B52  exceeds  that  for  the  B47,  whereas  the  median  for 
the  jet  fighter  vibration  data  lies  between  the  medians  of  these 
two  bombers.  The  medians  for  light  missile  launch  and  maximum  q 
flight  are  generally  higher  than  those  for  the  aircraft.  However, 
the  medians  of  the  data  for  -he  heavy  missiles  at  structural  loca¬ 
tions  forward  of  the  engine  compartment  have  a  significantly  lower 
magnitude,  and  are  of  the  same  order  as  the  jet  fighter  and  B47 
vibration.  Note  that  the  vibration  on  missile  structure  located 
near  the  rocket  engine  1b  considerably  higher  than  any  of  the 
other  data. .  This  figure  clearly  demonstrates  that  the  severe 
portions  of  the  vibration  environment  in  the  light  missiles 
generally  exceeds  those  experienced  in  high  performance  jet  aircraft. 
However,  the  vibrations  in  the  heavy  missiles  of  the  IRBM  and  ICBM 
category  have  been  generally  of  the  same  order  as  those  of  the  air¬ 
craft. 

It  should  be  emphasized  again  that  Figure  12  only  shows 
trends,  since  a  very  large  scatter  around  the  median  exists  for  all 
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the  data.  Further,  it  should  be  noted  again  that  the  relative 
severity  of  launch  and  maximum  q  flight  phase  vibration  depends  upon 
both  the  flight  profile  and  the  launch  configuration.  For  example, 
all  of  launch  data  result  from  surface  launches,  rather  than  silo 
launches.  A  comparison  of  the  surface  launch  noise  environment  with 
the  silo  launch  environment,  based  on  the  information  of  (1), 
indicates  that  the  magnitude  of  vibration  might  be  on  the  order  of 
3  to  10  times  greater  in  a  silo  than  on  the  surface,  depending  upon 
silo  design  and  frequency.  Thus,  the  silo  launch  vibration  equipment 
for  heavy  missiles  would  be  expected  to  exceed  the  surface  launch 
vibration  environment  in  the  light  missiles. 

It  is  interesting  to  note  that  the  slopes  of  all  the  trend 
curves  are  positive  and  that  the  date,  generally  lie  between  curves 
of  constant  velocity  and  constant  acceleration.  Therefore,  the 
overall,  values  of  acceleration  are  primarily  influenced  by  the 
highest  frequencies  measured.  Consequently,  comparison  of  the 
overall  acceleration  levels  of  various  data  is  not  useful  unless 
the  data  have  similar  spectra  and  were  obtained  over  identical 
frequency  ranges. 

Two  attempts  have  been  made  recently  tc obtain  a  useful 
correlation  between  the  external  noise  and  internal  vibration. 

Convair  (13) , (14) , (15)  suggested  a  correlation  for  aircraft  structure 
from  the  results  of  their  extensive  measurements  and  analysis  of  B58 
data.  In  this  correlation,  internal  vibrations  were  compared  to 
adjacent  external  sound  pressures.  Thus,  vibration  measurements  in 
the  nose  of  the  aircraft  were  compared  directly  to  Bound  pressure 
levels  measured  on  the  external  skin  of  the  nose  section,  and 
vibration  measurements  in  the  aft  end  of  the  aircraft  were  compared 
to  sound  pressure  levels  measured  on  the  external  skin  of  the  aft 
section,  etc.  Since  the  external  noise  environment  on  the  B58,  and 
other  types  of  jet  aircraft,  varies  considerably  from  the  relatively 
low  noise  levels  forward  to  the  very  high  levels  toward  the  aft  end, 
a  comparison  of  this  type  includes  a  range  of  external  noise  levels 
of  the  order  of  approximately  30  db. 

A  similar  comparison  of  external  noise  and  internal 
vibration  from  Snark  data  (l)  is  given  in  the  upper  portion  of 
Figure  13.  The  higher  sound  pressure  levels  and  their  associated 
vibration  data  are  obtained  at  after-fuselage  stations  adjacent  to 
the  rocket  booster  exhaust.  It  should  be  noted  that  the  small 
variations  in  sound  pressure  level  at  one  microphone  position  result 
from  data  of  repeated  firings  and  that  the  acceleration  data 
include  transducers  attached  to  different  points  of  structure  and 
oriented  in  various  directions. 

As  might  be  expected,  the  data  exhibit  considerable 
scatter,  so  that  it  is  possible  only  to  estimate  a  trend  line 
through  the  points.  However,  more  significant  than  the  scatter  is 
the  sloDe  of  the  trend  line.  Note  that  if  the  acceleration  ampli¬ 
tude  increases  by  a  factor  of  10  for  an  increase  of  20  db  spl,  a 
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direct  linear  relationship  exists  between  the  internal  structural 
vibration  amplitude  and  the  adjacent  external  sound  pressure  ampli¬ 
tude.  In  this  event,  the  trend  line  through  the  data  gives  the 
constant  of  proportionality  between  external  sound  and  internal 
vibration.  The  slopes  of  the  trend  lines  for  several  aircraft  are 
summarized  in  the  lower  half  of  Figure  13.  It  is  clear  from  the 
figure  that  better  correlation  between  adjacent  external  noi3e  exists 
above  150  cps  for  the  Snark  and  at  the  higher  frequencies  for  the 
other  aircraft  where  the  slopes  of  the  trend  curves  approach  unity. 

If  the  trend  line  has  a  slope  of  less  than  unity,  as  is 
the  case  for  most  of  the  low  frequency  data,  a  direct  linear 
relationship  between  internal  vibration  and  adjacent  external 
sound  pressure  cannot  be  proved  by  the  correlation.  Several  factors 
might,  individually  or  collectively,  be  responsible  for  slopes 
less  than  unity.  These  factors  include: 

(a)  Structure-borne  transmission  of  vibration  from  high 
external  noise  level  areas  to  those  of  lower  external 
noise  level; 

(b)  Non-uniform  structure  throughout  the  fuselage  (which 
undoubtedly  contributes  to  scatter) ; 

(c)  Non-linear  response  of  the  structure; 

(d)  Unfortunate  selection  of  transducer  location  with  respect 
to  modal  response. 

Since  a  large  number  of  randomly  selected  transducer 
locations  are  included  in  the  various  surveys ,  it  is  doubtful  that 
the  accidental  location  of  transducers  with  respect  to  the  various 
vibration  modes  accounts  for  the  lower  slopes  at  the  lower  frequen¬ 
cies.  Similarly,  since  several  experiments  give  the  same  general 
conclusion  with  regard  to  the  trend  curves,  it  is  not  felt  that 
structural  non-uniformity  is  a  particular  factor  in  the  determination 
of  the  slope  of  the  treixt  cu.  ve,  although  it  undoubtedly  is  a  most 
significant  factor  in  the  scatter  of  the  individual  data. 

The  role  of  nonlinear  behavior  in  the  structure  cannot  be 
evaluated  with  respect  to  the  trend  curves  from  the  available  data. 
However,  it  is  considered  to  be  less  important  than  the  fact  that 
the  response  at  any  general  position  in  the  structure  is  given  by 
the  sum  of  the  noise  energy  transmitted  directly  to  adjacent 
structure,  plus  the  noise  energy  received  at  more  remote  locations 
and  transmitted  as  vibratory  energy  through  the  structure  to  the 
position.  Thus,  at  higher  frequencies  better  correlation  would  be 
expected  between  adjacent  acoustical  excitation  and  response  because 
the  vibrational  energy  transmitted  through  the  structure  from 
remote  locations  has  been  attenuated  and  makes  only  a  minor 
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contribution.  Conversely,  at  low  frequencies  the  vibrational  energy- 
transmitted  from  the  areas  which  have  the  highest  external  noise 
levels  to  those  with  lower  external  noise  levels  would  be  expected 
to  exceed  the  local  excitation.  This  general  result  might  be 
anticipated  since  the  attenuation  of  vibratory  energy  transmitted 
by  bending  waves  along  the  fuselage  is  essentially  constant  per 
wavelength.  Thus,  the  high  frequency  energy  suffers  considerably 
more  attenuation  than  does  low  frequency  energy  when  both  are 
transmitted  for  the  same  distance  through  the  fuselage. 

An  empirical  correlation  for  missile  launch  data  was 
developed  in  (l),  based  on  the  premise  that  the  natural  vibration 
characteristics  of  many  complex  structures  can  be  approximated  by 
individual  consideration  of  each  resonance  or  mode  of  vibration, 
assuming  it  to  be  essentially  unaffected  by  or  decoupled  from, 
any  other  mode.  The  response  of  the  vehicle  in  any  one  of  these 
modes  can  be  obtained  from  expressions  similar  to  those  developed 
for  the  single  degree  of  freedom  system  if  an  appropriate  definition 
can  be  obtained  for  the  amount  of  the  total  mass  which  is  involved 
in  actual  vibratory  motion,  and  for  the  effective  or  "generalized 
force"  on  the  vehicle.  Viewed  in  this  perspective,  the  total 
response  of  nbe  vehicle  at  any  location  is  simply  the  sum  of  the 
contributions  from  all  of  the  vehicle's  vibratory  modes. 


In  (l)  it  was  shown  that  a  correlation  of  this  type  might 
be  expected  at  constant  k  r,  where  k  is  the  wave  number  and  r  is 

the  radi»ia  of  the  vehicle.  Utilizing  the  normal,  single  degree  of 
freedom  equation  with  a  factor  p2  as  the  constant  of  proportionality, 
then:  .  _  - - — 

/  CL  V-  _  (3  id^Q  Fff) 

at  constant  k  r 


where 


represents  the  constant  of  proportionality 


mean  square  acceleration  ratio 
resonant  frequency  in  radiaq/second 
mean  square  forcing  function 


W  weight 

Q  dynamic  magnification  factor. 
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It  is  clear  that  both  the  damping  in  the  structure  and  the 
type  of  structure  will  affect  any  correlation  of  response  with 
forcing  function,  as  both  additional  damping  or  additional  stiffness 
in  a  specific  vehicle  will  reduce  the  response  for  a  given  forcing 
function.  Therefore,  in  absence  of  sufficient  data  describing  these 
two  factors,  a  constant  Q  of  15  was  assumed  for  all  missiles  and  all 
natural  frequencies.  The  missile  weight  (W)  was  taken  as  the  gross 
launch  weight,  while  the  stiffness  variable  remains  in  the  correla¬ 
tion  as  an  additional  unknown.  The  estimated  value  of  mean  square 
force  per  cps  was  obtained  by  integrating  the  predicted  mean  square 
pressure  per  cps  on  the  vehicle  and  multiplying  this  result  by  the 
square  of  the  vehicle’s  surface  area.  It  is  obvious  that  this 
quantity  cannot  represent  the  true  generalized  force  on  the  vehicle, 
but  it  should  be  proportional  to  the  generalized  force  for  constant 
values  of  kr. 

The  results  for  eight  missiles  are  given  as  a  function  of 
kr  in  figure  14.  (3  appears  to  be  almost  constant,  slowly  decreas¬ 

ing  with  increasing  wave  number.  The  standard  deviation  of  20  log 
is  approximately  6  db,  indicating  that  68$  of  the  values  of  0  are 
between  .5  and  2.0.  This  is  approximately  equal  to  the  scatter  of 
the  data  in  any  general  location  on  an  individual  vehicle.  Perhaps 
the  moat  startling  result  is  the  fact  that  the  mean  value  of  0  is 
approximately  one,  as  in  the  single  degree  of  freedom  case.  This 
indicates  that  the  ratio  of  generalized  force  to  generalized  mass 
remains  constant  with  wave  number  and  that  the  method  of  obtaining 
the  forcing  function  used  for  the  correlation  fortuitiously  gives 
the  ratio  exactly  equivalent  to  the  single  degree  of  freedom  case. 

Both  of  these  empirical  correlation  methods  are  obviously 
limited  by  the  variation  of  the  vibration  data  themselves  which  vary 
from  test  to  test  and  vary  between  transducers  which  are  located  in 
the  same  region  but  at  different  points  and  types  of  structure. 
However,  the  first  method  appears  useful  at  high  frequencies  and  the 
second  method  appears  useful  for  missiles.  It  would  be  expected 
that  their  judicious  combination,  subject  to  all  of  the  limitations 
and  comments  in  the  previous  references,  would  provide  useful 
preliminary  predictions.  It  would  also  be  desirable  to  analyze 
future  data  in  accordance  with  these  two  methods  to  determine  the 
validity  of  each  method  and  better  define  its  statistical  accuracy. 

IV.  VIBRATION  FATIGUE.  MALFUNCTION  AND  TEST  DC 

The  topics  of  vibration  fatigue  and  malfunction  are  closely 
related  to  the  conception  of  suitable  vibration  tests,  for  the  major 
objective  of  the  test  is  to  insure  reliable  performance  in  the 
anticipated  environment  throughout  the  design  lifetime  of  the 
vehicle . 

Metal  fatigue  from  excessive  vibration  has  been  known  for 
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a  long  time  in  reciprocating  machinery,  propellers,  ships  and 
aircraft.  However,  until  it  was  necessary  to  optimize  the  strength- 
weight  ratio  of  flight  vehicle  structure,  and  to  subject  this 
structure  to  severe  external  random  loads  (pressure  fluctuations  and 
gusts),  the  problems  were  readily  solved.  The  solutions  usually 
resulted  in  applying  sufficient  reinforcing  to  the  local  areas  which 
experienced  the  maximum  stress  reversals  to  obtain  a  good  safety 
factor.  When  the  forcing  functions  were  primarily  sinusoidal  the 
number  of  critically  stressed  structural  parts  depended  on  the  m/vUl 
response  for  the  worst  resonant  frequency.  Generally,  the  number  of 
these  critical  parts  was  small  and  the  total  weight  penalty  imposed 
by  simple  "fixes"  was  low. 

The  problem  of  "fixing*  structure  and  panels  exposed  to 
random  frequency  external  pressures  is  an  order  of  magnitude  more 
complicated  and  can  involve  serious  weight  penalties.  It  is  no 
longer  possible  to  stiffen  the  structure  to  move  its  natural 
frequency  above  the  major  forcing  frequency,  because  the  random 
forcing  function  contains  energy  at  all  frequencies.  Furthermore, 
the  external  pressure  fluctuations  act  over  large  areas  of  erternal 
skin  and  its  substructure,  so  that  the  number  of  “fixes"  must  be 
very  large. 


Therefore,  it  is  mandatory  to  design  the  structure  and 
skin  to  withstand  these  external  pressure  fluctuation,  optimizing 
its  fatigue  strength  -  weight  ratio.  Secondly,  it  is  necessary  to 
prove  and  optimize  these  structures  by  testing  them  in  simulated 
predicted  environments  prior  to  finalizing  the  vehicle.  The 
appropriateness  of  the  test  design  depends  upon  the  validity  with 
which  it  simulates  the  essential  factors  of  the  true  environment. 
Herein  lies  one  of  the  major  dilemmas  facing  the  vibration  specialist 
and  management;  for  the  assessment  of  the  degree  of  simulation 
required,  time  of  testing,  and  the  number  of  specimens  required  for 
statistical  significance  involves  important  economic  and  schedule 
considerations . 

The  difficulty  of  these  assessment  is  clear  upon  examina¬ 
tion  of  typical  fatigue  data.  Figure  15  from  Ref.  14  shows  that  the 
number  of  cycles  to  failure  for  strains  above  the  endurance  limit  is 
proportional  to  the  square  of  the  RMS  strain  (^6  )  for  a  variety  of 
materials.  This  correlation  vs  strain  was  proposed  by  (14)  as  a 
much  more  general  correlation  than  the  conventional  S— N  diagram 
because  a  wide  variety  of  materials  appear  to  behave  similarly  for 
equal  At  •  Note  that  the  spread  of  the  data  is  typically  of  the 
order  of  a  factor  of  ten  in  life  and  a  factoi:  of  three  in  strain. 

This  large  scatter  requires  tests  of  several  structural  specimens  if 
any  real  confidence  is  to  be  obtained. 

Secondly,  utilization  of  data  of  the  form  of  Fig.  15  to 
predict  life  or  to  accelerate  tests  involves  serious  unknowns.  It 
has  been  shown  by  many  authors,  including  Ref.  15,  that  the  Minor's 
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fraction  can  be  utilized  with  reasonable  accuracy  to  obtain  expected 
fatigue  life  for  sinusoidal  vibration  at  various  amplitudes  when  the 
test  durations  at  each  constant  amplitude  are  a  significant  number  of 
cycles.  However,  when  true  random  forcing  functions  are  imposed  on 
the  part,  its  response  at  its  natural  frequency  varies  in  amplitude 
from  cycle  to  cycle  in  a  random  fashion.  Hence,  successive  strains 
contain  all  combinations  of  high  and  low  amplitudes  and  varying 
magnitudes  of  strain  reversals.  This  intermixing  of  strain  ampli¬ 
tudes  lowers  the  cycle  life  of  the  part  to  as  little  as  one-fourth 
of  that  predicted  by  a  cumulative  damage  rule.  Although  considerable 
research  effort  is  progressing  currently  in  this  problem  area,  it  is 
presently  hazardous  to  predict  fatigue  life  for  a  part  subjected  to  a 
complex  random  load  environment  from  conventional  sinusoidal  test 
data. 

It  is  also  difficult  to  ascertain  the  degree  to  which  a 
test  can  bo  accelerated  without  invalidating  the  results.  Since  a 
reduction  of  test  time  by  a  factor  of  ten  r  i  be  achieved  by  increas¬ 
ing  the  forcing  function  by  a  factor  of  approximately  three,  it  is 
most  tempting  to  reduce  test  costs  by  accelerated  testing.  Further¬ 
more,  when  the  design  life  in  the  maximum  environment  is  to  be  in 
the  order  of  days  or  weeks,  it  becomes  impractical  to  test  without 
acceleration.  Serious  hazards  impede  this  approach,  primarily 
because  of  panel  nonlinearities,  including  appearance  of  additional 
damping  at  higher  strain  levels,  and  increased  stiffness  due  to 
membrane  stresses.  Consequently,  it  is  necessary  to  control  the 
increase  of  test  amplitudes  by  direct  measurement  of  the  fluctuating 
strains,  rather  than  measurement  of  the  forcing  function. 

ifel£aas&ga  aati,  jZaaaga 

Space  vehicle  equipment  packages  range  from  relatively 
heavy  and  rugged  components,  such  as  turbopumps,  plumbing  valves, 
motors,  generators  and  transformers,  to  very  small  and  fragile  items, 
such  as  electron  tubes,  relays,  optical  systems,  magnetic  pickups, 
etc.  The  latter  are  generally  sensitive  items,  having  fine  toler¬ 
ances  and  requiring  fine  adjustments  which  must  not  be  excessively 
disturbed.  The  probability  of  malfunction  and  damage  to  equipment 
is  high;  first,  because  of  the  high  levels  of  transmitted  shock  and 
vibration  through  the  vehicle  structure  and  base  mounts,  and, 
secondly,  because  of  the  very  large  number  of  equipment  items 
required  for  instrumentation,  data  recording,  guidance,  etc. 

Equipment  failures  are  broadly  divided  into  two  classes: 
temporary  and  permanent  failures.  Temporary  failures,  often  cs^ie 
malfunctions,  are  characterized  by  cut- of- tolerance  performance  of 
the  equipment  when  the  shock  and  vibration  environments  are  applied 
and  by  normal  performance  when  the  environments  are  removed. 
Permanent  failures  are  characterized  by  breakage  resulting  from  high 
amplitude  overstressing  associated  with  shocks  and  cumulative  damage 
leading  to  fatigue-type  failures  associated  with  the  cyclical 
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stressing  of  vibration  over  a  large  number  of  cycles.  These  two 
classes  are  not  necessarily  distinct,  since  temporary  failures 
accompanied  by  wear  and  gradual  deterioration  may  promote  permanent 
failures  under  continued  action  of  the  environment. 

The  internal  structures  of  equipment  components  are 
generally  quite  complex,  as  are  the  vibration  response  modes,  the 
modes  of  failure,  and  the  environmental  excitations  which  lead  to 
these  failures,  so  that  accurate  analysis  and  prediction  of 
equipment  failures  is  difficult.  However,  since  the  overall 
reliability  of  the  vehicle  is  dependent  upon  the  reliability  of  the 
individual  equipment  components,  an  assessment  of  the  damage 
potential  of  each  equipment  component  must  be  made.  Conceptually, 
this  can  be  accomplished  with  a  knowledge  of  the  in-service  environ¬ 
ment  and  the  fragility  of  the  equipment  to  this  environment  in  terms 
of  time  duration,  frequency  and  amplitude  of  the  applied  excitation. 
Because  of  the  statistical  nature  of  the  environment  and  the 
variability  of  the  fragility  of  similar  equipment  packages,  the 
damage  potential  must  be  defined  statistically. 

The  limited  data  available  for  the  environment  and  the 
limited  number  of  tests  permitted  to  determine  fragility,  especially 
during  design,  necessitates  the  use  of  estimates  in  both  these  areas. 
Simple  ideal  dynamical  models  of  the  equipment  are  generally  used 
with  such  input  excitations  as  sinusoids  and  white  band  random 
noise.  With  these  models  the  nature  of  the  various  modes  of  failure 
can  be  qualitatively  understood  and  the  most  critical  areaB  or  items 
of  failure  isolated  for  more  detailed  examination,  both  by  analysis 
and  laboratory  tests. 

Certain  types  of  malfunction  failures,  such  as  relay 
chatter,  chassis  vibration  and  vibration-induced  electrical  noise 
in  electron  tubes,  are  dependent  upon  the  relative  displacements 
of  neighboring  mechanical  elements  and  are  thus  amenable  to  analysis 
and  controlled  testing  for  assessment  of  their  damage  potential. 

The  parameters  of  importance  in  these  cases  are  the  RMS  and  peak 
responses  of  the  elements  and  the  statistical  distributions  of  these 
quantities.  Little  or  no  malfunction  is  produced  in  such  cases  when 
the  response  amplitudes  are  maintained  below  certain  critical  values. 
Malfunctions  and  damage  caused  by  deterioration  and  fatigue  are  not 
easily  analyzed  and  the  damage  potential  must  be  determined  experi¬ 
mentally.  For  these  cases,  not  only  the  amplitude  levels  and  their 
distributions  are  important,  but  also  the  sequencing  of  the  applied 
excitation  must  be  considered.  Thus,  although  ideally  it  is 
desirable  to  define  the  fragility  of  the  equipment  as  including  both 
of  these  malfunction  types,  it  is  often  more  convenient  to  handle 
these  effects  separately,  due  to  their  distinctly  different  chaiv 
acteristics. 

At  the  present  time,  sufficient  controlled  laboratory  test 
data  are  available  to  show  that  the  ideal  models  often  used  for  the 
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equipment  and  the  ideal  sinusoidal  and  sine-sweep  substitutes  for  the 
generally  complex  random  environment  are  often  Inadequate  for 
determining  the  damage  potential  of  equipment,  except  for  especially 
simple  modes  of  failure.  Therefore,  in  many  cases,  in  order  to  raise 
equipment  reliability  to  those  levels  which  are  compatible  with  the 
reliability  established  for  the  vehicle  and  its  mission,  true  simu¬ 
lation  of  the  shock  and  vibration  environment  in  the  laboratory  is 
essential  for  qualification  testing. 

Thus,  the  test  design  for  both  fatigue  and  malfunction 
proceeds  through  the  answers  to  these  questions:  (a)  can  the  test 
apply  a  duplication  of  the  load  history  without  acceleration  in 
level  or  time?  This  type  of  test  may  be  especially  appropriate  for 
missiles  and  space  vehicles  because  of  the  limited  service  life. 

The  margin  of  safety  may  be  assigned  to  this  case  with  more  accuracy 
than  usualj  (b)  if  not  the  test  above,  is  there  a  way  to  accelerate 
the  test  in  time  only?  (c)  if  neither  of  the  above  tests  applies, 
consideration  can  be  given  Jointly  tot 

1.  Is  there  an  appropriate  sinusoidal  equivalent  or  should  a 
random  test  be  used? 

2.  Is  the  part  sufficiently  linear  in  response  to  allow  accelera¬ 
tion  in  level? 

V„  GENERAL  CONCLUSIOM5 

The  present  lag  between  the  reliability  required  of  space 
vehicles  and  the  reliability  which  can  be  provided  in  a  new  design. 
Imposes  serious  penalties  in  mission  capability  and  cost.  To  over¬ 
come  thia  lag  requires  redoubled  and  concentrated  effort  in  several 
areas. 


First,  vibration  control  must  be  considered  as  a  major 
problem  area  from  the  conception  of  any  new  vehicle.  This  consider¬ 
ation  should  enable  basic  management  decisions,  which  determine  the 
effort  required  in  new  vibration  control  methods,  analysis  of  struc¬ 
ture,  and  definition  of  the  test  facility  and  test  program  require¬ 
ments.  These  judgments  must  be  predicated  on  the  overall  reliability 
target  for  the  vehicle  to  insure  that  the  scope  of  the  vibration 
effort  is  compatible  with  the  reliability  goal. 


Secondly,  increased  effort  must  be  made  in  the  dissemina¬ 
tion  of  information,  design  manuals,  etc.,  by  the  vibration 
specialists  to  the  design  engineers.  Only  with  adequate  information 
at  all  design  levels  can  the  required  vibration  resistance  be  de¬ 
signed  into  each  small  part .  Repeated  examples  of  unnecessary 
failures  because  of  easily  avoidable  stress  joncentrations  and 
inadequate  support  cannot  continue. 

Third,  increased  effort  is  required  in  the  development  of 
practical  analytical  tools  for  complex  structure ,  and  in  the 
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development  of  a  better  understanding  of  fatigue  under  random 
loading*  Continued  research  is  needed  in  all  areas  discussed  if  the 
overall  state  of  the  art  is  to  improve. 

Fourth,  communication  and  correlation  of  vibration  data 
and  experiments  between  all  of  the  weapons  systems  contractors  and 
interested  government  agencies  must  be  accelerated.  Present 
practices  which  tend  to  suppress  data  regarding  severe  vibration 
problems  and  which  are  considered  "mistakes, *  lead  to  repetition  of 
similar  "mistakes"  by  other  companies.  To  expedite  this  communica¬ 
tion  process,  a  centralized  activity  should  collect  vibration 
information  from  each  company  or  agency,  through  informal  reports  and 
personal  visits,  for  timely  dissemination.  At  present,  enormous 
amounts  of  experience  are  wasted  and  many  experiments  have  been 
needlessly  repeated  because  of  the  lack  of  adequate  communication. 

The  sad  experiences  with  fatigue  failures  and  malfunctions  over  the 
past  few  years  conclusively  demonstrate  that  poor  communication  is 
an  extravagance  which  cannot  be  afforded  in  the  present  and  future 
technological  revolution. 
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Figure  1.  Odds  for  survival  on  a  mission  of  duration 
of  T  versus  a  system  mean  time  to  failure  T 
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Fig.  3  -  Graphic  level  recording  of  noise  in  a  forward  compartment 
of  a  small  missile  from  Ref.  2 


Fig.  6  -  Hypothetical  example  of  the  comparison  of  vehicle  launch  noise 

for  three  launch  configurations 
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Fig.  7  -  Overall  psucdo  sound  pressure  levels  for  boundary  layer 
pressure  fluctuations  for  normal  flat  plate  turbulent  flow  with  an 
estimated  correction  for  Mach  number  based  on  variation  of  den¬ 
sity  throughout  the  boundary  layer  assuming  insulated  plate. 

Note:  The  inset  shows  the  ratio  of  rms  pressure  fluctuation  to 
dynamic  pressure  external  to  the  boundary  layer. 
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Fig.  9  -  Base  pressure  fluctuations:  Mean  square  pressure  per  cycle  relative  to  the 
freestream  dynamic  pressure  q  and  normalized  by  U  ^°/d  for  two  microphone  positions 
Model  body  had  5-in.  diameter  and  20  1/4-in.  length.  See  Ref.  10. 
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MAJOR  SOURCES  OP  V1BRAT0RI  ENERGY 
IN  MISSILES  AND  SPACE  VEHICLES 


Source 

Tvdo  of  Foreinr  Function 

Important  During  Relative  daverltv* 

Rocket  noise 

Continuous  spectra 

(a)  launch 

1 

(generated  in 

random  amplitude 

(b)  Flight  below 

exhaust  stream) 

Mach  1 

2 

Aerodynamic 

Excitation 

(a)  Boundary 
layer  turbulence 

Continuous  spectra 
random  amplitude 

Atmospheric  flight 

1»* 

(b)  Cavity 

resonances 

Discrete  frequencies 
dependent  on  flight  speed 

m  * 

1»* 

(c)  Projection 
wakes 

Discret  frequencies  and 
continuous  spectra 

n  n 

3** 

(d)  Impingement 

Continuous  spectra 

Atmospheric  or 

2** 

of  propulsion 

>-aniom  amplitude 

space  flight 

exhaust 

(e)  Fluctuating 
wake  drag 

Continuous  spectra 
random  amplitude 

Atmospheric  flight 

(f)  Oscillating 

Primarily  discrete 

Primarily  in  low  super- 

1** 

shock  waves 

frequencies 

sonic  range 

(g)  Skin  flutter 

Discrete  frequency 

Atmospheric  flipht 

1»» 

(h)  Buffet  and 

Discrete  frequency 

>1  II 

l*» 

other  separ¬ 
ated  flows 

Mind  Shear  and 

Gust  Excitation 

Continuous  spectra 
predominately  low 
frequency 

■  ■ 

2»» 

Meteorite  Impinge¬ 
ment 

Intermittent  or  quasi- 
continuous  spectra 

Space  flight 

4 

Interna-  Vibration 

Excitation 

(a)  Propulsion 
system 

Primarily  discrete 
frequencies  plus  start¬ 
ing  transients  and  random 
thrust  variations 

Whenever  operating 

1»« 

(b)  Internal 
equipment 

Primarily  discrete 
frequencies 

n  N 

3 

(c)  Fuel  sloshing 

Primarily  low  frequency 

Vaenever  fuel  tanks  are 
nartially  filled  and 
vehicle  alters  direction 

2*» 

*  This  estimate  is  very  simplified  and  primarily  qualitative 
**  Occurrence  and  severity  depend  upon  design  and/or  mission  profile 
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Sound  pressure  level  in  db 
(Ref.  pressure  -  .0002  dyne/cm2) 


Octave  bands,  cps 


Fig.  13  -  Comparison  of  external  sound  pressure  levels  with  internal 
vibration  levels,  (a)  75  -  150  cps  octave  band  for  Snark  ground  firings, 
(b)  Slopes  of  similar  correlations  from  refs.  1,  13,  14,  15. 
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STRUCTURAL  RESPONSE  TO  RANDOM  AND  DISCRETE  NOISE  INPUTS 


G  •  L .  Getline 

Convair,  A  Division  of  General  Dynamics  Corporation 
San  Diego,  California 


Introduc  tion 


Although  the  title  of  this  paper  is  somewhat  restrictive, 
the  actual  discussion  will  be  on  a  somewhat  broader  base.  I  plan 
to  stand  bach  and  see  if  some  engineering  basis  can  be  established 
for  the  handling  of  a  particular  class  of  random  phenomena.  In 
particular,  I  would  like  to  discuss  the  vibratory  responses  of  a 
complex  structure  such  as  an  airframe  or  missile  hull  from  the 
following  standpoints: 

1.  How  does  one  analyze  the  "random”  vibratory 
responses  of  an  airframe  (or  missile)  structure 
when  the  characteristics  of  the  vibratory  inputs 
are  unknown? 

2.  What  do  these  responses  mean  in  terms  of 
secondary  inputs  to  equipment  installed  inside 
the  vehicle? 

3-  What  are  the  important  effects  with  respect 
to  fatigue  of  the  structure? 

4.  Is  there  reasonable  justification  for  conducting 
"random"  noise  or  vibration  tests  in  the 
laboratory,  in  preference  to  the  employment  of 
sinusoidal  inputs? 
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Discussion 


Some  time  ago,  we  hac.  occasion  to  obtain  extensive  flight 
vibration  data  on  an  F-106  airplane .  The  data  were  obtained  from 
transducers  located  al 1  over  the  aircraft,  and  installed  on  a  wide 
variety  of  structural  elements.  Recording  was  on  magnetic  tape. 

For  the  most  part,  the  characteristics  of  the  vibratory  forcing 
functions  were  unknown.  The  problem  was,  then,  how  to  analyze  the 
recorded  data  so  as  to  provide  meaningful  design  information. 

Loosely  speaking,  the  responses  of  the  airframe  were  random, 
except  for  those  due  to  excitation  by  the  powerplar.t  and  accessory 
packages.  The  use  of  the  word  "random"  to  describe  the  vibratory 
responses  of  the  aircraft  structure  is  not  strictly  correct,  however, 
since  it  implies  (in  the  rigorous  sense)  the  absence  of  periodic 
or  quasi-periodic  elements.  The  aerodynamic  forces  which  cause  the 
structure  to  vibrate  may  be  truly  random,  although  this  was  not 
investigated,  but  the  structure  responds  essentially  at  discrete 
frequencies  which  are  (in  effect)  natural  frequencies  (Reference  1) . 
The  responses,  then,  are  quasi- sinusoids  whose  frequencies  are  fixed, 
but  whose  amplitudes  vary  as  a  function  of  time,  as  shown  in  Figure  1 
To  describe  such  vibrations,  their  amplitudes  must  be  considered  in 
terms  of  their  time  variation. 

In  order  to  analyze  the  vibration  responses  of  the  F-106 
structure  as  recorded  on  magnetic  tape,  considering  the  previously 
mentioned  qualifications,  it  was  necessary  to  make  a  number  of  side 
investigations  involving  the  following  questions: 

1.  What  is  the  minimum  time  over  which  the  vibrations 
will  converge  to  a  quasi- stationary  signal? 

2.  What  is  the  maximum  filter  bandwidth  which  will 
provide  an  effective  approximation  of  the  true 
power  spectral  density? 

The  reason  for  the  first  question  is  obvious,  and  the  answer  estab¬ 
lishes  the  minimum  length  of  record  required  to  obtain  consistent 
data.  The  answer  to  the  second  question  is  important,  because  it 
effects  a  compromise  between  the  amount  of  detail  seen  (or  obscured) 
in  the  analysis  and  the  rapidity  with  which  large  amounts  of  raw 
data  may  be  reduced  (Reference  2) . 

At  this  point  I  would  like  to  diverge  briefly  from  the  main 
discussion.  To  repeat  a  previous  statement,  the  purpose  of  the 
data  analysis  is  to  provide  meaningful  design  information.  I  am 
sure  that  all  of  you  who  have  had  occasion  to  deal  with  random 
phenomena,  and  who  have  either  read  up  on  the  subject  or  discussed 
it  with  a  statistician  or  mathematician,  have  been  exposed  to  the 
following  observations: 
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1.  "Well,  since  we  don't  know  what  we're  talking  about 
anyway,  let's  assume  we  have  a  Gaussian  (or  normal) 
random  process." 

2.  "Now  that  we  know  the  process  is  Gaussian,  then  it  is 
completely  characterized  by  its  power  spectral  density, 
ie,  its  mean  square  acceleration  or  mean  square  stress 
per  eyrie  per  second." 

At  this  point,  the  consulting  statistician  loses  interest  and 
terminates  the  conversation.  As  far  as  he's  concerned,  he  has 
solved  your  problem.  (Have  you  ever  told  a  design  engineer  that  a 
structure  must  work  at  a  particular  mean  square  stress  level?  The 
reaction  could  prove  interesting.)  Gentlemen,  you  haven't  solved  a 
thing'.  In  good  faith,  you  couldn't  design  a  kiddie  car  to  a  mean 
square  (or  rms)  stress  level.  The  problem  is  essentially  this: 

The  statistician  is  basically  interested  in  averages  and  trends; 
the  design  engineer  is  always  dealing  with  absolute  values.  Hence, 
the  statistician's  point  of  termination  is  the  design  engineer's 
point  of  departure . 

In  one  sense,  the  contact  between  the  engineer  and 
statistician  has  been  unfortunate.  In  the  course  of  being  incul¬ 
cated  with  statistical  methods  of  handling  random  data,  some 
engineers  have  lost  sight  of  their  main  purpose,  that  is,  to  provide 
meaningful  design  information.  In  fact,  the  averaging  procedures 
which  yield  mean  square  numbers,  effectively  erase  the  time  history 
of  the  basic  data  beyond  reconstruction.  This  obscures  the  real 
character  of  the  "vibration"  and  could  be  misleading  (Reference  l) . 

It  is  my  contention  that  what  we  are  really  interested  in 
is  not  average  or  rms  or  mean  square  values,  but  rather  the  real 
time  history  of  maximum  values  (Reference  3)-  And  with  this,  I'll 
return  to  the  main  theme  cf  this  discussion. 

In  the  first  place,  it  is  obvious  that  a  basic  requirement 
for  the  analyzer  filter  is  that  it  be  a  constant  percentage  band¬ 
width  rather  than,  a  fixed  frequency  bandwidth.  This  is  necessary 
to  provide  the  same  size  window  for  looking  at  the  data  independent¬ 
ly  of  frequency.  For  example,  let  us  refer  to  Figure  2.  Suppose  we 
•arbitrarily  select  e.  filter  with  a  2  cps  bandwidth .  If  resonance 
(frequency  ratio  of  1)  is  at  10  cps,  the  filter  encompasses  the 
frequency  range  9-U  cps  or  frequency  ratios  of  0-9-1 -l-  For  the 
response  curve  shewn  in  Figure  2,  this  intersects  it  approximately 
at  the  so-called  half-power  points  or  at  V2~  of  the  peek  amplitude. 
If  resonance  is  at  100  cps,  this  filter  encompasses  a  frequency 
ratio  of  0.99  -  1-01,  which  intersects  the  response  curve  very  close 
to  the  peak  amplitude .  It  is  obvious  that  the  detail  seen  at  IOC 
cps  is  much  greater  than  that  seen  at  10  cps.  Further,  if  a  fixed 
bandwidth  filter  is  used,  the  time  required  to  analyze  data  in¬ 
creases  disproportionately  as  the  frequency  range  of  interest 
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increases,  in  order  to  assure  that  major  variations  are  not  over¬ 
looked 


A  most  important  consideration  in  selecting  a  constant 
percentage  bandwidth  filter,  is  to  assure  that  the  filter  does  not 
encompass  significant  responses  for  more  than  one  frequency 
adjacent  mode  at  a  time.  An  empirical  rule,  deriving  from  the  F-106 
study,  is  that  the  filter  may  have  a  maximum  bandwidth  equal  to  the 
average  damping  coefficient  of  the  structure  (Reference  ^)  .  As  a 
matter  of  interest,  the  average  equivalent  viscous  damping 
coefficient  (C/q  )  of  all  F-lOb  structure,  from  all  sources  while 
airborne,  was  found  to  be  about  7  percent. 

Having  selected  a  constant  percentage  bandwidth  filter, 
it  is  now  possible  to  discard  the  power  spectrum  approach  entirely 
and  work  in  units  which  can  furnish  useful  design  numbers  As 
mentioned  previously,  we  are  primarily  interested  in  the  real  time 
history  of  maximum  values.  To  obtain  these  numbers,  the  following 
procedure  is  used:  First,  the  Laped  information  is  analyzed  so  as 
to  provide  plots  of  rms  acceleration  (or  pressure  or  stress)  versus 
frequency.  On  the  basis  of  the  previous  discussion,  the  responses 
at  all  frequencies  are  now  directly  comparable.  It  should  be  noted, 
however,  that  the  only  significance  of  plotting  rms  levels 
(instead  of  some  other  average  level)  is  that  true  rms  measuring 
systems  are  available.  The  rms  level  is  only  a  reference  and  has 
no  other  importance.  The  next  step  is  to  select  the  frequencies 
at  which  the  responses  appear  interesting,  eg,  indicated  resonances. 
At  the  selected  frequencies  it  is  then  necessary  to  obtain 
statistical  histories  of  the  responses  in  terms  of  the  percentage 
of  time  that  particular  peak  rms  ratios  occur  or  are  exceeded. 

This  immediately  yields  the  distribution  of  actual  peak  acceler¬ 
ations  (or  stresses,  etc.)  and  the  probable  number  of  occurrences 
in  any  given  time  interval.  In  addition,  it  pz’ovides  information 
as  to  whether  the  responses  are  sinusoidal,  are  beat  manifestations 
or  are  random.  A  typical  F-106  distribution  is  shown  in  Figure  3; 
in  comparison  with  a  Rayleigh  Distribution. 

To  summarize  the  discussion  to  this  point,  what  I  have 
actually  accomplished  is  to  demonstrate  that  the  responses  of  a 
complex  structure  to  unknown  random  inputs  can  be  simulated  by 
sinusoidal  vibrations  of  scheduled  magnitudes  On  this  basis  alone, 
the  justification  for  random  vibration  testing  in  the  laboratory 
appears,  at  the  3.east,  highly  questionable'. 

Now  that  we  have  briefly  looked  at  the  vibratory  responses 
of  a  structure  when  the  input  is  unknown,  let  us  look  at  the 
opposite  case  -  where  the  input  is  known,  but  the  structural 
responses  are  not.  For  a  working  example,  we  shall  assume  that  we 
are  designing  a  new  jet  aircraft  and  that  the  problem  is  prevention 
of  acoustically  induced  structural  fatigue. 
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The  first  task  is  straightforward,  that  is,  recording  on 
magnetic  tape  the  exhaust  noise  from  the  particular  engine  at  the 
appropriate  locations.  (I'm  not  going  to  elaborate  on  this  since 
this  is  not  a  discussion  of  noise  measurement  techniques.)  The 
noise  data,  like  the  vibration  data,  should  be  analyzed  with  a 
filter  equivalent  to  the  estimated  aggregate  damping  of  the 
structure,  so  as  to  provide  plots  of  rms  pressure  versus  frequency. 
At  various  frequencies,  the  statistical  histories  of  the  peak 
pressures  should  be  investigated.  As  a  matter  of  interest.  Figure  4 
shows  the  general  statistical  characteristics  of  exhaust  noise  of 
the  GE  CJ-8C5  engine  in  the  near  field. 

The  next  step  is  to  mate  the  acoustic  pressure  input  with 
the  fatigue  characteristics  of  the  structure  being  designed.  Since 
we  are  dealing  with  a  random  forcing  function,  this  mating  must  be 
accomplished  in  the  light  of  a  cumulative  fatigue  damage  criterion. 
The  following  are  some  considerations: 

a.  Vibratory  stresses  which  are  significant  with 
respect  to  generation  of  a  fatigue  failure 
will  be  developed  only  in  a  resonant  mode  of 
the  structure  (Reference  5) • 

b.  A  lightly  damped  structure  will  respond 
significantly  in  its  least  damped  mode  when 
subjected  to  random  vibratory  excitation. 

The  selection  of  this  mode  is  based  on  stress 
magnification,  not  amplitude  magnification 
(Reference  5)-  i 

c.  The  fatigue  failure  cf  a  structure,  when 
subjected  to  random  excitation,  can  be 
interpreted  in  terms  of  a  quasi- sinusoidal 
input  whose  frequency  corresponds  to  that 

of  the  least  damped  mode  and  whose  amplitude 
varies  randomly  as  a  function  of  time. 

a.  A  predictable  relationship  can  be  established 
between  vibratory  stress  in  a  structure  and 
applied  vibratory  pressure. 

e.  A  fatigue  (stress-cycle)  curve  for  the 
structure  can  be  established  and  normalized 
on  a  non-dimensional  equivalence  of  stress 
ratio  and  pressure  ratio. 

f.  The  randomness  of  the  pressure  input  can  be 
defined  statistically  as  the  probable  rate 
of  occurrence  of  peak  values  of  pressure. 
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By  use  of  the  above  ground  rules ,  it  is  possible  to 
equate  the  fatigue  life  of  a  structure  under  random  excitation  to 
its  fatigue  life  under  sinusoidal  excitation.  To  accomplish  this, 
there  are  two  requirements  which  must  be  met  for  both  types  of 
excitation: 

1.  Fatigue  failure  is  defined  by  an  intercept  of 
the  S-N  curve. 

2.  The  total  vibratory  energy  absorbed  by  the 
structure  must  be  the  same  for  either  type 
of  excitation.  (Reference  6) . 

Let  us  now  take  a  look  at  Figure  5-  The  acoustic 
pressure  distribution  curve  is  the  same  as  shown  on  Figure  4, 
except  that  the  scale  is  log-log  and  the  axes  have  been  reversed. 
Time  to  failure  may  be  expressed  in  hours  where  the  minimum 
desired  fatigue  lift  of  the  sti-uct-ure  corresponds  to  100  percent. 
Curves  A  and  B  have  the  same  slope,  which  is  that  of  the  S-N 
curve  for  the  fabricated  structure.  As  a  matter  of  interest,  this 
particular  slope  has  a  ratio  of  6  to  1,  ultimate  stress  to 

g 

endurance  stress  at  rj  x  10  cycles,  and  was  used  successfully  in 
the  design  of  wing  trailing  edge  structure  on  the  Convair  880  and 
99°  jetliners.  If  line  BB  is  drawn  tangent  to  the  pressure 
distribution  curve,  then  both  of  the  above  fatigue  life  require¬ 
ments  have  been  fulfilled  for  the  random  excitation.  If  the 
rectangle  CDE  is  now  drawn  through  the  point  of  tangency  such 
■‘'hat  its  effective  area  is  equal  to  that  under  the  random  distri¬ 
bution  curve,  and  line  AA  is  drawn  parallel  to  BB  through  point  D 
then  we  have  established  the  random-sine  fatigue  equivalence. 

In  addition,  for  laboratory  testing  of  structural  samples, 
accelerated  sinusoidal  tests  can  be  run  by  merely  moving  back  on 
S-N  curve  AA.  (Reference  6) . 


It  is  fully  real  oed  that  the  procedure  just  described, 
like  other  procedures  of  a  >imilar  nature,  entails  a  number  of 
assumptions.  However,  this  much  can  be  said  of  it: 

a.  It  requires  a  minimum  amount  of  information 
about  the  structure  involved. 

b.  It  has  been  checked  successfully  against 
published  laboratory  fatigue  data. 

c .  Its  successful  application  has  been  demonstrated 
to  date  in  the  many  Convair  jetliners  now 
flying  the  airways. 
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STATISTICAL  VARIATION  OF  F-106  VIBRATION  RESPONSES 

FIGURE  3 
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TIME  TO  FAILURE-PERCENT 


CAPTIVE  MISSILE  RESPONSE  DUE  TO  RANDOM  PRESSURES 


H.  L.  Leve 

Hughes  Aircraft  Company 
Culver  City,  California 


Introduction 


The  environment  associated  with  any  missile  flight  history 
is  composed  of  two  parts;  namely,  a  mean  or  steady  part,  and  a 
f  luctuai.-i.rig  part  about  the  mean.  There  are,  in  general,  well 
defined  procedures  for  predicting  the  response  of  a  system  to  a 
steady  environment.  The  fluctuating  part  involves  random  inputs 
into  the  system  which  permit  only  a  statistical  description  of  the 
system  response.  For  each  portion  of  the  history  over  which  the 
statistics  of  the  system  input  remain  essentially  invariant,  an 
analytical  procedure  can  be  formulated  which  will  describe 
statistically  the  forces  acting  internally  in  the  system,  and 
hence  evaluate  the  system  design. 

Consider  the  particular  case  of  a  captive  missile  being 
flown  exposed  to  the  airstream  under  a  constant  dynamic  pressure. 
The  fluctuating  environment  in  this  case  is  a  random  pressure 
acting  over  the  missile,  where  the  statistics  of  this  environment 
remain  essentially  stationary  under  the  described  conditions.  The 
power  spectrum  of  this  type  of  input,  in  a  local  region  as  obtained 
by  a  pressure  transducer,  is  approximately  white  noise  from  0  cps 
to  a  cutoff  frequency  in  the  range  of  250  cps  to  1,000  cps.  It 
will  be  presumed  that  the  total  fluctuating  pressure  (that  is, 
fluctuating  force)  acting  on  a  section  of  the  missile,  in  either 
the  vertical  or  lateral  direction,  has  the  same  spectral  charac¬ 
teristics  as  the  local  pressures;  although  it  does  not  necessarily 
follow  that  a  sum  composed  of  white  noise  quantities  has  a  white 
noise  spectrum. 

A  possible  situation  that  may  arise  is  when  only  one  piece 
of  response  data  is  available  for  predicting  the  behavior  of  the 
captive  missile  in  either  the  vertical  or  lateral  direction.  With 
just  one  piece  of  response  data  (for  example,  the  rms  acceleration 
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at  the  nose  of  the  missile),  only  one  degree  of  freedom  can  be 
allowed  in  the  description  of  the  total  fluctuating  pressure  field. 
This  can  be  done,  for  instance,  by  selecting  a  fixed  shape  for  the 
longitudinal  distribution  of  the  pressures  (for  example,  pro¬ 
portional  to  the  planform  normal  to  the  direction  of  motion  being 
considered),  and  such  that  this  shape  is  retained  at  all  times. 

The  magnitude  of  the  longitudinal  pressure  distribution  can  be 
described  by  one  of  its  ordinates,  since  any  other  ordinate  is  a 
fixed  constant  times  the  reference  ordinate.  Thus  the  only  quantity 
remaining  to  complete  the  description  of  the  fluctuating  longi¬ 
tudinal  pressure  distribution  is  the  level  of  the  white  noise 
spectrum  for  the  reference  ordinate.  From  the  one  known  piece  of 
response  data,  the  level  of  the  reference  ordinate  spectrum  can 
be  determined  as  will  be  shown  later.  Having  this  result,  all  the 
desired  response  spectrums,  and  their  associated  rms  values,  can 
be  found. 


Since  the  fluctuating  portions  of  the  pressure  field  have 
zero  means  and  considering  the  captive  missile  system  to  act 
linearly,  the  mean  values  of  the  responses  obtained  for  this  case 
are  also  zero.  Further,  it  has  been  found  from  strain  gage  and 
accelerometer  flight  measurements  that,  for  a  stationary  portion  of 
the  flight  history,  the  deformation  and  acceleration  responses  are 
normally  distributed.  Thus  the  responses  are  completely  charac¬ 
terized  by  the  determination  of  their  rms  values. 

If  more  than  one  piece  of  response  data  is  available,  then 
a  corresponding  number  of  degrees  of  freedom  can  be  used  in 
describing  the  longitudinal  pressure  distribution.  The  analysis 
that  will  be  given  presently  for  the  case  of  one  known  piece  of 
response  data  can  be  readily  extended  to  the  case  in  which  more 
than  one  piece  of  response  information  is  known.  In  either  one 
of  these  cases  there  are  many  ways  to  restrain  the  pressure  distri¬ 
bution,  since  very  little  is  known  about  the  characteristics  of  the 
pressure  field  acting  upon  an  exposed  captive  missile.  Thus  to 
supplement  the  analysis,  a  study  should  be  made  into  the  effect  of 
various  pressure  field  descriptions  on  the  rms  response  levels, 
dependent  upon  the  number  of  known  pieces  of  response  data.  Further, 
since  the  damping  in  the  captive  missile  system  is  relatively 
difficult  to  ascertain,  a  study  should  be  made  on  the  sensitivity 
of  the  rms  response  levels  to  various  damping  levels  and  distri¬ 
butions.  A  study  of  the  effect  of  the  pressure  field  cutoff 
frequency  on  the  rms  responses  would  be  of  value  also.  The  results 
of  these  studies  will  indicate  the  scope  of  the  flight  testing,  as 
well  as  any  laboratory  testing,  required  to  give  reasonably 
accurate  rms  response  levels.  With  these  considerations,  the 
analysis  that  follows  shows  a  procedure  for  predicting  the  rms 
response  levels  for  the  particular  case  in  which  only  one  known 
piece  of  response  data  is  available.  The  approach  that  will  be 
described  can  be  readily  adapted  to  more  complex  situations,  as 
mentioned  previously.  To  give  a  clear  description  of  random 
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analysis  procedures,  the  mathematical  methods  used  in  the  following 
analysis  require  only  a  familiarity  with  elementary  vibration  theory. 

Random  Vibration  Analysis 

A  dynamic  model  for  the  exposed  captive  missile  system  can 
be  arranged  in  the  form  of  discrete  masses,  springs,  and  dampers. 
Acting  on  each  mass  section  of  the  exposed  captive  missile,  in 
either  the  vertical  or  lateral  direetion,  will  be  a  fluctuating 
force  (with  zero  mean)  which  has  a  white  noise  spectrum  from  0  cps 
to  some  cutoff  frequency  in  the  range  of  250  cps  to  1,000  cps  as 
discussed  previously.  For  the  case  in  which  only  one  piece  of 
response  data  is  available  (for  instance,  the  rms  acceleration  of 
the  missile  nose  in  the  direction  of  the  motion  being  considered), 
the  fluctuating  forces  on  the  missile  section  will  be  allowed  only 
one  degree  of  freedom.  This  will  be  done  in  the  following  analysis 
by  retaining,  at  all  times,  a  fixed  proportionality  between  the 
fluctuating  forces  on  the  missile  sections. 

Without  any  loss  in  the  analysis,  the  model  in  Figure  1 
may  be  used  in  place  of  the  captive  missile  model. 


Figure  1 
Dynamic  Model 
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The  differential  equations  governing  the  system  in  Figure  1 
may  be  written  in  matrix  form  as 

t 

MU1  *  tc]Lx]  *  M«]=  Dd  (1) 

The  3x1  matrices  M  .  ft]  ,  and[<3  are,  respectively 
the  coordinate  displacement,  velocity  and  acceleration  matrices. 

The  3x3  matrices,  w\  .  cc]  ,  and  M  ,  and  the  3x1  matrix,  CF3  , 
are  the  mass,  damping,  stiffness,  and  external  force  matrices, 
respectively.  The  elements  in  the  i-th  rows  of  the  matrices  If  3 
and  M  are  written  refepectively  as  F(  and  Xj  .  These  latter 
quantities,  which  are  functions  of  time  (that  is,  and 

x-  »  *j(0  )  ,  are , (respectively ,  the  force  acting  on  the  i-th 

mass  and  the  displacement  of  the  i-th  mass. 

For  the  case  of  one  degree  of  freedom  in  the  fluctuating 
force  field,  the  fluctuating  forces  Fj(t)  may  be  written  as 


where  A-  is  the  constant  of  proportionality  between  the  fluctuating 
force  on  the  i-th  mass  secjtion  and  the  fluctuating  force  on  mass 
section  1  and  is  prescribed  a  priori . 

The  time-wise  forcing  function  can  be  considered 

as  composed  of  a  sum  of  sinusoids  in  the  following  manner: 


^(0=  sun(uvfc  +  *10  fj  s\n(uYt  *<!»,)+  ••+  <fK)+  * •  • 

'  '  v  ^  q>„)  (3) 

The  spacing  between  successive  frequencies  in  Equation  (3) 
will  be  considered  constant  in  the  following  analysis  and  of 
magnitude  AlO  .  The  frequency  oOy,  will  be  considered  as  the  cutoff 
frequency. 

From  (2)  and  (3),  the  representation  for  the  force  acting 
on  the  i-th  mass  section  is 

’  •  PKS\*tuVt+l^+  ••  ■  +  fn  (4) 
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If  the  expressions  in  (3)  and  (4) 
placed  term-by-term  in  the  right  hand  side 
superposition,  the  particular  solution  for 
can  be  found  in  the  following  form: 


for  each  frequency  are 
of  Equation  (1),  by 
the  i-th  displacement 


•  •+At<  ••••♦■  Ain  S\v»(u>wl  v  v  (5) 


To  develop  a  program  for  obtaining  the  amplitudes,  At* 
and  phase  angles,  ft*  ,  in  expression  (5),  the  use  of  complex 
notation  is  convenient.  If  the  term  in  expression  (3)  for  Pitt} 
associated  with  frequency  level  Ok  is  denoted  by  Paw-Ct}  (that 
is,  PiKutO**  pvt  *\^(u)vffc  +•  tp*.  then  this  term 

can  be  considered  as  the  imaginary  part  of  the  complex  quantity 


p*  e 


where  the  value  of  i  in  the  exponent  of  C 


is  N/  “ 1  • 


It  follows  from  (2)  that 

^  iCuAfb  +•  <**) 

pa  e 


(6) 


(7) 


If  the  displacement  of  the  i-th  mass  associated  with 
frequency  level  Ok  is  denoted  by  (that  is 

Xivt  Ala  S»  v>  (uVfc  cfivt  ')')  ,  then  this  term  can  be 

considered  as  the  imaginary  part  of  the  complex  quantity 


XvttC'U  ° 


»Co*t  * 

Ai»t  a 


Via  e 


»  t 


i<k* 

At*  e  e 


(8) 


It  can  be  seen  from  (8)  that 


At*  e 


i  cf 


ttt 


(9) 


Putting  (6),  (7),  and  (8)  into  (1),  it  is  found  for 
frequency  level  Ok  that 
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{-«£  |V]j  w  =  \  P« 

1X»*  J  L>,  p*. 

or  more  briefly, 

{-  w i  M  +  i  uv  M  *  W }  btl  -  f»  W 

Now  taking 

D><k"|=  pK 

Equation  (10)  becomes 

{  -  io\  [m]  +-  i  uJk.  tc]  •+-  M  ]  [^1  =  t>l 


(10) 


(ID 


(12) 


Equation  (12),  which  is  a  set  of  algebraic  equations,  can 
nov;  be  solved  for  the  complex  matrix  by  using  the  machine 

program  in  Reference  (1). 

From  (11)  and  (9),  it  can  be  seen  that 


Zi*«  p.'M. 


Ai»e 


Hence  the  complex  values  obtained  in  the 

solution  of  (12)  for  frequency  level  ,  can  be  used  to  determine 

the  phase  angle,  <Vik.  ,  and  the  amplitude  *Ut  for  a  unit  value  of 
(that  is,  ).  Thus 

and  cpiK_=*  av'd’am  y  (14) 

Applications  of  sinusoidal  procedures  to  random  vibration 
problems  are  shown  in  References  (2)  and  (3).  For  the  present 
purposes,  the  random  vibration  analysis  of  the  system  in  Figure  1 
may  be  begun  by  determining  the  covariances  between  the  coordinate 
responses.  By  definition  the  covariance  between  responses  and 

(which  have  zero  means)  is  given  mathematically  as 
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cov  =1=  j  y.  (fl  x-jC-t^  cH: 


Using  expression  (5),  with  appropriate  subscripts,  in  the 
evaluation  of  (15),  it  is  found  that 

JlVV1  i  f  [  ^  Aiy.fi**  • 

T-voo  1  4  *•« 

.  «  ( 16  . 

*  L  J-  d+ 


Ai<AJK Co*,  (‘ta-fyO 


In  arriving  at  (17)  from  (16),  the  cross  terms,  involving 
unlike  frequency  levels,  vanish  in  the  limiting  process.  Thus  each 
term  in  (17)  is  obtained  as  follows: 


Uvvi  —  f  A i*  +-  ^ -  AjK  £>\*(<Oy.t  +•  <P-|4)i+- 

^  Tl  ,  .  ,  .  08) 
-  4  At*  Aj*  Cos  (4-*.-  q 

The  covariance  between  a  response  and  itself  is  termed  the 
variance  or  mean  square  value  of  the  response.  Thus  the  variance 
or  mean  square  value  of  the  response  Xj  is  given  from  (17)  as 

n 

Cov/(Xi,x-)~  v/av-Cx;^  cr^-s  =  2L  4 (19) 

t»6 

The  result  in  (19)  is  obtained  from  (17)  by  changing  the 
subscript  j  to  i  .  The  last  expression  in  (19)  indicates  the 
well  known  fact  that  the  mean  square  value  of  a  sinusoid  is  one- 
half  of^the  square  of  its  amplitude.  It  can  also  be  noted  that 

is  the  contribution  to  the  mean  square  value  of  the 
response  of  the  i-th  mass  from  the  frequency  band  ±  ♦ 

Thus  in  (19)  it  is  seen  that  the  total  mean  square  response  of  the 
i-th  mass  is  the  sum  of  the  contributions  from  all  the  frequency 
bands  of  width  AtO  ,  associated  with  the  frequency  levels  from 
uJo  to  Uv)  indicated  in  expressions  (3),  (4),  and  (5). 

From  Equation  (13)  it  follows  that 
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«  p*  aivc  ayiA  A  j*.  =  p*.  a. 


a  vc 


(20) 


'  Substituting  the  expressions  in  (20),  for  Ai**.  and  A)*4 
into  Equations  (17)  and  (19),  it  is  found  that 


\  x-  =  £  L  pf  a-l(t  cos  (4>i*  -  <?ilt  } 


(21) 


tt=0 


and 


=  £  i  c 


(22) 


Similar  to  the  discussion  following  Equation  (19),  it  is 
seen  in  Equation  (3)  that  the  contribution  to  the  mean  square  value 
of  the  force  F’i('t)  from  the  frequency  band  u)tc.t  is 

ip*  ;  that  is,  one-half  of  the  square  of  the  amplitude  of 

the  sinusoidal  term  in  (3)  associated  with  the  frequency  level 
uJu_  .  In  the  frequency  band  from  U)0  to  U\,  ,  the  force 
is  assumed  to  have  a  white  noise  spectrum  as  indicated  in  earlier 
discussions.  This  means  that  the  ordinate  of  the  power  spectrum 
for  between  and  GO* i  is  a  constant.  Denoting  this 

ordinate  by  ,  the  contribution  to  the  mean  square  value  of 
Ftfck)  from  any  frequency  band  of  width  £t*J  ,  between  fre¬ 
quency  levels  U)o  and  ,  is  el  Aul  ;  since  the  area  under  a 

power  spectrum  between  any  two  frequencies  gives  the  mean  square 
value  contributed  by  that  frequency  band.  It  can  then  be  seen 
from  the  above  discussion  that 


1  *  = 

T  P< 


-<  Ago 


(23) 


Following  again  the  discussion  after  (19),  the  mean  square 
value  of  F.Ofc)  is  the  sum  of  the  mean  square  contributions 

from  all  the  frequency  bands.  Thus  if  the  mean  square  value  of 
P.C.O  is  denoted  by  then 


Ago  —  <*.  v\  ) 


(24) 


Putting  expression  (23)  into  (21)  and  (22),  it  is  found 


that 
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and 


x j  Au) 


/> 

^ -  CL{,yc.  C.oS>  C^Piic  -V) 


(25) 


(26) 


In  the  evaluation  of  Equations  (24),  (25),  and  (26),  only 
the  quantity  ©<  ,  at  this  stage,  is  unknown.  The  ordinate,  o<  , 
of  the  power  spectrum  of  can  be  determined  as  follows 

from  one  known  piece  of  response  data;  for  instance,  the  rms  (or 
mean  square)  acceleration  of  mass  1: 

Differentiating  Equation  (5)  twice  and  putting  £-=»  1  ,  it 

is  found  that 


w  =  ~  At e  sin(oU:  «•  iVo  4-  C(> ,  D)  -  to  *  An  su^(tOt+  +  ■».  4 m  ) - 

- ui*  A1KS»n  •"  u>£  A, M  •*<?,*')  (27) 


Now  similar  to  the  definition  in  (15) 

Cov  ( X, ,  x.)=  <T*  U  =  crj  ,  Um  A.  fT[_  ic,(i)]^  (28 ) 

1  *  T-*-oo  T  Jo 

Putting  (27)  into  (28)  and  performing  the  indicated 
operations,  it  is  found  that 


<r*  =  Z.  1  ov*  a?k.  (29  > 

tt-o 

The  expression  in  (29)  shows,  as  expected,  that  the  mean 
square  value  of  a  sinusoidal  term  in  (27)  is  one-half  of  the  square 
of  its  amplitude. 


gives 


Substituting  (20)  into  (29)  vith  Z  —  \ 


PI 


z  K  Z. 

p  cO  Q. 

he.  K. 


) 


(30) 
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Using  (23),  expression  (30)  becomes 


c<  A  Co 


T  v  4  £ 

Z.  ^  a. 

K« o 


IK. 


(31) 


Since  the  mean  square  acceleration  of  mass  1, 
is  a  known  quantity,  then 


(32) 


Thus  with  (32)  and  the  results  given  in  Equations  (24), 
(25),  and  (26),  the  rms  (or^mean  square)  values  of  the  inputs  and 
responses  can  now  be  completely  determined  for  the  system  in 
Figure  1. 


Mean  Square  Values  of  the  Inputs  and  Responses 


The  mean  square  value  of  the  force  on  mass  1  obtained  in 
Equation  (24)  couLd  also  have  been  determined  from  the  approach 
indicated  by  the  definition  in  (15),  Thus 

COV/(F.,fsW  luv,  (33) 

T-r«o  1  4 

Putting  expression  (3)  into  (33),  the  result  in  (24)  will 

be  found. 


The  mean  square  value  of  the  force  acting  on  any  other 
mass  can  be  found  in  a  similar  manner.  Hence 


c<*/(F*>Fr/=:r  -pp  -  $1.  --  ^  b  ; 

*  i  rt  T~*“o  1  * 

Substituting  (2)  into  (34),  it  is  found  that 


.'34  1 


(35) 


Thus  from  (33) 


•*.  » 


(36) 
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From  a  definition  similar  to  that  in  (15),  the  mean  square 
value  can  be  determined  for  any  interior  force  response;  for  instance, 
the  spring  force,  "f {  ,  between  the  i-th  and  j-th  masses  of  the 

system  shown  in  Figure  1.  The  spring  force,  "fj  ,  in  this  case  is 
given  mathematically  as 

h  ~  (37) 


where  is  the  spring  stiffness. 

Thus  by  definition 


Cos/ (£,£)= 


T— *<o 


(38) 


Putting 

t 

l 


(37)  into  (38) 

•r'r„  ^(TfsC^-Xj)T-d+ 

vl  Uwi  -4p  f  (x;  -xj)z 

T-*oe>  1  4 


(39) 


Expanding,  it  is  found  that 


T-*co 


Z  Ui<H 

T~*» 


(40) 


that 


From  (15)  and  the  symbolism  previously  used,  it  is  seen 


(41) 
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The  covariance  and  mean  square  values  in  the  right  hand 
sides  of  expressions  (41)  and  (36)  can  be  found  from  Equations  (24), 
(25  j,  (26),  and  (32).  Thus  a  procedure  is  demonstrated  for 
determining  the  mean  square  value  of  any  input  or  response  for  the 
type  of  system  described  by  Figure  1. 
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The  acoustic  field  associated  with  large  jet  and  rocket  engines 
has  become  increasingly  significant  as  a  prime  source  of  vehicle 
vibrations.  Indications  are  that  during  lift-off  portion  of  vehicle 
flight,  the  sound  field  generated  in  the  turbulent  wake  of  the  ve¬ 
hicle  is  perhaps  the  most  important  source  of  structural  vibration. 
Vibration  levels  have  been  noted  to  decrease  considerably  after  the 
first  few  seconds  of  flight,  and  it  is  noted  that  this  lifting  of 
the  vehicle  from  its  pad  coincides  with  the  changing  of  the  acoustic 
field  from  hemispherical  to  spherical  radiation.  The  problem  of 
predicting  or  even  measuring  sound  induced  vibrations  is  exceedingly 
complex.  Many  idealized  situations  must  be'  assumed  for  the  sake  of 
simplicity.  Acoustic  theory  assumes  such  things  as  free  field  con¬ 
ditions  and  plane  wave  fronts,  and  it  is  realized  that  these  con¬ 
ditions  are  not  met  during  the  launch  phase  of  vehicle  flight. 

The  vehicle  structure  itself  must  be  idealized  in  order  to 
assume  certain  boundry  conditions,  modal  shapes,  and  damping  ratios. 
The  assumption  of  boundry  conditions  affects  the  calculation  of 
natural  frequencies  and  the  assumed  mode  shape  and  damping  affects 
the  calculation  of  vibration  amplitudes. 

Finally,  the  development  of  an  equation  which  relates  the 
impinging  pressure  to  the  induced  acceleration  is  a  straight  forward 
approach  which  assumes  that  each  mode  responds  as  a  single  degree  of 
freedom  system. 

The  theoretical  basis  for  this  analysis  is  given  in  work  done 
by  both  Doctors  Powell  and  Dyer  where  methods  were  devised  for 
determining  the  important  vehicle  vibrations  from  acoustic  data. 

The  task  in  this  paper  is  to  apply  these  methods  to  a  specific  loca¬ 
tion  on  the  Saturn  booster,  calculate  the  expected  vibration  levels, 
and  compare  these  values  to  the  actual  measured  responses. 


Farrow 


The  noise  of  a  rocket  engine  has  as  its  origin  the  turbulence 
which  exists  in  the  exhaust  stream.  The  result  is  that  the.  sources 
which  generate  the  intense  acoustic  field  do  not  appear  to  exist 
within  the  engine,  but  are  downstream  in  the  volume  of  the  exhaust. 
The  distance  from  the  plane  of  the  nozzle  to  the  location  of  the 
source  is  a  function  of  frequency.  Low  frequencies  appear  farther 
downstream  than  do  high  frequencies.  For  the  Saturn  static  tests, 
deflection  of  the  exhaust  stream  causes  the  sound  sources  to  occur 
to  one  side  of  the  vehicle.  A  sketch  of  the  geometry  is  shown  below. 


GEOMETRY  OF  SATURN  STATIC  TEST 


- L 


APPARENT 

SOURCE 


FIGURE  I 
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With  the  use  of  measured  sound  pressure  levels  at  points  A  and  B 
values  of  L,  greater  than  (a),  can  be  determined  by: 

,2=  CXb+cvMXa  +  ol)*  (Pa /Pa)* 

(Pi  /  Pb)  -- 1 

then  XQ  -  a  +  L. 


As  L  decreases  with  increasing  frequency  until  L  <  (a) 
determined  directly  by: 


X  b  ~  X  a  (Pa  /Pa  ) 
(Pa /Pa)- 1 


then  XQ  may  be 


For  both  cases  the  total  distance  from  the  source  to  the  point  in 
question  is  then  given  by: 

R=X0  +  X  . 

It  now  becomes  necessary  to  determine,  with  the  use  of  the  measured 
data,  a  spectrum  function  at  a  point  one  foot  from  the  source.  This 
is  accomplished  by  increasing  the  SPL  at  A  and  the  SPL  at  B  by  20 
log  R.  With  use  of  the  spectrum  function  it  is  possible  to  determine 
the  sound  pressure  level  at  any  point  on  the  surface  of  the  vehicle. 

A  point  thirty  feet  up  the  side  of  the  vehicle  was  chosen  as  a 
location  for  correlating  the  impinging  pressures  with  vibration 
measurements.  The  sound  pressure  spectra  was  then  computed  for  this 
point.  A  physical  description  and  the  sound  spectra  are  shown 
below  for  this  location. 


CROSS  SECTION  OF  LOX  TANK 


FIGURE  2 
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SOUND  PRESSURE  SPECTRUM  LEVEL 


-  FIGURE  3 


The  construction  of  the  tank  consists  of  a  circular  cylinder 
segmented  by  ring  frames  spaced  approximately  twenty-nine  inches 
apart.  The  ring  frames  are  assumed  to  be  sufficiently  rijld  so  as 
to  approximate  supported  end  conditions  for  the  material  between  the 
frames.  The  three  modes  of  tank  vibrations  are  as  follows: 

1.  Expansion  and  contraction  of  the  vehicle  skin;(ring 

motion) 

2.  Translation  without  deformation; 

3.  Bending  or  corrugation  along  the  vehicle  skin. 

The  differential  equation  which  relates  the  deflccticn  of  n 
beam  to  the  impinging  pressure  is  given  as; 

+/^n^n  f  n  an  (*)  dX-  (  ) 

This  also  holds  for  the  surface  of  a  cylinder  if  the  deflection  (y) 
is  o  function  of  over  the  surface  as  well  as  x  and  t.  The 
instantaneous  deflection  yn  equal  Ymax  sin  (&>t  + ),  therefore, 
y  (x,  <t>  ,  t)  is  equal  to  c*  n  ,  x)  yn  (t)  where  «n  (fi  t  x) 

is  the  mode  scape.  Equation  (,1)  is  recognized  to  be  identical  to 
one  for  a  staple  spring  mass  system.  The  mass  (Mn)  must  then  be 
put  into  a  )  cm  of  an  effective  or  generalized  mass  by  integrating 
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over  the  surface,  in  equation  form: 


M 


n  --  Ca,rn  oc2n  (4>,x)  d 


(2) 


For  radial  symmetry  the  pressure  over  the  surface  is  a  function 
of  x  and  t  and  is  indepesndent  of  .  This  can  be  written  as:  ' 


where 


P(%iO*  Pq  COS 


„  2  TT'P 

K-— * 


(3) 


Substituting  (3)  into  (1) ; 

M 


n  Y  n  +  P  V  ^on  Yn  *  f  Po  COS  (<At_  -  *  «  n(x)  dx .  (4) 

If  CXk^  (Xy  is  replaced  by  its  mode  shape  sin  *3. _ _ 

jpr 

sin  ,  equation  (4)  reduces  to 


MnYn+ySYn*COlonYn=  j>0COS  (6it-VtX)  SIN  ^-g—-  SI  N  H^  tiX  >  (5) 

/"  , 

Performing  the  necessary  integration  the  right  side  of  (5.) 
becomes  ' 


/  ?  rT  9i\ 

Pq  °i(l-  COS  q  rr  COS  —x~) 


TTX 


(0] 


COS  <0-+  K.SIN  cot-  . 


Inspecting  of  the  left  hand  side  of  (5)  it  is  recognized  that 

Yn“YMAx  Sin  Y) 

which  expands  into 


y 


//  y.s 

•  VYMAX  [SIN  60 1.  COS  1  +  COS  60  SIN  't  ]  •  <6> 


/ 


;/ 

.7 
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'  *1 Itut ing  (A) 

******  .ng  that 


into  the  left  side  of  (5),  letting  t 

YMAX~'“YMAX  ^ 


o,  and 


YM  AX + <^on Y max)  SIN  *+<i>£nYMAx  COS  tf  = 

p0  «i[i-cos  q  n  cos 


(7) 


i»<4i  tince 


YMAX “  -YMAX ^ 


ttx. 


then: 


PI 


CMnYMAX  +  Y-^-  G>on)SlN  Y ♦  finV_MAX  COS  Y= 

Po^fl-COSq/ZCOS^-]  (8) 

Recalling  that  equations  in  the  form  of  A  sin  Y  +  B  cos  ](  have 
a*  their  magnitudes  the  square  root  of  the  sum  of  the  squares  of  the 
coefficients  +  gl  then: 


YMAX 


q/T*. 

p0  sin  — r~ 


2\ 

1- 

COS  q.7 T  cos  —£r) 

m 

z 

- 

ft) 

•c 

(9) 


Further  simplification  and  evaluation  of  the  effective  mass 
results  in  the  following  final  equation  for  resonance 


YMAX 


2  PoSIN  Kn  x(l-  COS  ft  COS  K  Q 

Mj2  Kp^K1^ 


M 


(10) 


Solutions  of  (10)  were  determined  for  the  fundamental  frequen¬ 
cies  and  several  of  the  harmonics  associated  with  the  three  modes  of 
vibration.  The  important  resulting  vibration  are  plotted  to  show 
its  comparison  with  measured  data. 
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Comparison  of  Calculated  Data  to  Measured  Data 


-  Measured  Vibration, 

Liquid  Loading 

-  Measured  Vibration, 

no  Liquid  Loading 
Vertical  Bars  - 

Calculated  Vibration 
no  Liquid  Loading 


500  1000  \500  tooo  2^00 

Frequency  (cps) 


FIGURE  4 


The  lower  curve  is  given  for  interest  and  represents  the  vibration 
level  before  the  liquid  level  had  depleted  to  below  the  location  of 
the  pickup.  The  upper  curve  represents  the  vibration  level  which 
exists  without  liquid  loading  for  the  section.  The  vertical  bars 
represent  the  calculated  vibrations  utilizing  equation  (10) .  The 
frequencies  associated  with  the  important  vibrations  calculated  seem 
to  agree  fairly  well  with  the  peaks  in  the  measured  spectrum.  The 
amplitudes  of  the  predicted  vibration  appears  to  be,  in  general,  an 
order  of  magnitude  higher  than  the  measured  vibration,  however,  the 
criteria  for  the  original  work  in  this  field  was  to  obtain  an  order 
of  magnitude  for  design  and  test  levels.  From  this  standpoint  the 
calculated  levels  appear  reasonable.  In  addition,  the  equation  for 
this  correlation  assumed  radial  symmetry  of  the  pressure  field  over 
the  surface  of  the  vehicle.  This  most  certainly  is  not  the  case  for 
static  test  configurations.  The  effective  shadowing  of  the  backside 
of  the  LOX  tank  may  have  an  appreciable  effect  on  certain  modes  of 
vibration. 
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This  analysis  neither  proves  nor  disproves  the  ability  to  pre¬ 
dict  vibration  levels  from  acoustic  data.  The  results  are  encour¬ 
aging  in  some  respects  and  it  is  hoped  that  interest  will  be  stimu¬ 
lated  for  additional  studies  of  this  kind.  It  may  well  be  possible 
that  empirical  results  will  become  sufficient  in  number  so  as  to 
allow  a  categorizing  of  certain  basic  structures  with  the  acoustic 
fields  to  which  they  are  subjected.  The  final  function  being  that 
of  obtaining  a  broad  profile  of  the  structural  responses. 
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-DEFINITION  OF  SYMBOLS 

X^  Distance  from  the  plane  of  the  exhaust  nozzles  to  an  acoustic 
measurement  point  A  on  the  vehicle. -ft 

Xg  Distance  from  the  plane  of  the  exhaust  nozzles  to  an  acoustic 
measurement  point  B  on  the  vehicle . -ft 

a  Distance  from  the  plane  of  the  exhaust  nozzles  to  the  point  of 
impingement,  of  the  exhaust  gases  on  the  deflector . -ft 

L  Distance  from  the  impingement  of  the  exhaust  gases  on  the 
deflector  to  the  apparent  source. -ft 

2 

P^  Measured  pressure  at  point  A  lb/ft 

2 

Pg  Measured  pressure  at  point  B  lb/ft 

XQ  Approximate  distance  from  the  plane  of  the  exhaust  nozzles  to 

the  apparent  source. -ft 

R  The  distance  from  the  apparent  source  to  the  point  in  question 

-ft 

Mn  Generalized  mass  -  slugs 

n  Mode  number-nondimensional 

Yn  Deflection  due  to  the  nC^  mode. -ft 

Yn  First  time  derivative  of  the  deflection. -ft/sec 

Yn  Second  time  derivative  of  the  def lection.-ft/sec2 

Ymax  Maximum  deflection  -ft 

Y(x,<^,t)  Deflection  as  a  function  of  x,  ,  and  t.-ft 

x  Distance  up  the  side  of  the  section  in  question  with  the 

origin  in  the  plane  of  the  lower  ring  frame. -ft 

Angular  distance  about  the  longitudinal  axis  of  the  vehicle- 
radians 

t  Time-seconds 


6^0 


n 


Modal  deflection  as  a  function  of 
Natural  angular  frequency  rad/ sec 
Appropriate  damping  coefficient  — 


time. -ft 


sec 

ft 
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A  RATIONAL  APPROACH  TO  THE  ENVIRONMENTAL 
VIBRATION  PROBLEM 


P.  T.  Mahaffey 

Convair,  A  Division  of  General  Dynamics  Corporation 
Fort  Worth,  Texas 


As  those  who  work  in  the  field  are  well  aware,  questions  on 
vibration  environment  have  often  been  answered  by  specifying  the 
qualification  test  to  be  met.  Not  only  does  this  side-step  the 
question  on  what  the  environment  actually  is,  but  provides  an  answer 
in  arbitrary  terms.  Our  excuse  for  proceeding  in  this  manner  is  that 
there  is  no  way  that  we  can  predict  the  environment,  and  that  we  must 
rely  on  arbitrary  test  specifications  until  we  can  obtain  actual 
measurements .  1 

While  this  may  have  been  true  in  the  past,  the  prediction 
of  vibration  environment  is  no  longer  beyond  the  state  of  the  art. 

The  purpose  of  this  paper  is  to  outline  an  engineering  approach  to 
the  problems  of  environment  prediction  and  test  specification  deriva¬ 
tion.  Parts  of  this  approach  are  already  being  applied  at  Convair- 
Fort  Worth.  Other  parts  are  taken  from  plans  for  procedures  to  be 
applied  to  new  projects.  The  procedures  will  apply  specifically  to 
airplane  type  vehicles,  but  much  of  the  material  is  also  applicable 
to  missiles. 

BASIC  CONCEPTS 

If  we  consider  the  overall  problem  of  noise  and  vibration 
on  an  airplane,  it  appears  that  the  airframe  builder  should  develop 
two  types  of  documents.  The  first  document  should  define  the  actual 
ncise  and  vibration  environment  which  exists  on  the  vehicle  since 
this  information  is  needed  at  an  early  date  for  the  design  of  equip¬ 
ment  and  structure. 

The  second  document  needed  is  a  qualification  test  specifi¬ 
cation.  This  should  be  based  on  the  environment  expected,  but 
should  be  tailored  to  perform  a  specific  task.  This  task  is  pri¬ 
marily  .to  describe  the  testing  which  must  be  done  to  demonstrate 
that  the  equipment  being  purchased  will  perform  satisfactorily  in 
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its  environment.  Historically,  specifications  like  MIL-E-5272  have 
been  applied  primarily  to  demonstrate  a  satisfactory  fatigue  life. 
While  this  is  indeed  an  important  item,  it  is  equally  important  to 
demonstrate  satisfactory  performance  of  the  equipment  under  vibra¬ 
tion  and  noise  environment.  Since  the  vibration  level  used  for 
fatigue  testing  is  often  appreciably  greater  than  that  under  normal 
operating  conditions,  we  are  led  to  the  conclusion  that  a  vibration 
test  specification  needs  really  to  be  divided  into  two  parts  -  one 
part  to  demonstrate  fatigue  life  and  tae  other  part  to  demonstrate 
proper  functioning  of  the  equipment  under  its  actual  operating  en¬ 
vironment. 


Reflection  on  the  things  to  be  accomplished  points  up  the 
importance  of  being  able  to  describe  the  actual  vibration  environ¬ 
ment  in  the  vehicle.  Such  a  description  is  needed  to  provide  design 
information,  and  to  provide  the  basis  for  a  test  to  check  for  proper 
functioning.  It  is  also  logical  to  start  with  such  a  description  in 
designing  a  fatigue  test.  Let  us  now  look  at  what  we  might  be  able 
to  accomplish  toward  our  desired  goals. 

PREDICTION  METHODS 

While  the  problem  of  environmental  vibration  prediction  is 
very  difficult,  it  is  by  no  means  a  hopeless  one.  A  method  for 
attacking  this  problem  has  been  presented  in  reference  (l)  and  will 
be  reviewed  briefly  here.  This  scheme  is  based  on  relating  vibra¬ 
tion  to  ambient  noise  levels,  and  on  dealing  with  the  most  probable 
resulting  vibration  levels.  If  we  attempt  to  look  too  closely  at 
specific  locations  in  an  air  frame,  we  quickly  get  discouraged  in 
trying  to  predict  vibration  levels.  We  usually  either  conclude  that 
we  can't  do  an  acceptable  job,  or  that  the  answer  we  get  is  not  worth 
the  effort  required  to  get  it.  However,  if  we  look  instead  at  larger 
areas  of  the  vehicle  and  concern  ourselves  with  a  description  of 
probable  vibration  levels,  we  can  begin  to  make  progress  in  this 
problem. 


It  is  fairly  well  established  that  most  vibration  in  a  jet 
powered  vehicle  is  caused  by  response  of  the  structure  to  engine 
noise.  Furthermore  it  seems  reasonable  that  the  structural  vibra¬ 
tion  levels  should  be  in  some  proportion  .to  the  applied  noise  levels. 
In  pursuing  this  line  of  reasoning,  a  quantity  of  measured  struc¬ 
tural  vibration  data  was  plotted  against  the  applied  noise  data.  As 
shown  in  reference  (l).  It  was  found  that  a  relationship  between 
noise  ,  nd  vibration  definitely  exists.  This  was  particularly  true 
when  the  data  were  examined  on  an  octave  band  basis.  Such  a  plot  is 
illustrated  in  Figure  (l).  Acceleration  in  g  units  is  plotted  on  a 
log  scale  against  sound  pressure  level  in  decibels  for  a  large 
number  of  measured  cases .  As  expected,  a  considerable  amount  of 
scatter  is  present.  However,  when  the  data  are  analyzed  by  statis¬ 
tical  methods,  a  definite  correlation  is  shown  between  vibration 
level  and  noise  level.  This  trend  is  also  apparent  to  the  eye. 
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Statistical  analysis  permits  us  to  lay  out  a  regression  line  and 
percent  confidence  lines  defining  the  distribution  of  vibration 
points.  With  a  series  of  such  plots  and  an  octave  band  analysis  of 
the  applied  noise,  it  is  relatively  easy  to  construct  a  plot  of  en¬ 
velopes  of  probable  vibration  level  in  the  structural  area  concerned. 
Such  a  plot  is  shown  in  Figure  (2). 

One  can  thus  achieve  a  prediction  of  environmental  vibra¬ 
tion  in  a  jet  powered  vehicle  by  the  following  procedure: 

(1)  Make  a  prediction  of  the  noise  levels  op  the  external 
surface  of  the  vehicle  (by  calculation  or  the  use  of 
an  acoustic  model,  see  references  2,  3>  and  4). 

(2)  Divide  the  vehicle  into  zones  of  approximately  equal 
noise  level. 

(3)  Prepare  for  each  zone  a  plot  of  the  type  illustrated 
in  Figure  (2).  Do  this  by  utilizing  the  octave  band 
noise  levels  representative  of  the  zone  and  a  series 
of  plots  relating  vibration  level  and  noise  level 
for  each  octave  band  of  the  type  illustrated  in 
Figure  (l).  (See  reference  1  for  plots  which  can  be 
used  for  this  purpose.) 

PREDICTION  DOCUMENT 

A  useful  document  describing  the  predicted  environmental 
vibration  levels,  for  the  vehicle  can  then  be  prepared  by  presenting 
a  sketch  defining  the  vibration  zones  and  plots  showing  the  probable 
vibration  level  envelope  for  each  zone. 

This  can  be  achieved  for  the  take-off  condition  within  the 
current  state  of  the  art.  With  a  little  more  work  on  methods  for 
predicting  in-flight  noise  levels  and  distributions,  the  same  pro¬ 
cess  can  be  extended  to  predict  in-flight  vibration  levels.  Thus 
the  environmental  document  can  cover  both  take-off  and  in-flight 
vibration  levels. 

In  addition  to  the  noise  excited  vibration,  the  zone  vi¬ 
bration  envelopes  should  also  be  extended  to  cover  landing  and  taxi 
vibration,  vibration  due  to  flight  through  turbulent  atmosphere,  and 
any  discrete  frequency  vibration  which  is  known  to  exist.  The  means 
for  arriving  at  these  contributions  to  the  envelope  is  not  nearly  as 
clear  cut  as  for  the  noise  excited  vibration.  Nevertheless,  it  is 
usually  possible  to  arrive  at  some  reasonable  approximation  for  these 
effects. 


Up  to  this  point,  no  mention  has  been  made  of  the  manner 
for  specifying  the  vibration  level.  Actually,  there  are  several 
advantages  for  giving  this  in  terms  of  rms  g's.  One  of  these  is 
that  rms  acceleration  is  a  rational  way  of  describing  the  vibration 
level  when  accompanied  by  a  description  of  peak  distribution.  Another 
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is  that  this  form  provides  a  convenient  input  for  fatigue  damage 
calculations.  This  will  be  discussed  later. 

One  more  thing  that  the  environmental  prediction  document 
should  include  is  a  description  of  vehicle  usage.  This  needs  to  be 
in  the  form  of  the  number  of  hours  expected  for  each  of  the  vibra¬ 
tion  levels  quoted.  A  description  of  this  type  is  necessary  to  de¬ 
fine  fatigue  damage. 

Such  an  environmental  prediction  document  needs  to  be  pre¬ 
pared  at  an  early  date  in  the  design  of  a  vehicle,  and  it  should  be 
revised  whenever  new  and  pertinent  information  becomes  available.  In 
particular,  it  should  be  revised  to  reflect  input  from  actual  measure¬ 
ments  of  vibration  on  the  vehicle  as  they  are  obtained. 

QUALIFICATION  TEST  PROCEDURE 

Having  established  a  method  and  a  form  for  describing  the 
environmental,  vibration  levels  in  the  vehicle,  let  us  now  examine 
what  we  might  do  in  the  way  of  designing  a  rational  qualification 
test  procedure.  We  should  recognize  in  the  beginning  that  there  are 
two  things  which  we  wish  to  accomplish. 

Hie  first  objective  is  to  provide  a  procedure  which  will 
demonstrate  that  the  equipment  will  perform  satisfactorily  under  its 
operating  environment.  This  is  particularly  important  with  respect 
to  electronic  equipment.  If  it  doesn’t  function  properly,  the  length 
of  its  fatigue  life  is  of  purely  academic  interest. 

The  second  objective  is  to  demonstrate  a  satisfactory  \ 
fatigue  life  for  the  equipment.  ‘The  importance  of  this  item  will 
vary  according  to  the  length  of  the  operating  time  required.  t 

Considering  our  first  objective,  the  most  straight forward 
approach  is  as  follows.  Use  the  zone  distribution  set  forth  in  the 
environment  prediction  document,  and  present  for  each  zone  a  vibra¬ 
tion  level,  plot  of  the  same  type  as  used  in  that  document.  One  has 
a  choice  here  of  specifying  the  most  probable  (regression  line)  en¬ 
velope  or  taking  a  higher  level.  It  would  appear  that  some  margin 
of  safety  should  be  employed  and  that  perhaps  the  upper  60$  confi¬ 
dence  level  envelope  might  be  used. 

Before  proceeding  farther,  let  us  take  a  close  look  at  the 
physical  significance  of  our  predicted  vibration  level  plot.  This 
is  not  a  vibration  spectrum!  'It  is  simply  an  envelope  defining  the 
probable  level  of  vibration  of  a  structural  resonance  which  might 
occur  at  a  particular  frequency.  This  is  illustrated  in  Figure  (3). 
The  significance  with  respect  to  equipment  is  as  follows.  We  are 
saying  that  the  equipment  may  be  excited  at  any  of  its  resonances  by 
an  input  of  this  magnitude  at  a  discrete  frequency  having  a  varying 
amplitude  with  a  prescribed  peak  distribution. 


Mahaf fey 


Our  test  procedure  might  logically  then  be  set  up  as 
follows.  Subject  the  equipment  to  single  frequency  vibration  of 
randomly  varying  amplitude  at  the  rms  g  level  specified  by  the  pre¬ 
dicted  envelope.  Vary  the  frequency  through  the  appropriate  fre¬ 
quency  range  while  monitoring  the  operation  of  the  equipment.  The 
criterion  for  passing  the  test  would  be  satisfactory  performance  of 
the  equipment  under  vibration.  It  is  to  be  emphasized  here  that  this 
test  is  to  be  conducted  at  the  vibration  level  under  which  the  equip¬ 
ment  has  to  perform.  This  is  not  necessarily  the  maximum  level  to 
which  it  is  subjected. 

It  is  apparent  that  such  a  test  could  also  be  conducted 
with  constant  amplitude  sinusoidal  vibration.  In  this  case  one 
would  specify  the  input  level  according  to  his  best  estimate  of 
equivalence  between  constant  amplitude  and  randomly  varying  ampli¬ 
tude. 


It  is  interesting  to  note  that  existing  equipment  could  be 
evaluated  for  operation  in  the  environment  of  a  particular  zone  of 
the  vehicle  by  comparing  the  operational  fragility  curve  for  the 
equipment  with  the  environment  curve  for  the  zone.  Operational 
fragility  curve  as  used  here  means  a  plot  of  the  acceleration  level 
versus  frequency  under  which  the  equipment  will  operate  satisfac¬ 
torily.  With  such  information  supplied  by  the  equipment  manufac¬ 
turer,  and  with  a  prediction  of, the  operating  environment,  equipment 
could  be  selected  on  a  reasonably  intelligent  basis. 

The  purpose  of  the  second  part  of  our  qualification  test 
procedure  is  to  establish  that  the  equipment  will  have  adequate 
fatigue  life  under  its  environment.  For  vehicles  with  long  service 
lives  such  as  aircraft,  we  will  need  to  raise  the  level  of  the 
vibration  input  in  order  to  obtain  a  reasonably  short  laboratory 
test  time.  For  the  sake  of  being  specific,  let  us  choose  one  hour 
as  the  laboratory  test  time  for  each  run.  During  this  hour,  we  wish 
to  apply  the  fatigue  damage  accumulated  during  a  specified  period  of 
service.  Our  task  is  then  to  devise  a  test  loading  which  will  ac¬ 
complish  this  purpose,  and  which  will  provide  a  suitable  margin  of 
safety. 


Let  us  suppose  that  the  bulk  of  the  fatigue  damage  to  the 
equipment  is  incurred  during  maximum  engine  power  application  during 
take  off  and  during  ground  engine  checks.  By  analysis  of  expected 
operation  procedures,  the  cummulative  total  of  this  time  can  be 
determined.  For  the  sake  of  illustration,  let  us  say  that  this 
number  comes  out  to  be  10  hours  of  take  off  and  ground  engine  run 
time  during  the  specified  life  of  the  equipment.  The  criterion 
for  our  equipment  is  then  that  it  shall  withstand  10  hours  of  vi¬ 
bration  under  this  environment  without  failure.  However,  we  wish 
to  shorten  our  laboratory  test  time  to  one  hour .  So  we  must  raise 
our  test  level  in  order  to  do  the  same  amount  of  fatigue  damage  in 
the  reduced  time. 
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One  way  to  accomplish  this  is  illustrated  in  Figure  (4). 

To  arrive  at  our  vibration  level  multiplying  factor  for  the  accel¬ 
erated  test,  let  us  assume  that  the  equipment  lasts  10  hours  at  the 
environmental  level  but  fails  at  10:01  hours.  This  gives  us  a  point 
on  a  fatigue  (S-N)  curve.  If  we  also  knew  the  location  of  this  curve 
at  one  hour,  we  would  know  what  the  one  hour  vibration  test  level 
should  be.  We  cannot  in  most  cases  establish  the  fatigue  curve  for 
the  equipment,  so  we  are  forced  to  fall  back  upon  basic  material  in¬ 
formation.  One  way  of  handling  this  problem  is  to  compute  a  fatigue 
curve  for  a  representative  material  in  terms  of  rms  stress  versus 
cycles  to  failure  using  the  peak  distribution  defined  in  our  en¬ 
vironmental  document.  Such  a  curve  is  illustrated  at  the  top  of 
Figure  (5). 

Now  let  us  take  several  frequencies  and  calculate  the  num¬ 
ber  of  cycles  accumulated  in  10  hours.  As  an  example,  for  500  cps 
this  would  be  1.8  x  10'  cycles.  Underneath  our  S-N  plot,  let  us 
construct  a  plot  of  vibration  level  in  rms  g's  versus  hours.  Each 
frequency  in  a  particular  airplane  zone  will  have  an  environmental 
vibration  level,  designated  gQ.  The  intersections  of  the  ^  levels 
and  the  corresponding  10  hour  lines  effectively  define  points  of 
required  fatigue  life.  Using  the  appropriate  slope  of  the  S-N  curve 
to  pass  through  the  gQ,  10  hour  point  provides  us  with  a  line  to 
extrapolate  to  the  required  test  level,  g1,  for  the  one  hour  labora¬ 
tory  test.  The  multiplying  factors  for  each  of  the  other  frequencies 
can  be  determined  in  the  same  manner  as  for  the  case  illustrated. 

The  factor  of  safety  is  perhaps  best  brought  in  by  choosing 
the  environmental  vibration  level  to  correspond  to  one  of  the  upper 
confidence  lines.  The  upper  60$  confidence  line  generally  provides 
levels  of  approximately  twice  the  regression  line  level  and  is  per¬ 
haps  a  reasonable  choice. 

It  is  .now  possible  to  construct  an  envelope  of  rms  g 
versus  frequency  for  use  in  the  one  hour  laboratory  test.  Again, 
referring  to  the  physical  meaning  of  the  envelope,  it  is  most  logical 
to  set  up  our  vibrator  to  deliver  vibration  at  a  single  frequency 
with  randomly  varying  amplitude.  We  should  seek  out  the  major 
resonances  of  the  equipment  and  test  each  of  these  for  the  prescribed 
period  of  time.  To  avoid  duplication,  perhaps  sweeps  should  be  made 
first,  vibrating  in  each  of  the  three  perpendicular  axes.  The  major 
resonances  would  be  noted  along  with  their  severity.  The  test  would 
then  be  conducted  by  applying  the  vibration  at  each  particular 
resonance  along  the  axis  of  greatest  response.  Covering  the  four 
strongest  resonances  in  this  manner  should  provide  a  fairly  good 
fatigue  test.  Testing  at  different  temperatures  and  under  combined 
environments  would  be  worked  into  the  specification  according  to  the 
best  judgment  of  the  originator.  While  the  equipment  would  not  be 
required  to  deliver  specified_performance  during  the  fatigue  test, 
it  would  be  required  to  do  so  after  the  test. 
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Again,  the  possibility  of  conducting  the  test  with 
constant  amplitude  sinusoidal  vibration  suggests  itself.  This  could 
be  done  by  substituting  a  sinusoidal  test  envelope  whose  acceleration 
values  would  produce  the  same  fatigue  damage  in  the  same  length  of 
time.  Unfortunately,  this  equivalence  depends  upon  the  Q  value  of 
each  resonance  of  the  equipment  as  well  as  on  cummulative  damage  and 
the  shape  of  the  S'- N  curve,  1  so  that  additional  assumptions  are  re¬ 
quired  . 

CONCLUDING  REMARKS 

A  major  advantage  to  be  gained  by  the  procedures  advanced 
in  this  paper  is  that  the  specification  originator  has  control  over 
the  amount  of  conservatism  to  be  employed.  For  vital  pieces  of 
equipment,  this  can  be  increased.  For  Secondary  items,  it  can  be 
relaxed  if  desired. 

Also,  when  vibration  fatigue  tests  are  being  conducted 
after  equipment  is  already  in  service  (as  often  happens),  premature 
failures  will  occur  from  time  to  time.  These  raise  the  question  of 
how  many  hours  of  service  life  the  parts  will  actually  withstand. 

If  the  test  procedure  has  been  derived  on  a  rational  basis  as 
described  above,  the  test  time  can  be  converted  into  expected  ser¬ 
vice  life  in  hours.  Modification  effectivity  points  can  then  be 
scheduled  on  a  rational  basis. 

The  author  is  aware  that  the  methods  outlined  above  are 
built  on  many  assumptions  and  approximations.  However,  these  methods 
do  permit  a  rational  determination  of  expected  environmental  vi Ora¬ 
tion  levels  and  of  tests  to  be  conducted  on  equipment.  In  a  few 
cases,  the  tests  may  be  unconservative.  However,  the  author  believes 
that  these  cases  can  be  tolerated  in  view  of  the  large  time  and 
monetary  savings  which  can  be  achieved  by  avoiding  excessive 
conservatism  in  the  majority  of  the  cases. 
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Figure  2.  Example  of  predicted  vibration 
envelope  for  a  vibration  zone 
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Figure  4.  Illustration  of  method  for 
arriving  at  accelerated  test  level 
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Figure  5.  Determination  of  vibration  level 
for  laboratory  test 
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